





























: <LaJ&4 

SiLJj i ^llc. d ( _ s ->i JSj <uilj Jit ^SJaLlj i ^iaJL ^lc ^ill Jj i^-vt l 

4—II ( J g— tc j A ay A Li. 'lJ . I I 4 (jialLnil A_ayj 4ijj»,l<all 4 jj^ai*_«il 3jy| j j'A. ^\r 

• .IxJj 4 j j aLbalt jilt Ajbl.y,. «aj 4 jjjAUJI jnjli' l 
Jiol (j-“ Jjt J 4-ij.IaJI dltjjjSj Joc-Vt Oic. t AaUH -. ^ jg k 

. (<» 1 < ur-l AlY) David Hilbert a j__iLa ^talVl ^bjll Ioa 

* 

Jj9 ja j>il3 4 A x a. UI I 4 -T& I (j« ajJC-J S ItfLlt 11 a ^3 ^..ly'wji.all Aaiyli 4_ijj*j jfj 

. ! ‘tr'o-t aay) Emmy Noither ^J\ A-uUfiI tLuiabjII 

f2i—S (j» l Att-lAYf) Kronecker j-£jjjj£ ^-^bjll J Jl t Lai jjJuj 

(f» tAYH—tA«Y^ Abel (J—j! J jgH I ^jJabjli 4_ ijC. La£ 4 4 -allll AalyJ! ^j^iLa 

• (j jlJaC - ji c5 jJaljj ^»U=u Ajii 4 Jjyll 

e fit 

(ja JXlSJI (jl cilia. 4 (ja j]l Ajjlij ^ A-abLa| 4-l l 'l^l b»_n]-» Ijljial c_lb£ll lift Jb 
J—JjS JS—JJ 4 K . ll ja (Jja.-y.ll j cLllilaJl Aj jbj ^3 oJjljll C.jtjA jXalt j 1 _sjjLxjjl 

g fi 

jjl La£ 4 j-ajl! Ajjlij ^ Iglibbol | a Xa»J jfis ^.Hal! JjLsjII ibbi 4 jm jll Aj jlVi i 
. 4ljlaly.lt ^ dlbllxall Aj ^»jiu (_$il! _JJ-ilb ^jSj Aibblill Ajj jyjl jojll ^j^Lo 

: ,^1j La J! ^j&alt 4_jLj£lt i_iji^j 

Jit—a. j* L$-io Ia*« 3 4-i I U al l (Jj )jJ ^1J 4 AjjiaJt ^lill AjjiI jJS JLa£bJ 
• AjjjyJI (^gjjll AjJ jJ (^3 (j >»» . J J^abll 4 jaJ ^»itS jj 4 jajll AjjJaj jjio 

Aj— utjJ (_j 9 aac- LJu . i ^ali 4 Aj^jal! 4ljt J Jj! £ya 4Xaa>J <■ - ill jail Ju j jj —^ 

. ^^joiJjJult 4iaC (_j3 jt 4 AjLaLaJt 

(j_-a 4 lilliJ 4 A-jjjJaj <jjja Ail aJjaalt A_ij._iy.il j\£jfy\ A^aajJ — ^_yj 

»! 

(j—a —lllall (jS^i (jjl! J t Ajjla-all JJC-J Al.jla-alt jjjLajlt (Jy j boil jJ JiLy. 
4 4_J— SUalt jA j 4liU jL_J) 4 Y . lj . xT 1 j Jjy JS-tu JjSyltj CjUlaJl j jLa t _ ilxjluit 
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* <1 ^3 AjI Aj A2j]| L_iIUall i, 1 u&j 

, ^IaC 4 ^wj 5 4 Q - Uwfl ^^Jc. C-jt&ll (Jj 2k 

Ujl_5i=Jl ^ dlta^La dt** n-N. 4 A.t.,,U> i ^ic* {jg^)ih tH ^4 (J-ojjj 

4Aj]j (JJ^qll j (JjL-afi (j±i Jajl Jj]t j^)J (jl ^ idJjta»j tJjiaJl j 

I j ^A Aj^Iadll J6db J . 6d^C J A£. jlla aJELoLa AjjIViM ^-idal ^Cdl j 

. JLJ j A-olSlI AalaJtj l^.^al Ajil^JI 4_£ ^yaj£. I JjfoH — 

* 

4 jlliLJI i_i jjjljj i A _jj j^J! JjisJI j ililal.tJI ^ j^Aa 443 ^'as : — 

, Ifr-llc. CjIj1a*JI _j lgc~-l jjt J 

4 4 .^lttl l . 4 qW 1 1 a»; j 4 4 jql-v.]| dj^iiLujjJI 4_j^iij 443 (_jajA • *"iH ill (J*rf^fl11 — 
( J <it. j 4 A. jt. j]| ( J.. jit,*' ! 4aW j 4 4_aAJSV! 4ilaJl i A ..lUJjll CjlalliLoll 4 alt. (Jaa 

Jl 

» j ‘ ■' '^1 t (jJ-J 443 ^A3 LaS 4 ^ • -'^ jiill 

> 

4-a_ uaII 4_4Ajjl ji. 4 j3 ^»A3 4 4jAaaII iAjI jJjS 4jAsaJ fjjix-aWj '. £j|j]| (Jd rflfll l — 

44auUa 1I Cjljli.4t.Ylj JjltMl 4_ljlall JJC AjAaJI ClI ja&j 4 (JaiLjcJIj ^isl-dl 4iA J4o j 

. (Jiia. ^ifc AjAaJI Cil JU^I 4 aj.mu'I 4ala. 443 (jAajC (AIIaS, 4 lg-1 

t .1_iJaall ^jg.La 4 j3 (_>ujJj 4 4, jilt II CilelCaslI jljiau c-L?4.j ; (JaasJI ~ 

t\ _AaaJtj 4 aJjaI! 4jg4.'iA Awl.tH CiUL-iaallj 4 & 1 >^‘il l^ 4 

. 4jSlaJl tlilcLjaall ^3 dj!)l£UAiJlj 4 4 a> alii ^jlaJ 
jQajij^/l Jjia. 4_j_ul jJ dlAJ 443 j 4 (Jj3t.ll 4 j4aJ (jlji*j (jl^J 4 (JaJLaaII — 

. ^..a1*i1-111 4)44aV1j (JiAaslJ (Jjlill jljiLoVlj 4 Ijll-^ iJ^^J 4 j^44a 1I (J jStl lj 

Ia^_— i-al J24.J 4 jjjjjjJlj 4 jjjjjY! 4** )1 sit 11 jaa-Yt J (J<<l8ll ^ Liljljj — 

4 4444 jV 1 4 al-v 1 1 Aj£j\£. j t 4jJ44jill 4 al^.11 ^3 dlljll^All 43^lcj 4 44 ajLujS/I 

• 4 o\-v \ 1 \ 

(jjjl ajII j_A 4 eAjAC j 4£. jHa oAl> 4£. jA-t A (^gic. (J-tui 4 ^yL u >Jl l iftI I Lol 

1 j _ & ^_ 3 bAjI jll A 4J U ill j j. ^-all t_4JJj4 ^ j...-s. 4jjja 4 4jjla. -'ll J4C-J 4jjjlt aII 

dulSj 4 ^ J (Ja£! Jc. 4jl»J~l>.il j JjIaI] 4 _ ill It 11 ^3 ! b4C.AJ ^1 c_ij^4j 4 4 - jlllSl I 



2 * Aj-oi*jl A*ajl3j i 


A-LaLtll Kigali JJ-Aj 4_ ll'l5 11 Oj j LaSi 


. t . llVsll (jo-a ^3 aJjI OLall J)_^o jll ^_y a*Jj 

: ijjii 

* ( ,< * , * 

1a.*■'£ f oL Ajl ^col y J i A_ij^*jl Aju£-al! ^3 UOuul i_kljj ^1 loA (jt 

-jjfLJ i ^jjx}\ >.- 1 \' L»11 Aa-laJ AjaL A*eOSI (Jj 4 (JjSaJI j CAalaJI <jj}a2 ^3 IojOai. 

* •» , , « _ > 

uLhSj 03 (jjSI (jl jaJjSlI ill jA-ji ^]j 4 AjLuail AjUa. ^3j AUjO ^ <1 UjC 

^jaJI (jlaj_Slj 4 Of.Ua«-a]| AjO j , » mi l Ajj^)*J 1 A^La-all _jA 2 k Aj 3 Lai loA ^30& ^3 

. JjjSjjI) 4idll j 4 i—maJl 

jjaSoll jlluiVt 


ojj^t Jolt 


W YV / / ^ fLajll 
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Ring & Integral domains - «U-l - JjSli JwaiJ' 


<Jje=L.$jL 


2uwf aajwf^^jbjf 

Ring & Integral domains 


4 Sia.) j Ajjljj 4 jLulj flj jj* ujlx- j <i i 4 

Cjlc. j «> a ^jVl • ...,«, H" , O , JL , T^T .lab -LjLaJI 

(•)j (JjH—S (+) jt O J ★ _j Jj^U JAjj '5 &a3 . (J^ul-slj (JjSjij jjlL 

• OiJ^ OJ>J l/ J • (^2 

t Ring 4ik ^uil (jjSjLoJI (j-uUiJ J/Lflill ^j^jlsj oJj j^ojl 4r. a^A 

, Jjls Jxj Ig-cAtUa A.ljn a Ubj^ii 4* iSga I jl 

I^jVj 4 sAjA^w *L)^>fa. Lff jju JaLujI <jx> IgJ LJ 4 AjjjaJ ^a! Aiivil A*J 

. ACjlull J 4 4u i.')\ fc^yyg>3>jjl QA jJ’X (Jab 

f j - -$» ■ * J—c> Jji (David Hillert 1869-1943) ^UV! ^bjl! 

. 1879 f lc o^j 
: SJkJt ^tiiu fa SOi jTJU 

: (j jfhj S uSSlj <l3la. JJC 4£. j-aa-a ^JiC- buLull 3jLa*H -1 

jl 4 1$—uij !^k s —J jlSj-ill ftliaJI SxS Jbu clna. 4 (p:SxS-> S 

sjj^-a ojlc t_uSj. a,b€S vina. (a,b) _>dt ^ijjVi JS ^a SxS 

■CLudS 4-Luillall j-sj3l ★ <•- 1 A a'A’b cJibilb (p j2sb vllaj (a,b) UJJjbii £Tjjlt 

b'Araj a^b <jjib (jl (J-oJa-all qa -Ol 4 *na. i ?-frA L_ujja3t (jl 4 JaaV * 4-ubMI 

4 jL* 1 S a,bGS J£J a^b = b-*a . S 4 ^ (ja ib-> 0 

. Commutative ajJIaJ {S aJ1 ★ 

ojjj—o S o^jIj 4 aJU. jjc ^ : (Semigroup) s>«j3i <u*S -2 


0 













: u' cs' ‘ 


. a,b,cES JSJ ‘ (a^b)^c = a^(b'Ax) 

A—Jjljj A_lLaC G (jSiilj i AjlLi. JJC- Ac j<arv<a ^jA '. (GrOUp) -3 

: Aalljll JajjJill ‘ _ua i ★ 

. d a^2i (G,-*) JSJi (1) 

tJ iuj. aGG JS1 a-*e — e^a = a (3*=^ G (>e (2) 

• (Identity element) jsjUJI ^aj*lL e 

: ^Sauj dii=u a eG j (Inverse) aGG j^c JS1 (3) 

a-* a = a *a = e 

: AilaJI fj*!. (1-1) 

(jjjjjl ±j (j±uj±s>. ijjjJuc. (•) J (+) j i AjlUk Lo Ac j*-*- ■" R (jSjl 

(Oj (+) (jinLutU A uu'ILj Aila. l$jj (R,+,.) AaDIjII (jC <Jji> .R l _ s Ic- 

: 5_j]la]| 1 " I jj 

. (Abelian group) Aj'-ijj sj* j (R,+) -1 
. (Samigroup) (a>°j <-L-=u) s ajuS, (R,.) -2 
. jLaul! j jjaJI t> (+) a^LixJI Jic (Distributive) aj*jjjj (.) 5aL*Jl -3 

(J_1c. l_J j—Jail £jjjj AjLuU La^llJ LuS (.)j (+) (jllsLudl JaflJj ji.1 jl 

Ij&j tjjJii^jlall ^ A^vll 

: jli t R j> a,b,c J\ t> 

a. (b + c) = a. b + a. c 
(b + c).a = b.a + c.a 

j i_aLic. ^ lc AjIIajJ AjLoC ■ AjLL_u]l Ja j^uill ^Jj AiLja)?lj (•) Aj1a*J! dulS I jj 

4 jljijj A at-v ^ & (R,+,.) A iiaJI (jl Jj ii 1-jili i R A - C 

a„ jL»I AAulillj j^uc R at. ^ 2 ^j I jj Commutative ring 








I_I 

4__aiaJI oAaj Jj-ait 4j] IJA Qc. Jj£j LuU (sp*J J‘ I^a) (,) 

• l»a = a«a =r a <jji ‘ a£R JS]: (jl y 1 y &<d y y U j (R,+,.) 
Saaj jA^oiC' Cila Alla jl <Laa)j Alia, (R,+,.) 3ilaJ! j! t SJUJI eaA ^ JjSjj 

• (Ring with identity) ajla*»j Alla J) 

: (1) 3ia?-*>ta 

£——aail ^_JjLaC. i jjj(j.jijSl,‘u jjjjLeC. jjllLu (»)j ("L) jl 

* jjLplxJI UJJjJall j 

>R a ^a ^iv« . 11 (•) ujjjJall A-i L axJ A. iu ij l U (_^l ^11 yyJ 

R a J > *•»'>» li (_)aj £» .a ! l La! . a J»o. 1 .»..H (l-JjliLa) (_^1 a 

. R y a > ^>' . »!! g ., * J a a .. I I ( jjiaj) (_>* j ^xd \j ^anij j -a _J 4j j-a^)j 

. O —J (R,+, •) A ftla . I I jik^al jxjiui 
; (Jiiillj R ^ylc* 4i j*-el! (-) Ajiljjll Aj^jaJ! <jLwijl ^a>.ij 
^Jal\ AjL*p a-b = a + (-b) , V a,beR 

: b» (jiajj (^mLj 

a.(b-c) = a.b-a.c 

(b-c).a = b.a-c.a , Va,b,c£R 

: J cs^ £j jj3ll jjjli y jV 

a. (b - c) = a. (b + (-c)) = a. b + a. (-c) 

= a. b + (-a. c) = a.b-a .c 

: (jl Cmj 4 AijUl (jxibj 


(b - c) .a = b .a- c .a 

: AlU (2-1) 

Aa_jA^a) Q « (aaj-\i^iII ala&Vl Ac.jo-s^) Z '• aJ'uII Apa*!! CjIc. j ^ ^11 -1 











(Jjfli-lj Olftii-! <b Jai (J AaSA» 


5 _Jljaj 4 — ilsk JS — Oj ^AjLiaJl 0,}c.yi 4Cj<aa~o) R 4 (SjjjjiSll “UjluuII jljcVl 

. yjjjjlxjl i t 'j ■ >»H j ^LjtaJl <lluullj Jjla-*jj 

. oia«u Aalljjl ejlala. (R,+,.)j (Q,+,.)j (Z,+,.) o' <V 
: (J£OJu (.)j (+) C 4j£j-01 jIjcVI Ac-y^y*. -2 

x = a + ib,y = c + id : Va,b,cER 

• i = V— 1 j a,b,c,d€R yi (Oi r* 

x + y = a+ ib + c + id = (a + c)+i(b + d) 

x.y = (a + i b). (c + i d) = (a.c - b.d) + i (a.d + b*c) 

. JblauM <01 jj! aSL>. (JSOu 

4 -sm-v . ^'1 y-»jl ... N A_Sla. (C,+,.) A 01 jl J__cVl A. -ila. ^,<0, . m*t 

.(ring of Gaussian integers) 

t-JJ_ uOlj ^«>'l j^liLaai <f m OU 4jila. (JSJij V 4 4jJj0i jljcSfl Ac.J*Z~a -3 

10 4 ^a.j j JJc jA yjjjyj yJJJC (Jj-aba. 4 JSbiOl (J^fui ^C Aj$ yiiljlOS 

4j1a*J 4 um.iWj 4.,4.U a 4 " Uaji (<jjljj 4 jloC. dxual) 4jJ_jili jljcVl 4 c yy a yli 

. (_£jlxll 

Z [ Vs ] — { a + b V5 ; a,b E Z } 4 c j 4 > 0 l yl y* jjiiaOi y-4 

: yl 0,-U.Jv yjOpUJI 4_iyuall j £*aJl yjuuLudi 4.,u,.0b 4 Jjt»-aj <01 JjI 4iLx cJSOjj 

aJ a. jll j__4-ajc 1+0 VS j (y— -» <fl*V II A_jla- 0 i) aaLsJI yi*-a 3 A 0 + OVs 

• ^ ^ 11 Ju t | 

:<jl ^Lu.x Cjlijli-a-ftll UJ^4 -ImuIL <Sk. (M 2 (R),^,*) (jJ 


m 2 (R) 


a 


b^ 


l c d 


; a,b,c,deR 


a A t a q A^. qj| 4 1 ->••» ‘if*- a 
y vi «• -y v -y 


0 O' 

0 0. 


jO 1 < 4 t i fliJA ^SU-O 


A 












Ring & Integral domains - iiU-l - Jjty J-AiJl 


V 


: ,^i*a t Lgjfi] . 


GM 2 (R) 


1 0" 

vO 1, 


Aj.ia.l_yl! 4jjA»^a-a]l 


"1 -2 n 


f 1 2) 

,3 4j 

9 

m 

1 

rH 

i 


: (jla 

'\ -2V 1 2 W 3 8 W 7 6 " 

,3 4)\-l -3j~t-l -^/[-lO -10, 



: ( 2 ) 

• (JSjoJU JUJI jjSxu 

<a. J-ill (_jx A*JJjJ tlllijWa-oJ! <£. M n (R) tlljlS t jjj 4 Asia. (R,+,.) (jSjl 
XxuulU 3ik (M n (R),+,.) (jla« R (> U ^1 j n 

i 4—SlaJ j i > «*> ^—a n Aa.jill qa 4ija>^ioll (ji i,..ij-\ . djli 

. 1$j 3 a.ia jl! jjk^uc (^A n Ajj^* 1! (j-« AJ.A 2 J jll <aja><3j>)l 

(jiliLwJI (-jj*jlj . f; R- y R Ciii. u l a'i ll Ac->a>a M Cii\£ lil -6 

: JSuiilj (.)j (+) (j/ijlliMI 

(f + g) (a) = f(a) + g(a) VaG R 
(f.g) (a) = f(a). g(a) VaG R 

. Ajlijj] Alla, (M,+,«) jj£j jjAiC. 

Aj— uulb JjLa-all jj-ojaJl jA i 0 (x) — 0 —J <-ij*-oll I 0 : R->R (jul-ull jl 

-j t_ij—*-oj1 1 1 : R->R (j! L»S ( xGR ((^*a 2 JI ^a>11 ajLuJ 

. Jilaal!) t_i^Ja]! AjLulI AiwuJb e.iajl! jj^ajc. jA I](x) == 1 

o'j o —j j-*j $j oAj^'j uA^A?] uA^ (S,T,*)j (R,+,.) jSil -7 











- — = 555=5 5 OUjU-t Sjjlai (J ,_ — .-l - . _ _ ; 

1 D z ^(a,b) j a(ER , b£S^ lilj . i—njjill ( ^ic. La^j^inaJ 
: JfLik ±j A AaiUai aoUJI D ac_^J! Jc. 

(x,y) A(xi,y,) = (x + x, ,y Ty,) 

(x,y)l(x 1 ,y 1 ) = (x.x 1 ,y^y,) 

Aik (D,A,±) oj^ ‘ D t> (xi,yi)j (x,y) jJ <> 

. <Jd2k! J 


= 

• Ac, jx fo oi l I-Jb^au 6- (1 

: <jL-£ lj) a_jV D j_^Uc , 5 -Jc (oc^) a . >a b A a jL,B (2 

: ui* (xi,yi), (x 2 ,y 2 ), (x 3 ,y 3 ) eD 

[(X|,y,) A (x 2 ,y 2 )] A (x 3 ,y 3 ) = (x, + x 2 , y, T y 2 ) A (x 3 ,y 3 ) 

= [(x, + x 2 ) + x 3 , (y, T y 2 ) T y 3 ] 

= [xi + (x 2 + x 3 ), y, T (y 2 T y 3 )] 

= (xi,yi) A (x 2 + x 3 , y 2 T y 3 ) 

= (x,,y,) A [(x 2 ,y 2 ) A (x 3 ,y 3 )] 

(xi,yi),(x 2 ,y 2 ) (jl£ lit (jV D >-aUc. aJIajJ A ajLuJ (3 

•uj^ ‘D 4> U 

(x h yO A (x 2 ,y 2 ) = (x, + x 2 , y, T y 2 ) 

= (x 2 + xj, y 2 T yi) = (x 2 ,y 2 ) A (x,,y,) 

(j—« (ji 4 A AjLmJ] Ajjuiillj D ACj-a2k-JI ^2 IjjLa^a (0,0 ) <_jj (4 

• o] 4 Ajrk.lj jxj < D y- 9 J^ajc . (0,0') A434, 

(x,y) A (0,0') = (x+o , yTo') = (x,y) ; V (x,y)eD 

* 

(j^) o-j**- > (-x,-y) 0! 4 D <> L> l>-ajc (x,y) (5 

+ ajLulSI aj^L R ij* x <j»jfcxA ja —x 4itp. 4 A ajLuJI a^IL D (x,y) 











Ring & Integral domains - kbit iili-tj iaJbM - Jjty J^aiit 


—* (-X,-y) jV 4 T Ajlxail 4 jmift j S y Wl l (_jjjSxx jA -y J 

: J £ 4 V jl D 

(x,y) A (-x,-y) = (x + (-x) ,y T (-y)) = (o,o') 

. Aj1!.1j] a JA j (D,A) (j! gqjluU ( 3 fui Lax 
- 1{ ~ - { j - _L Ajl x a .il (ji 4 «_jx j Alii (D,_L) (jl (jVl tlmjj 

. D J 

: a u ‘ D *cj-a-Jl 4 > (x,y), (x^yj), (x 2 ,y 2 ) jS 3 l -6 

[(x,y) 1 (xi,yO] ± (x 2 ,y 2 ) = (x.x,,y*yi) 1 (x 2 ,y 2 ) 

= [(x.xi).x 2 ,(y*y 1 )^y 2 ] 

= [x.(x 1 .x 2 ),y-*(y 1 '*y 2 )] 

= (x,y)l [(X] .x 2 ), (yi*y 2 )] 

= (x,y) 1 [(xi,yi) 1 (x 2 ,y 2 )] 

• jtsiaj ±j A jl jA jjii 

: jli ‘ D j- J^c. (x,y), (X],yi) , (x 2 ,y 2 ) L&1 -7 
(x,y) 1 [(x,,y,) A (x 2 ,y 2 )] = (x,y) 1 (xi + x 2 , y, T y 2 ) 

= [x.(xi+x 2 ),y^(y,Ty 2 )] 

= [(x.Xi).x 2 ,y^(y 1 Ty 2 )] 

= [( x -xi + x.x 2 ), (y*yO T (y-*y 2 )] 

= ( x * x i»y*yi) A (x.x 2 , y*y 2 ) 

= [(x,y) ± (X|,y0] A [(x,y) ±(x 2 ,y 2 )] 
[(x h yi) A (x 2 ,y 2 )] 1 (x,y) = (x, + x 2 , y, T y 2 ) 1 (x,y) 

= [(xi + x 2 ).x,(yiTy 2 )^y] 

= (x,.x + x 2 .x, yi*y T y 2 *y) 

= (X! .x, yi ★y) A (x 2 .x , y 2 -*y) 

= [(x i ,y i) l(x,y)] A [(x 2 ,y 2 ) _L(x,y)] 

. Alla. (D,A,±) jl (3f“> Lax glSLxj 












J y £-\j oliti-i 3 j Jiu (j <uJju — — s =g — as 

(R,+,.) (jj—jikJI (j—6 Sis jjl Laic. . Ajji:uJ (D,A,1) Aikii ji 4 jVi C.imi 

: ujj ‘ D <> (x,y) , (x,,y,) uSi . uklkl (S,T»j 

(x,y) 1 (x b yi) = (x.x, , y*y,) 

= (xi*x, yi*y) 

= (xi,yi) 1 (x,y) 

. (S.1&.J Cili} k.la*lj (D,A,_L) Aikll ij\ IjjS.1 CiauI 

*Likll ^ ^ ^'ml e —JJ (R,+,.) Aikll ^ oii.jll 1 j j*ji! 

4 A__:V 4 (D,A,-L) AilaJl j j* (l,e) o£i ^ • (S,T,*) 

: uji ‘ D t>LI j» *ia . ic . (x,y) • D <>> (l,e) Vjl 

(x,y) 1 (l,e) = (x .1, y^e) = (x,y) = (1.x , e^y) 

= (l,e)l(x,y) 

. a^Ij U\4 Aik (D,A,J_) h 
: (1)3^ 

A-J—uiillj l&Jjkx 4 La Aik (R,+,.) CljlS lil 4 J-«jll Ajjkj ^ LaS 4 LaLaJ 

I— . . V ili 4 l—oa^jja kj-. 1^1 Ijoc nj R 1 a ^jlS lilj o ja (+) aLL**J 

La ^clk-oj 

a.a.---.a = a n , o.a = o (1) 

'—v— / 

•j-n 

a + a + --+a = n.a j n(-a) = (-n)a = -(na) (2) 

v. j 


mi (m 2 .a) = (mi. m 2 ). a 

(3) 

mj.a + m 2 .a = (m s + m 2 ). a 

(4) 

(a"')" 2 = a" 11,2 

(5) 

a n '.a" 2 =a"' +n2 

(6) 


• i ^ a - ja ^a (JJAiC- n 2 J Il[ J ITI 2 J Itt) > <3 lM <J-° 











a (jl. i ^ li] j 4 (l—$ j 3 \ jl. 3 fci«all jA cj e AjA^Ij a 11 ^ (R ; + ? .) dul£ Ijj j 

ajjjuIU R a (_>ujS*«« a * <■? n~s (a * ) n = a n : (jji < lg-Lo L» I jwVic. 

(j—• £t*^ = 6 jt—JO&! 0 — 1c. Jic. nj (.) a2L*11 

I La A *>. w-i (jlsaiSI 

(a' 1 )"' =(a n ')-' -1 
(a" 1 )" 2 = a" 1 " 2 -2 
a" 1 .a" 2 = a n,+ " 2 -3 

. ri2j Hi ^ (j-® <il!ij 

: (R,+,.) AiiaJI o-^J* d**-! ( 3 - 1 ) 

gjL —'li.ll j C.A lA^Xall J>La. qa (R,+,.) A.aKH AjjoiLmiVI (jaaljiJI (jiuo ^£j 

: aJLUI 

: (1) lubjt* 

: ^ Lo (3^-y o _ i Ia jL-aJ j-ajjij ‘ <siia. (R,+,.) dul£ I ij 

a.o = o. a = 0 (1) 
(-c). a = -c. a , a. (-c) = -a. c (2) 

. R <> b,a d jJ o- (-a). (-b) = a. b (3) 

: JiAjJi 


: J MO 


a.(b-c) = a«b-a.c 
(b-c).a=b.a-c.a 


b = c <-JU! J_J ^0 Ugi ( R qa C,b,a <J\ t>» j Llaaa. . r-i 

: b = C (jjjLLuJl (jjjiDUJ! 

a.(b-b) = a.b-a.b =>a*o = o ;VaeR ) 
(b-b).a=b.a-b.a => o.a = o J 













— ■ ; ■■■* ' '* Jjli-'j Olftii-) hji)i (J 2j>dSJ> '-... == . ,, 5 = 

4 R <j>a c,b,a ig\ (Ja.1 (j-a **-> (*) (jnLli-Jl J Uu (2) 

(1) A La2)LaJj (*) (jjSiUl! b — 0 £j^ajj . b = 0 t>0 

* j 

a (o - c) = a. o - a. c =2> a. (-c) = -a. c 
(o-c).a = -c.a ; V a,c6R 

: Aai -a —j a JS (2) (3) 

a. (-c) = -a. c 

(-a). (-c) = - (-a). c 

(-a). (-c) = - (-a. c) = a. c 

• (Zero ring) ajjLl^iII a 4 1 % l b Jaas jiu-all j j 

: (2)4^ 

Ia (1 —j 1 $j 3 oAa.jl! j,». «a‘ud 3^jj) ‘ 4J-laJ J <ala. (R,+,.) Cu\£ 13] 

(-l).a = -aj . 1 * 0 j]i i R* {0} CulS I3la 0 —j 

: OlAjJi 

u' ^ tjo j—ail. a ^ 0 . jt 1 a€R Ja.jji 31}jc. 4 R ^ {0} 3I laj 

! 3 a j a = 0 c) tg\ a = a*\ = a. 0 = 0 4 3 jjuc «1 = 0 

# 

• 1^0 /j3] 4 (^JaJI (_K»jali (jjSj iii]3jj 4 a 7^ 0 (jl 

• (-1) • a = -a (3 4 (jA 

: iaj (2) ajiali (1) AjA^f*]! t_ua^. 

(-l).a = -(l.a) = -a ; VaGR 

. ^a.lj j AtaOC (j-0 JjS! ^gic. J 4 jJS j] 4 jVt 

:(3)4^ 

• Ij—J a.j QjjLiui <j]i 4 oia._j31 j* <Vir- R 13] t La Silx (R,+,. >0*1 

* 4 R 3-“ ba ixj I3]j 










: llP 4 (R,+, •) jjjAlbk-a 1'j ] j£jJ 


i = i.r = r 

: jla I (R,+,.) 4jia.l_jl! iilaJI a j*-aixll jjjoijSjMi a 2 j 3) cjlS Ijjj 
a 2 = a 2 .1 = a2*(a. ai) = (a 2 . a). aj = 1. a t = ai 

• a, = a 2 1jj 

: ( 2 ) 

J 4—Gr C ,) „„ . j l£ IjJ 4 Sis. _jll j—a.if- dll j (R 5 +,.) (jSil 

. aj (Gr,.) 4 4 (R,+,.) 4,8 1 ~w II ^3 S.la.j]| 

: OUjJ' 

(R,+,.) 4siaJ! ^ Jsfyi ^^Ic. lgiV 4 Gr ^ <j) ^ 

. Gr 4C.jA2k»a]l Ajla^all 4jjiij jA j 

R ij—° b \a 1 (jtjj-aic Jokjj 4jU ‘Gr (j<a f* b,a <jis lil 

: UJ^> 

a. a’ 1 = a' 1 , a = 1 , b. b' 1 = b' 1 . b = 1 

: Cp 

(a. b) (b' 1 . a' 1 ) = a . (b. b' 1 ). a' 1 = a. 1. a' 1 = a. a' 1 = 1 
(b' 1 . a" 1 ) (a. b) = b' 1 . (a" 1 • a), b = b' 1 .1. b = b' 1 . b = 1 

. ^ 4. 8 i » ^ a « b e Gr J i j 

Gr 4- Sjo> rtl l j j u jaUc 4a*-Laa»j 4 j1aC (jU 44j3U^a>j (R,.) d Uu 

• *J*j (Gr,.) o\' -Gr C R UiV 
. R (Group of units) i j*j j (Gr,.) s j-jll sic 













Jolili-l 4 j jSaJ j — — 

: n jIjcV' 4&k (4-1) 

(ring of integres modultion) 

* t- * 

• (Congruent modulo n) n omIa Jjlktfl ?.j$Lu ^jl ^jS3l j£jj 

* * * 

n (_>“L)is (jlijUalo b,a qj> j-> » >0 1 J Jj£> i 4=^.j* Kj*>»^i taoc. n (jSJ 
k a - b = k.n ^alSj I j* j n J& a-o^SII JjL a - b o^ «'jl -Laij t lij 

. a = b (mod n) : tdljj ^ 

O'j a^l*—»^ alt J^cVl Jc- jal£j a£^c n <>LS (jjUajll aS^c- o) 

• o' dm [0],[1 ],—,[n-l] ! ODUl jalSill J^na 

[x] = { x + t.n ; tGZ } 

^Uaall Jj*-aS 4£.jjv±a Z n i-u.% 4 n <j0j3 wOI .iljC-Vl <C-ja3o» Z n 

. n o-Ua 

: (JSOiSIj ®j © (jj T'/i l ni l jjjuixjJl z n 0 1 ^ylc. UjC Ijjj 
[x] © [y] = [x + y] 

[x] © [y] = [x.y] ; V [x],[y]€Z n 

• J JJ'-aiC’ 4l)lj) JuUv-oj AjII^jI Aila. (Z n ,©,®) jjjac. 

* 

, * 

. n 4-^pu-sill jl^fcVI AiLvj Ai\~\ II oiA ojlc ya^j 

: i) IajJi 

o* 1 ( < -+U*-^' + 1 “ l ~' ‘) lj^> 0+ 3 0*- 9 ®j © Q /nUnl l Q-mLudl (jl Vji (jAjfil 

: 04 yJUbj ‘ [y] = [yi]j [x] = [xj 0^ ‘ 4lli d?J 
x = x t mod n , y = yi mod n 

n / [(xi+yO - (x+y)] : o' Jl g?+k >^j « n / (y r y) j n / (x r x) J J 
. [x+y] = [xi+yj : o' J ‘ (xi+yi) a (x+y) mod n : o4 ^4 j 
4 —^“ a O' 4 —^J^ 3 " ‘ 0*0+^ • ^Aj*- 9 © ^oaJI 4 0jj 












Ring & Integral domains — &»Ul aaU-\j 


: Ai^*x 0 Ljj^jJal! 

: d cJ <^os [y] = [yi] ‘ [x] = [x,] c£4 
: jil ‘ u'-^ k 2 j kj dua. yi - y = k 2 .n j Xj - x = kj.n 

Xj.yi = (x + ki.n) (y + k 2 .n) = x.y + xk 2 n + yk^n + k^.n 2 

• [xi-yi] = [x.y] <-Uj t x,.y, s x.y mod n : Iaa j 

jl—S1*JJ v 0,0 jJ—jl . 1_JaJ l^a. Aijjtx 0 i—ijjJall Aji aC. jj| 

. yal£j]l (jJjaaIIj 

. aJIajI Sj*j (Z n ,0) J uVl 
: jli ^Lj Z n <> [x],[y],[z] jSJ 
([x] © [y]) © [z] = [x + y] © [z] = [x + y + z] 

= [x + (y + z)] = [x] © [y + z] 

= M © ([y] ® [z]) 


M © [y] = [x + y] = [y + x] = [y] © [x] 

• Z ( _ s ic- aJIajIj Aj »joVi A jUr . + AjLaC. j_$£ (jx liisluil liii JaaJV 

ijn j£ax jA [n-x] lilliSj t © £xaJ! AjIxjJ A imilL Jjla-all jjuaoiJl jA [o] jl 

. © jxaJI A-iUc t L, Ua~v jjjj I^Aj [ X ] j. -V..U 

• ®>°j (Z n ,©) jij 

• Z n _)*-aUc A 0 AjlxE. (jl 4 j*^l clijjjl 

• UJ^ ‘ Zn (_jic. A.ujx>* AxlxC (,) (_£jl»j! IjjJnll AjlxC. (jl Lu 

(M ® [y]) ® [z] = [x-y] ® [z] = [(x.y).z] = [x.(y.z)] 

= [x] 0 [y.z] = [x] 0 ([y] 0 [z]) 

• Z n (^Ic AjxJxsj 0 AxlxC. jl li3 jjjj |j)A j 

ALjULij 4 jLxjI! jx © £x=JI (_jic AJJOJJJ ® AJjjJail AjIxC jl jAjiil 













Jjii-lj OliLU-t hJai (j AaAjio ^ ——— r = 

* U**aN t> © (jlc. aj*j jjj ® ujj^kl <£*£■ d 

[x] ® ([y] © [z]) = [x] <8> [y + z] = jx.(y+z)] = [x.y + x.z] 

= [x.y] © [x.z] = ([x] ® [y]) 0 ([x] <S> [z]) 

<_jLc. (jl Luj . [1 ] jAj JjU-aj Aik j£Ju (Z n ,©,®) (j* ‘ LW" k- glSkj 

: <j]i i aJIjj) kUc. (^jUB <_jjaJall 

[x] ® [y] = [x .y] = [y. x] = [y] (g> [x] 

. Aik-aJ aJIajI Aik (Z n , ©,®) (jjj 

: Integral domains (4ukl£11t jjlalkSi) A-alkSl 4ikll (5-1) 

: 4ik c$ jkull ^m-uIaDj ^lil! 

4 A a—a k I>ak a (jSalj 4 o —j U jkal j*jilj 4 la Aik (R,+,.) jSi3 
4 \ J^alc. R ^ ,1a. j ! j] 4 (R,+,.) Aikll ^ jkoll jxwilS Ajt a (jfc <Jjij 

• b.a = o ojSj dux.; b^o (jSJj 

1* 

1 Jj-aic. R OA.J til 4 (R,+,.) Aikll jkail ^jku ^uils Ajj a <jC. Jjii J 

• a.C = O l (j jSj l, n -%j C ^ O (jSuIj 
• La k-iy^ull ^*nj 

O (jjj ‘ R ^ { 0 } kul£ Sijj 4 l&jka Oj 4 La Aik (R,+,.) dul£ lit (1) 

8- ^ o (jl—£ 1 jj 4 A iV 4 (R,+,.) A—ikli (_£jkuj g-j .U J ^uuili jA 

■ ujj 4 R t>® I j> *-vir . 

a. o = o. a = o 

‘1^J3 (_>aj£*-a Ajj 4 l^ia 1 j wnir . a (jl£ lilj 4 Aj.la.lj Aik (R,+,.) (j£jl (2) 

9 *9 

. Aikll ak jkali Imxj Vj bjky U^la (jjSj jl v a jj 3 

: (lilAjJ) 

u! * O >»j 31—J (R,+,.) A — , ikl l ^ eAa..jll aid 1 _j jxjAl 

a (jl—£ I jj A ,V 4, l$l3 jkall tl jku kuili j j£j (jl (j£-aJ V R (j* a _jwai*ll 









—— Ring & Integral domains — kbit aaU-Ij iali-t — Jjty J — 

* • J R L>° b ?" O J > «*»'<: . Jlj4j) <ili 4 1$j 3 UjluiJ Lajuili 

: (jSl 4 a. b = o ojSj 

a.b = o => a' 1 .(a.b) = a‘ 1 .o => (a ' 1 .a).b = o => 
l.b = o => b = o 


• l) O *■ fllliL a IjlA^ 

UV 1a j u 1 V R Si ^JutfaJxll ^jl i** \ \ \) i \ ^ 4.iQt jj 

. OMv) Aikii ^ 

: (2) afcs-^U 

(Zero divisor) jL-all j5 ^ jp^ V (R,+,.) <5kJI a' Jj5j LaAic. 

: jjSj 4 *ijAj R qa b,a aUJ ^1 (jj lilta 

a^o , b^o , a .b = o 

• (R,+,.) <51aJI jiwa jA O tlu^. 


: ( 1 ) 

Cl! • (>» AjAilaJi AjljjzJ <51=4 (M2(R),+,.) (jSul 


,15 


f a 


b o J 


£ 

(jlj (jj-<ull j-a jik-ail foallS 4 R (j-a d,C 


r o 


c d 


r o 

0^ 


f° 

0^ 

5 

f a 

0^ 

9* 

^0 

o'' 

v c 

d v 


1° 

°y 


v b 

°y 



°y 


• (M 2 (R),+,.) AskJI ^3 4 jLaJl jp jL-all 


• J Vjl ‘ 


\ 0^ 


z' 

o 

o 


r o 0^ 

, b °j 

• 

l c d y 


^0 0, 




o o 
c d 


a o 
b o 


o o 


j 







—i 3 j 2 t(Z4,©,®) a ala. 11 ja.^11 ^A5 jA 2 

.(Z 6 ,©,®) AiiaJl 

£—^ ^£—« S = {(a,b): a,b€Z } * —£j*ll ^IjjVl <£>«>« Ji 

: (jinllali UJjjJallj 


(a,b) + (c,d) = (a+c, b+d) 

(a,b). (c,d) = (a.c , b.d) 

• (1»1) J—A l&Jula-cj (o,o) jA IajL^i jji ua t AjIIaj] ^ala. JSJij 

* uV ^)&A«oU ^Jblild (1,0) jl ^ 

(l,o).(o,l) = (o,o) 

. (o,l) * o , (l,o) * o : J Ulc 
: (Integral domain) (<jL>l£ill 4ilai*]l) <Ajl\ 4ilaJl 
, j. q . ^il l ^uiljS ‘ Ajlljul Aiia. t 4^aljll 3iLJl 

: (3) Jl^ 

j l -VA) aJIouI 4iia. l^jV t <atj 4iia. ^ (Z,+,«) 4-aaauuoll ^IjcVl 4al-v (jjl 

. y = o J x = o Uj <ili t x.y = o oj£j x,yEZ a 1 * lijj 

: (4) Jlfc. 

. Axta 4lla. (Zp,©,®) (j) i P CLua, (Zp,©,®) -ulaJI jjful 

: OUjJl 

t t * * 

f — JjS i^j — aa V Ig-il t. " in 'll j i 4j.ia.lj 4j]t:ul <ila. (Zp,©,®) (j ILL* Ua jj 

. j,a,>^>ll 

I^aj [a.b] = [o] <j [a]®[b] = [o] J dua. ‘[a],[b]eZ P c££ 
.[b] = [o] j [a] = [o] <uj <P/bj P/a :J J ^ J m P jSl <P/(a.b) 












— ! — Ring & Integral domains — WsJl iiU-ij iaU-l — Jjty J_asJi — • — 

: (5) 

4 . SK ' j » V 4-aU “Uis. (J£4u V (M n (R),+,.) djlija.,<-ua]l (jl 

«• ** «■ 

: ( 6 ) 

. (Zl 2 ,©,®) AilaJI X 2 — 4x + 3 — 0 •' <LL*-dl Jsk 

: 




x 2 - 4x + 3 = 0 => (x- 3) (x - 1) = 0 

. x = 3 , x = 1 

4%j~v <.. a aJC/LJ Jaia tliuul (Z)2,©,0) 5il=JI ^A jjSI 

o®a=a®o=o , VaeZ 12 

: -oS? 

2® 6 = 304 =308 = 4® 6 = 409 = 606 
= 608 = 6010 = 908=0 


1,3 (jj_laJI (J—Ij AiUia'yij (Zl2,©j®) ^SlaJI ^ a SJjU-ai] (jjl 

: & 9,7 U&J 

(9-3) (9-1) = 608 = o 
(7-3) (7-4) = 4®6 = o 

. <aU]) CjULJI ^ ^g^lj jLua!ia.VI (jjjla j] U1 <jjjj « AjUjII auA jj-oJI 

: (3) 

: 5aal£la ULjaill aiaic. t ajLa-oj aJIaj! SiL*, (R,+,.) jjSl 
* 

. S-4j (R,+,.) 3ILJ1 (1) 

: (j]i t a 9^ 0 ^ R <> c,b,a jJ <> (2) 


a. b = a. c => b = c 










: OUjJl 
: (1) => (2) 

J 1—ajj a (b - c) = 0 a—* ‘a,b,c£Rj a # 0 ^ a.b = a.c ji W 

. b = c jl J\ t b - c = 0 jls ‘a * 0 

: (2) =* (1) 

* * 

J_a .jj j_llic. 4 a (R,+,0 4liaJI jJS ja^ill Lujla 4 jI Via 

£ ^ 

jj—a « b a • o *cl«j 4 a • b = 0 _^u«all jjI**» R j*> b 

. jfL« jjc. IIaj b = o uj^j >. i>n*> j a^o 

, jSj^all f*u)\ jS ti lLaJ V l$jV -14 j (R,+,*) AliaJl (jl £±ui Lo-« ^rVn>.,<i.j 

: (7) Jte* 

x 5 = y 5 R u—° 1— 4 jj^ Vic . y,x jl£ Ijjj 44 >oIj 2 iL. (R,+,.) j£j3 

. x = y j dxxil . x 7 = y 7 j 


ti] AjLox] 4jujo31j ^yjxix}]^ Q 4_qI-s. 11 ^o^ll 

. y = 0 <i*jy 5 = 0 ul* x 5 = 0 jli 4 x = o jl£ 
: jli 4 x 5 .x 2 = y 5 .y 2 : jU ‘X 7 = y 7 jl Lu t x * 0 J JVl t>jAd 

. x 5 . (x 2 - y 3 ) = 0 uj^ ^j x 5 .x 2 = x 5 .y 2 
a— hU4l j— a (j jj 4 x 5 ^ 0 jli 4 x ^ 0 j 5 -oIj <sLv. (R,+,.) jl Lu 

jl l—ojj . x 6 = y 6 (*) <_!»j x 2 = y 2 ji jl x 2 - y 2 = 0 : jl <LL_JI 
jl ji x 6 . x = x 6 .y jj£j (*) sjo-a. ^lalbj i x 6 .x = y 6 .y jjjx 7 = y 7 
jjl 4 x 6 *■ 0 jl—a x *= 0 j 2—4 j 2 —ala. (R,+,.) jl Ujj . x 6 . (x - y) = 0 

•x = yjljlx-y = 0 

: (4) 

4 {tjaj —£*-* -U) LoijSxx I u€R j%3j 4 <J^a.lJ Asls* (R,+,.) j£jl 











. sl.iIj^O U jjAlC 

A . (j—* 2^0 J i-ajull (jfc (JjSu : ^w>Ur,li La Vjl 

a«C = C.a = 1 0 C E R -la.j I jj (jji jSjua Ail (R,+,.) 

• R a jjL-aiaJI 3JlaJI olA C J.-null ojlc. ^tgj 

: A -^jnl l A^j*a (Jc. (jVI (j&jfil 

. r = 0 jli 4 r. u = 0 j u. r = 0 dwaj rER ^15 '^j as! L ''r^ 

: u,^ u. r = 0 jlS '->] ^ 

U" 1 . (u. r) = u‘ l . (o) = o 

u 1 . (u. r) = (u* 1 . u).r = o => 1 . r = 0 => r = 0 

: jji r.u = 0 jl£ lil iil)j£ 

(r.u).u ' 1 = ( 0 ).^' 

uSl 

(r.u). u ' 1 = r (u u' 1 ) = r. 1 = r = 0 

: Charactaristic of ring AiL* Jam (6-1) 
n.a — 0 j n (jS^Ij 4 _i»o » /•> .la.j Ijj < la Alla. (R,+,.) (jSjl 

j—Jaa ^a , Aai_alaJI sji (jlaj £Aa^as ■A2C’ J* *jjji l aGR cJ£1 

(_£•}—II - 2 —-Usjll I <->l l JiaJI jA n — 0 (jl (^1 4 2.2*11 lift , 2 a. jj I jlj , Aol-s.ll 

. jLaall Ia jj-aa (R,+,.) SllaJI ^1 Jjsj Lull t aER Jil n.a = 0 (jjSaj 
. Char (R) > JL (R,+,.) AllNII jjaad ejlc. ja_p 

: (8) JUa 

Ulu 4 LjJ jLaail jA (C,+,.)j (R,+,.)j (Q,+,.)j (Z,+,.) djULJI jdaa 
12 JA (Z 4 xZ 6 ,©,0) AakJI joaa ji US . n ^jLu (Z n ,®, 0 ) aILJI >« 

. Char (Z 4 xZ 6 ) = 12 : J 












: (9) Ju* 

A . B = A Pl B J 4 A—jlla. JJC- AX X tlua. (P(X),+,.) j»Uaoll j£jl 
j—& (|) AXjASuallj 4 AjIIajI Asia. (P(X),+,») illic- 4 A+B = AABj 

k_) j —uail AjIaxJ A i i. i'iV u l&JjL&ua j& X AX-jai^aSI j g* ■n'vll Aa >, „'iti » UbJuLa^# 

■ AoWB 0 jb jxiA 1_1 jIIiaSI 4 j<0 jib) 

jl Loj : Ji-l 

2A = A A A = (A - A) U(A — A) = <(> 

2 ( 5 jl—uy (P(X),+,.) A—HaJt j—JAA jt —8 ‘ A C X Ax J£1 

. Char (P(X)) = 2 
: (4) Ai*jy» 

J * " * 

. Ujt ta^C. jl jL-a!l jA U joa-q Judic i 

;* 

: OlftjJt 

4 _ta.^ jjx yb n jl Vjl j* _>xlj < Char (R) = n > 0 j£J 
e&£jj < aGR JSJ n. a = 0 jla 4 Char (R) = n jl Lu . n .1 = 0 < 3 S*j 

. (a = 1 Uj^l) n . 1 = 0 ^U. 

: jj^jx t m. 1 = 0 dm. ( 0 <m<n 
: ji ^ • aGR Jll m.a = m.(l.a) = (m.l).a = O.a = 0 

. <>flal 3 j lift j 4 Char (R) = m = n 
n 2 < n jl di—xk. n = n ( . n 2 jji ^UlLj ‘ n jl jVl <>ajajl 

: iliic. 4 1 < nu 

* 

0 = n .l = (ni.n 2 )»l = (ni.n 2 ).l 2 = (ripl) (n 2 .l) 

j —4 n 2 *1 = 0 jl ni »1 = 0 jji 4 jL-all ^JjS V (R,+,.) jl Uaj 

^ « « 
i3 — 4 mX^i ai_x ji^-al j* n jl dm ^yaSljj lj*j nt .n 2 < n 

. Uji Use jj£j jl uaj 4 Char (R) jji ^Ullyj n.l = 0 













====gg Ring & Integral domains - kbit iiU-tj iiU-1 - Jjty —g-^— 

: Field JkJ) (7-1) 

0 

• (Skew field) < - . i ll viol l <JkJI a^Iaj 

< t-iSUju Jk J (Division ring) k^ta <ak. (R,+,.) Askll Jjij 
, oASkj Jj^xsc- jA R (j-» j^jka j±L jMil'fc (JS (jlS 1 jj 

j 

: (10)Jlu 

J (jA j_ijlj , ^—!jl jjc. P disx jjU-cu Sik (Zp,©,®) <J ILLi boxj 

. (kik1. Jk) kUa Aik (Zp,©,®) 

x-ijj a_J ^ tkj * gcd (a,p) = 1 jU[o] *■ [a]eZ P 
• oP J 3 *S + p »t = 1 * o jSj dua .j S,t €~ Z 

[aMs]©[p]®[t] = [l] 

bp] ^ [a] o^j — j* [s] J tP) 'kj [a]®[s] = [1] J ^ 

. Aj a m li Aik (Zp,©,®) 

: field JkJt <#t «Jjk 

: kbll jajjdll disk lii ilk (R,+,.) Ask J£ I Ubyd 

. JaSfl (jic R <^h -1 

. (•) i_j jdali Ajkxi Aadib Jut-iiia j ■ -~ 1 ' r R ^3 jj -2 

. (.) Ajlkdl A fuol lj R (jajk-a R (j* J. knl t (jc ujfktt Jj-iaic. JS3 -3 

: J=d 

, * 

JS—<ua o <jl da —ja. t 6jaj (R\{o),») duk !ij ilk (S auZ (R ,+,♦) Ask J& 

Ail (F,+,.) Jkll (jc. Jjiij . ((+) AjLuiJ A-ad3b Juk-oll) (R,+ ? ,) Askll 
. F ^c. Aalkl Aakc (.) <bk*JI duk I jj 














Ol&U-l Z>Jai (j 2L»Jju 


: ( 11 ) 


u—^ ‘ 4 —Jj** ^ (C,+,.)j (Q,+,.)j (R,+,‘) 3 oS-o-iJ! t> 

. (jjjjjUil <_ijjJoll j ^ (.)j (+) jjl duu ilaa» (_>aJ (Z,+,«) 

: (12) Jli. 

1-»a (•)j (+) y**- (F,+,.) 3 d£t F = |a + bV5 ; a,be Q j oSil 

. (jjJJjLtll UJjjJallj £-oJI IjjLaO 

3 dll—^ii!—Si ,j « J&b) . O jA Ajla-aj 4jllju] Alla. (F,+,*) (jj 

. sJ—a.j j—n a . l & jA (_£_)Sb«a jjc ja-axiC. (jl (jAJJJ J L-i>j (Jla. (F,+,«) 

. (JlaJI i_Auia) 

3 l^Aj 4 F ^ (_£jL-a JJC. jj-aic a + bV5 (jl (ill! (Ja.1 qa (jiajiil 

; 3 l£j 1-uy V b jl a L»j 

/ , . r=\-i 1 1 a-bV5 

a+bv5 a+bv5 a-bV5 


a 2 -5b 2 a 2 -5b 2 

: ula * Lj^S bj* -Js VJj t a 2 - 5b 2 * 0 3 

(jiijSaJl J Ioaj t jb>-S tjb^c -b/( a 2 - 5b 2 )j a/( a 2 - 5b 2 ) 

• r , _3 »i ytV- 

v . 

: (5) iajSj 

^bA (jli t b€F dA? W-°j a€F\{o) (jSj L$-oj 4 (F,+,.) 511a JS 

. a.x + b = 0 5JDU1I (jiaj x j£jl j 

: 01ajJi 

: jli 4 aJajI (F,+) o' U? 

a.x + b = 0 <=> a.x = -b o x = a" 1 (-b) = -a" 1 .b 

. x = -a' 1 , b dP] • (<_>* j*** a _1 <jV) 






===== Ring & Integral domains - 2uii-( — Jjty J-niJl = - 

j —a liih— j jjSuj X = -b/a (JSJJU ^Luill gjlill c.nf i Ul Juj Jjkll jl£ t jj j 

. <-. '_J‘ A-ikla-all AakJt ^A j -j ■ AjLoC. I AjlaC. p \ ^ O } ba jc 


: (3) 

• (Jk (R,+,.) ji JjSi Uj]i i Ajlliij Ajaj-iIS AiLk (R ? + ? .) CulS lij 

: (13) Jk 

c c t * 

s-jjl baJ i kujla Aik ( ^jl 21C. P klua>. (Zp,©,®) jl liki IjAa.j 

. Jk (Zp,©,®) (jli t Zp Jj-alic AjIIjJ AjLoC- 


: (4) 5Ja?-*k 

j—A l ■ $ . *> < (_$ok> J^ jV kb Aik jjfb jl ui\j <Jk Jd 

O^A—I A OjO^H oj—A Xr. j£J . LauiU ^pul lj]j (.ik-o) 'A.wj j*,ajc 

l kb Aik ^A (Z,+,.) A -\j-s l <-iI 1 .i1.iC.YI Aik Jlkll Jjjuui 4 1 -v j-v. 

• laaa-i^a Qa 5k»\ l jjSj ^k <^1 ^ til A-JUI AjA^poll j . !>lk J^.** V 


: (5) 4i» jw» 


• Jk (R,+,«) jfulj Aj^Jlla kb Aik JS 

: OUjJl 

* 

• R c£jka '>kc. a jSJj ‘(R,+,*) kkll >-=>ljc ai,a 2 ,...,a n jSjl 

d \ —<uj t a (aj - aj) = 0 jj—i ‘ i, j = 1,2,.. .,n kua. a aj = a aj jk I jj 
jl—a dUil . i, j = l,2,...,n ka. aj = aj jli * kb Aik (R,+,.) 
j' ^blbj 4(R,+,.) AikJI j*-alie ^ck. ^ a aj, a a 2 , ..., a a„ 

• 1 < i < n kia. a a; JSjhlb R j*-aic. J£ t-bSu 

a— ak (R,+,.) j? kj 1 < i < n <Jlua. 1 = a • aj : oja tiliil i 1 G R d 
JS d c 5 ' • aj ja a o“jk j! ^1 liAj 4 a.a; = a;. a = 1 jli aJI-ij) 
• (Jk (R,+,.) I jj . (_pjk aJ R ^ JJC J>n~ic. 

4 A-kj-k —k! Aik jjSj (^£3 4^ik31 J ^ j^lil Jajjill i ^la»j Ajlbll AjAjxall 













. in 
: (6) AiAjx* 

n jl—£ li] Jaisj li] 4 buy jjSj (Z n ,©,®) n (joUi i^li alic-Vt 4 ila. 

* > ' 

. y ji h-ic 

: jlajJl 

. Jaa. (Z n ,©,®) ji o&jplj ‘ n jl i Vjl (jia jail 

tgcd (a,n) =1 ji Luj .0 < a < n uj^ aeZ jl ^i [o] * [a]EZ n j£J 
: jt SJaa^jLuj 4 1 = a q + r n jj£L aiuaj r,q j laja^a jtaje ^jj 

[a] < 8 > [q] = [a.q] © [ 0 ] = [a.q] © [n.r] = [aq + n r] = [ 1 ] 
(Z n ,©,®) ji] Z n j—a [a] J >«ii» .ll jJjfUo jA [q] jj^aiatll ji y jjjj liAj 

. Jaa 

: jAjJ 

. !>laa Cad (Z n ,©,®) jji (i_il>a Ole) ^J ji e JJe n jl£ li] Aii <joj ail 
: jli dlil o < a, b < n n = a.b jji 4 jit. n ji LiUaja Uii Lu 

[a] ® [b] = [a. b] = [n] = [o] 

ja^»ll jiAu.13 [b]j [a] ji] 4 Z n ^ o}j^& [b] j [a] ji Ujj 

. !>laa Cu . ijl (^lUllij . «LoU Alia* v 'l ti ul (Z n ,©,®) ji (^i*J liAj 4 Z n ^ 

: (5) 

n ji 1—ale. ‘ ( 2 iUl ki& jaJI ^i] Jia (Z n ,©,®) jl jlA ji jl£-a^U jlS 

• (13) (Jliyi ja e^U'u.aVlj lilSij . (^Ijl .iJe. 

: ( 6 ) Sia^-jiU 

. yj 1 jae ji jin-ill Lol jA Jla (ji jiao j] ( 4 ) 4jiA jiolt jo 

aA—jlvolj 4 O —J o>ll <iL*3 <lMiiltj (Jjlaol jojil j 4 La I/Uia (F,+,») jful 
• jli 4 p _$A jloo (F,+,.) Jaa.ll jl£ li]j 4 6 __J i_jjoisli 4jLoatl A un'illj 












= Ring & Integral domains - - J = ■ 

p.e = o ( 1 ) 
l.e = e* 0 jVp>l ( 2 ) 

uj—^i i* 1 i'*} on^j — « ui^P- — tjjJi—c b,a (jl£ lil p (3) 

jl J a. e = o (jj£j J Uj Aiji t o = (a. e). (b. e) jji tp = a. b 
• b = p j! a = p j_$£j J m jl ‘ b • e = o jj£j 
: (Nilpotent element) iib- J tjj&\ ui»ytf 

(nilpotent) (j j al l (R,+,«) du^ i a£R j.*.<a'i,»,ll jl (Jjii 

. a n = o tluxj n j£ 2 j >» joc oa.j |jj 

: (14) JU* 

d>—o n = tl jVj i ^ u^LLo jA tA^L-a jl 4 (R,+,.) jSj] 

. n€Z n 

4 2 = 16 = o *2 3 — o jV t(Zg,+,») ajiIaJI ^ 4,2 jlj w-ii»l l jl LoS 

. 2,3 GZ + iV 

: (Idenmpotent element) J cSjl~»i* ^*7 

eSjllI (^jL-ila j^ojc. 4 L» <ak. (R,+,.) dua. 4 o ^ aGR j- waul l jl Jjii 

.a = a jl£ I j) 4 idempotent 
: (15) Jtu 

1 2 = 1 j o 2 = o jV 4 l$aa (5 jail IjjLolo 0,1 jl j*-aixll (R,+,.) <aLJI 
• uV ‘ (RxR,+,.) Aii^JI t^s (jjill UjLa* (l,o), (o,l) jl j**ajxl l jl L»S 

(l,o ) 2 = (l,o) , (o,l) 2 = ( 0 , 1 ) 

. 4 2 = 4J 3 2 = 3 jV csjail LjUi- 4,3 jl>-sJI (Z 6 ,+,.) ^kil 

JUjj I j] unipotent l jM t£jUi (R,+,.) jjU-«u a 5LJI ^ a >-»j*ll u) Jj*j 

• t 5 j^^ fj 7«<4 1 — a jl£ lit 

















j «j joj £ 



: ((1815-1864) Jjj £ Boolean ring Jjj tel*. <jVl <-ij*il 


!^\ 4 ^jill jluilo l$_i 3 (JS jl£ lit 4 (Jjj Alia. (R,+,.) Afiiajl 

. a 2 = a : <j]i i aGR J^l 

: (7) 

. AjIIajI (R,+,.) iilic. 4 Alla. (R,+,.) ^jSjl 

: d\J »jJl 

(R,+,.) C)y (a + a) 2 = a + a 4 ^ 11 —jILj 4 a + aGR jli 4 aGR 

: (j £3 . (J^j Alla 

(a + a ) 2 = a 2 + a 2 + a 2 + a 2 

a + a = a + a + a + a : jil 

. aGR JS 1 4 a = -a jil 4 a + a = o 

: (jl Aaj 4 a,bGR i>> (jVI 

(a + b) = (a + b ) 2 = a 2 + ab + ba + b 2 
= a + ab + ba + b 

"Lj j U£ -ba = ba (jSlj ab = -ba aJc j <■ ab + ba = o : 0^ ‘ 

. aJIaj] (R,+,.) 4 ab = ba <ji] 4 aJjJI ^ ajUs) 













Subring and sub fields 
& Ideals 




Subring and subfields & Ideals oUlsllj SJjJ-l Joliii-t - ^liil J-axJl 


^aUll 

ijxl! J 5 ^f 5 OGJbJf 

Subring and subfields & Ideals 


: subring ASlaJil (1-2) 

CiilS I j) . R (j* AjlLk jjc 4jjJ^ S (jSllj i la Aai^ (R,+,.) (jSjl 

4—jj ja. 4ila«. (S,+,«) q! Jjaj Uila i S Cjf iC' (.)j (+) jinLaxl] 4 jjuu!Ij 3oU S 

S < R : (JSjISIj tdiil jajjj i (R,+,.) 5iL»JI ^ 

2 —^ ^^ (S,+,*) <J_s—'—jjji i S^R jS<R tij—il£ lit 

. S < R —i >jjj (R,+,.) 4akil (Proper subring) 

JJC 4jj_^ 4X1 j<%< (jjSj j jlUl (ji t jll 4j^Jaj jja »!»' 

jj-jSa J j —a (G,-*) s ,>ajJI (Subgroup) 4 j 5 >. % j* j H oSH j 4JU. 

O—« 4 , , j) ^ail 4 —llila.I I ^ ^j^Lall liA ^ .W i,» n'un . H <j<a y,X X • y ' GH 

: 4j11j3I a±& j>J I JQli 

: ( 1 ) 


<^at—S»J ^j!>UI Jajiill (jli i <j) it S c R CiilS lilj t La 4lia. (R,+,.) (jSSl 
: 0 .-£i J J* (R,+,a) AalaJI (> 4 jj>> 4xk (S,+,.) UJ 52 


x.yGS , x-yGS 


• s o - y>x lM o - 

(S,+,.) o\i t^LlLj 4 (R,+,-) AiLi! i> 4jj> 4ik (S,+,.) j' vj 

(j* y,X X — y G S (jj£j ^lUllj 4ala*J 4 lmj ]L R qa 4jj ja, 








= ==== Jjfli-tj oliU-l Sjjki j 5L»JLi« 1 == == 

S (> y,x JS1 x.yES oj* (R,+,«) 0* ^^ia (S,+,.) o' Wj ‘S 

« S o — 4 y,x J-£i x.yESj x - yES o' <J\ <■ 0^' 

A—-faalaJI O' ' aJJ ‘ R 5 £«aaJI <auj]L iuja 6 J*j S O' '**J 

S 0^' 4 S ^ jlt L-kajl 4a-laj-a R (_git £-*all 4ji.n»' 44 mu11j 4a.Ja,x*a u\±y\ 

*aall l_! jj-iall £jjjj A.\\aC.j 4j» A<«>lilt ^JjLat O' '-“^J • "SPja ®J'O 

O^j * R o- 4 ^ j?- ^ j-*?-® s Oj^ S (^k o' "' % - v:! t W® R o'ki-^-a 

. S < R 

: *&•{ (2-2) 

4_ala.il ejl_t t ^uij i R 4ila S^ulL O^j?- Qftila Rj {o} Oj "1 

. Trivial subring 4Jik« 4jjja <ak ({ 0 },+,.) 
. (Zg,®,®) JkJl 4j**jllj 4jjja 4ila Jk£j { 0 , 2 , 4 } 4tjAaall 0] -2 
j|j C.S?i 4—ala. 0— a 4ala (Z,+,») 4aaajuoll jljtVl 4iia oj “3 

• (R,+,«) 4jLaall 

I 4_Jtili 4£. j<.aall i n 44 a ya ^ja i <~ 1 Jit (Jf£ (Jal O’® ”4 

n.Z = {0, ±n,±2n,....} 

. (Z,+,.) 4jajaa-tall jlitVl 4iila. 0-° 4j$0a 

JS22 Z[i] = {a + i b ; a,bEZ} : 421111 ^j-®ll i^cVl 4tjaa- oj -5 

. (C,+,.) 4j£j^ 1I jlj&VI 4ala O'® ^3?“ ^la 

:J* 

x = ai + i b] : oj—* x,yEZ[i] o^ • <j> * Z[i] c C o' V J ^Ijll 0-® 

ai,a 2 ,bi,b 2 EZ o^ ^ »y = a 2 + i b 2 j 
x - y = (ai + i bi) - (a 2 + i b 2 ) = (ai - a 2 ) + i (bj - b 2 ) (1) 

x — y E Z ol* 4 Z (j* bj — b 2 , ai — a 2 o' '-®^ 














Subring and subfields & Ideals OlMlj Ujir\ Jj otiU-t - J-aill 

x.y = (ai + i b]). (a 2 + i b 2 ) = aj.a 2 - bi«b 2 + i (a 2 bi + ai b 2 ) (2) 
x.yeZ aliiZ(> a 2 bj + aib 2 j aja 2 - b]b 2 c') Ujj 
S= |a + b V5 j a, b s Z | : ajUjII S a& j^a..all -6 

. (Z,+,.) SiLJ! iJa Ajjja Asia (S,+,\) j! 

• cM - ' 

: u S ‘S(>L* (jjjj-oic. y,x <j£y . <j> ^ S c Z (ji jit 

: ^ U iliic . a,b,c,dEZ dua. iy = c + dV5 4 x = a + bV5 

x-y = (a+bV5)-(c + dV5) = (a-c) + (b-d) V5 (1) 

• x — y E S jti ‘ Z (> b-dj a-c jt Luj 
x.y = (a + bV5 ). (c + d V?) = (ac + 5bd) + (be + ad) V5 (2) 

• x.y E S £)\i ( Z (> be + ad j a.c + 5bd ji L«jj 

• (4+,.) Ailall ^ Ajj ja Alla ( S = Z [V^], + , . ) <jl (3f“ L«-« ^cjjaud 


’ 

^a 

b" 

M = • 

,0 

c . 




; a,b,ce R 


jSjlj tlo Asia (R,+,.) jjSjJ -7 


Upper triangular matrices over R (R ^ U*l! a-uLJ oli 


. M ()> j ij « M t> 


: <jta a,b,c,p,q,rER 2-ya 4 B 


f 1 (U 


O 

O 

lo 1 ; 

5 

v o oj 


(jl (j* 


p q 

0 r 


A-B 


^a 

b^ 


fp 

q l- 

'"a-p b-q N 

,0 

C J 


10 

rj 

, 0 c-r. 


EM 


fa b 
0 c 


<j£l 







Jjii-lj oUiU-1 3 iJai ij i»JjU 


fa f p q^j fap aq + br^l 
A.B = . F H M eM 

t 0 c j l0 r j l 0 cr , 


: CiUa^l* 


(sAajSI AiLa^ll jlAwII 1 <jSJj i Ajiaa} Sjiia (R,+,.) CjjIS !LJ (1) 

‘ 1 €=S OJ —'■*■>■}'') (R,+,.) SiiaJI -Luja (S,+,») Cjul£ Ij|j t l$ja 

. 1 jA 1$j 2 Ajtaail juVnall j 1 . >»ji Ail-v ^i (S,+,.) 'LL jail Sjilall jli 

<j — « A —jli (R,+,.) <jSj _ !j i La Sila. {ja Ajjja Alia (S,+,*) Cu\£ ILI (2) 

: (jjSj (ji (jiajJi 

. Ajla-oj (jj& V (S,+,«) AjjjaJI 3ilall jt (jja ^ lAjla-aj (R,+,.) 4llall — 

(jl Vj * l— Jajl A—jla-oj (S,+,«) 4ilaJI j i Ajla.a.) (R,+,.) 3oW\l — 

. S ^aV'J V (•) 4jLa*il A Ita'lilj R Ajl a <1,11 J>^ai».SI 
.Ajta-aj <jj£j V (R,+,.) AliaJI <jl (jja ^ lAjla-oJ (S,+,*) AjjjaJI 4ilali — 

: (7) JUu 

jA l$JS Ajlaxll Jjuoic.J Ajlaau (Z,+,«) 4aaaj*ajl aIac-SH <aia (jl ji*-all (j* 

* 

(jSu—lj « (jl—IpUdl 1 _Jj__iAallj £_aalt i Tn . U c. LaA (.)j (+) (jt Laic t 1 AA*jl 

Vj t (Z,+,.) 5—ilall j—« ja ^lla ^ (S,+,.) o\ <■ S = {2a : a£Z} 

• aeZ JS5 1 g2a (jV (•) Ajlan.ll A ualllj AjLa-a j ■ l$_i 2 Aa ,jj 

: (8) Jli- 

i * 

Aalall JjLa-all (jc. <—fllHa-j 3_u ja <ila ^ Ajla^JI (jl 4 j 3 jj VLLa CjIa 

. 4jl. ,->Vi 

: 3JU3I tgJu 4_u jail AilaJI j (M 2 (Z),+,.) SJiiaJI Aalil 


(S,+,.) = 


a 0 
0 0 


; ae(Z,+,.) 











Subring and subfields & Ideals oUliLl j iJji-l J jii~\j oUU-l - 

( 1 (A 

u] • W 2 J* J ‘ Jjla-aj (M 2 (Z),+,0 AiiaJI (jl 

V° V 

(\ 0) , 

ujj ‘ J—A ^ (M 2 (Z),+,.) 2ikj| <3 # Ajj ja. Aik. (S,+,.) 

°J 

f \ 0^ f 1 0" 

' ,o i; lo o. 

Center of ring iiJk ubjcs 

C(R)= { aeR: a.x = x.a ; VxGR L Aiik (R,+,.) jssl 

• (Rj+»*) Aikll j£j*i LS^ 1 (C(R),+,.) (j} 

• (R,+,•) Aakll <y* Ajj ja- Aik (C(R),+,») (J LI jjJJJ AjUjJI AiA jJ-oB 

: ( 2 ) 

. (R,+,.) Alkll Aajja. Alla. (C(R),+,.) jji t Aik (R,+,.) tlulS lit 

: OlfcjJl 

R t> At>*a-« ‘ (^J Afra, (jo C(R) <jV t <j) ^ C(R) C R jl -1 

• (ji 2 ‘ O jk (R,+,.) Aiklt j l » <rd L j-oj 1 jj iA_ijlj <$a. (jo 

. C(R) * (|) jll ‘OGC(R) ai»j 4 o.x = x.o ; V x€R 
: ji 2 ‘ C(R) Cy> La ^j^c. a2,ai jl£ ' 2 j -2 
ai.x = x.ai & a 2 .x = x.a 2 

• j] 2 l>*J ‘ R X JaJ (j-o 
(aj - a 2 ).x = aj.x - a 2 .x = x.ai - x.a 2 = x (aj - a 2 ) 

(ai.a 2 ).x = ai.(a 2 .x) = ai.(x.a 2 ) = (ai.x).a 2 

= (x.ai).a 2 = x.(a,.a 2 ) 

• AJuj i R (jo X (^1 (Ja! 


ai.a 2 €C(R) & 3] — a 2 GC(R) 










. (R,+,.) Alkll Ajj Aik ^ (C(R),+,.) o' (2) j (1) £> 

: (9) Juu 

. C(M 2 (R)) < Aik (M 2 (R),+,.) o^ 

" (j' lS ^ ( Ask j£ jx (—sjj*j i_U4Ai 


C(M 2 (R)) = 


a 0 
0 a 


; a eC(R) 


. La Aik (R,+,.) llua, 


: AkjaJl CjlikJi CjLLutll (jiiu (3-2) 

A—Ik jA La Aik (ja (jjjlk o' (jkxxajj olnltill ^jtnAjxall 

• Ajjj?* Aik OJ^! o' (_£ JJJa-k' O* O^ (jA“ o / 1 ^'"* -ikj' LaJuj i kjji. 

: (3) 4JA jxa 

CjllkJI (jai AJk JJC oJjJ {(Sj ? + >*)} lel *— 1 ^ '^' A^ (R,+,») O&l 

.(R,+,.) Alkll ox Ajj ja. Aik (flSj , + ,.1 IkiC- t(R,+,.) Alkll ja Ajjjkll 


: OkjJi 

Cillk ajaui |(Sj , + ,•) } ig( ol Loj t O jx jib (R,+,.) Alkll Oikxl jx^il 
• oG HSj jls fj o^j ‘ I t>° i oGS, i (jli t (R,+,.) Alkll ox klja. 

iel 

. ((j^flSjCR o' ^ o±y '^*>j 

iel 

: ul—* ‘I t> i J£3 x,y eSi : oi* ‘ f]S, t> U (jj>xiic y,x c$4 

iel 

• x —y E DSj ai«_$ x-y E SjjVi El 


x>y G (IS, ol^ ^JblLj I ox i (JSJ x,yeSj o^ '^j Ail tijj ALjkll c^'.'j 







Subring and subfields & Ideals j aJ jJh Jol£U-t - 3UJ1 

. 11> i JSJ 


• (R,+,») ASkii (j<a kija. ns,,+,. <jl ^ <u ‘ 


. iel 


: ( 1 ) 

(j—a u' »JJjkallj Aik (j* (jjlujA. (jiiSk ikjt (j] 

. A.hOLajl ok ^Jllll (JliLallj t<juijjiol! Aikll 

: ( 10 ) 

A —Skit (J —a ^jliuijall (jUflkll (j£ul j i (Z,+,.) 4 ■aas>,w»tl ilic-Sfl Aik jjSjl 

. T = (3Z,+,.)j S = (2Z,+,.) : (Z,+,.) 
• (Z,+,.) Aikll (j-a Ajj ja. Aik S U T <jl (jl? 


.2+3 = 5 ^SUTUu.3eSUT^j‘2eSUT: J ^1jl! <> 

Aikll (j* Aj^ja. ^Sk ‘“ Au »A (« ■a>ll AaLutl Ajjklb Aika t'wiijt S1JT (jl (^1 

• (Z,+,.) 

: (4) 

. (jjiuja. ( jnSk (T,+,.)j (S,+,.) dul£j . La Aik (R,+,.) Cul£ tit 
J S c T c^_ji£ ti] k_iaj tit (R,+,.) Aiklt j> ki> 5ik (SUT,+,.) a 1 

. TcS 

: DlfcjJt 

A —JJ ja. Aik (SUT,+,.) (jl (jA Jjjlj . T C S j S C T jl Vjt (Ja jiil 

• (R,+,.) a! kit <j* 

jit . JjA) Jc. SUT = S jl SUT = T jU ‘ T c S j S c T jk tit 

. (R,+,.) Aikll <> Aik (SUT,+,.) 

(jl (jAj—iilj (R,+,.) (j-a Ajj ja. Aik SljT (jl (_H=>jSA (^1 '• <_>k*]l jjH di ul 







•TcSjScT 

‘ aETj aES i 4 T c£ Sj S ql T jij 4 SUT c R jl i_ya jii —1 
(SUT,+,.) j£3 4 a,beSUT j]i Aj 1 c.j 4 bESj b£T 
jl£ jl -uV 4 a - b£S j£l 4 a - bESUT jij L-bji (R,+,.) 3—jilaJI j—« 
jl *uV 4 a — b £ T jl Lo£ 4 b E S jj£ yi»sl-u I aa j 4 b E S j)—s a — b E S 

. Ljajl (_^asUj liAj 4 aET jli 4 sl — bET jl£ 

AilaJI j-» ^uja. 4—ik (SUT,+,.) jj—£ {j-aali—j !j—Aj a — b£SUT jjj 

• TcS ji S c T ji) 4 (R,+,.) 

: Subfield A*5>11 JjfcJl (4-2) 

Jjij. F j-a AJli. jac . Ajjja. Ar, j^-w ^ R Cul£ lilj 4 lo ^ (F,+,.) j£J 
jl ttua. 4 jAia. (K,+,.) jl£ I jj (F,+,.) j* Subfield ^ _>> <_&»> K jj 
. (F,+,.) JtaJI VnUcV L*A (.) l_JyCallj (+) £asJI ^JjLoC 

. <*uij JlaJI jA (Jjiio ja* JSa. <3 -1=4.JJ J*a> JSJ ji (jjL-Jl t_ij j*j]I (jo ^2u 

: (Prime field) JaM uny* 

> ,> ... ”. 

. Ujl jtisk AjIxS Ajj ja. VjSa V (^ill (JiaJI 

Lu ja jHa. (K,+, •) (JiaJI jjfL) ^5L3 j ^ jjUl Jay-ill A-Jlall AjAyAoll 

. (F,+,.) JS*J» j- 

: (4) AjAjaa 

tJsVl ^^ic. jJj» -Vir . (_ 5 _jau K j£iJj ‘ 3-a jlia, (F,+,») jSy 

C > (K,+,.) jj£j ^ —II Lj—ill jl . F j—« 

: jUltili jUayill ji jA (F,+,») 

• X - yEK jli 4 K j- lo (y,y^c. y,x jl£ IjJ (1) 

Cua. x . y ' 1 EK jti y * o j& Ijjj 4 K j- U jjy~aic y,x jt£ Ijj (2) 



i 













Subring and subfields & Ideals oUtsltj I J jii-\j oUU-l - J-aiJl 

• (F,+,.) JaaJl j4-a jA O 

: (11) Jb* 

. LJjl JSjjj (Q,+,.) A-ujaull .il.ic.Sn Jii. (J Cin\ 

: 4JU (5-2) 

• Jj—*=» (C,+,.)j (R,+,.)j (Q,+,.) t> ji (5 jLJ (J*-asll ^ Uoj -1 
(R,+,.) u' l—<£ * (R,+,*) JsoJt t> J**- J* (Q,+,-) J 

*(C,+,«) JtoJi (> gj_>> Jia. 

0 —« <_&»■ (j* S ol timilj t S = |a + b V5 ; a, bGQ j ~2 

. j (jjjjLajtll AjjouIIj jljeSn (Jii. 

4 1 j 0 I-«Aj R tj—» JSVt jAJ uite - S jl (JA -1 

. 1 = 1 +0V5 j 0 = 0+0V5 

J di „ ja. 4 S tj —« U y = c + dV5 j x = a + bV5 (jlJ -2 

: u,^ ‘ a,b,c,d£Q 

x - y = (a + b V5) - (c + d V5) = (a - c) + (b -d) V5 ES 

J d), ,.aj S o— 41 — 4 uy = c + dV5 j x = a + bV5 -3 
c-d-y/5^0 j c 2 -5d 2 * 0 : jUtc + dV5^0 J Uj t a,b,c,d^Qj y ^ 0 

: ul* £ 1 >J 

_ x _ a + bV5 _ (a + bV5)(c-dV5) 

X y y c + dV5 c 2 -5d 2 

_ac-5bd (cb-ad)V5 
~ c 2 -5d 2 c 2 -5d 2 G 

• (R,+,.) JSadt t> gjj?- JS* (S,+,.) J (3)j (2)j (1) t> 


: 4JU3I diUA jaaII j5Li <|>« <Luyvll JjAaJI (ja)jL ijoxj £jVt f Jij 









: (5) 

JjiaJI q ,a 3alli. jjc- o^ujV {(K l5 + ,.)} 16l L*) <La (F,+,*) <*> 

.(F,+,.) JiaJ' C}* ^ | n K, , + J jjiic-t(F,+,.) 

{(Kj , + ,.)L 0 1 • 1 —1 o —j (F,+,.) JaJ' 

<0,1 GKi Qjfe I i JS J>l jli i (F,+,.) Js^' j-» 

• J&l flK-j ^ jjj 0,1 G DKi : j]i 

i€l 

. A.LLall 4j&^J-all ^4 (jalajalill (jai (3*^1 

0 li ^ULj 4 I i> i J^5Ki t> y=x uji ‘ flK, <>a L» (jjj< ^Vir - y,x j—Sal 

iel 

. x-yGflKj j' l 5 *'< IGl JSlx-y GK, 

i€ I 

x - yGKij y *0 : jli y * 0 iijj p|K; <j* ^ y,x jL_S Ls) 

iel 

•x .y'GflK, dJ^i I 0* i x .y 1 GKj : jls -I o* i JS1 

iel 


(F,+,0 JiaJ» t> gH> J** fl , + ,. 

yiel 


(jl ^ La-a gi.n»in 


: ( 6 ) 

* * 

Ac-jas ^a K {jSalj ‘ 0 _? a^Sjuol j-a_>aij < La lal\,}jJ 3lia. (F,~L,«) ^jL_JS li] 

CljlSi \ilj . 4__a\j ^ (K,+,.) Cj il& li] i F j—a 11^ JJ—* 3 j ,jj^. 

(F,+,.) JSaJI 0 - JL* (S+,.) uM S = {a. b' 1 : a,bGK , b * 0} 

• K (F,+,») JiaJl ty> ^ jjk Jia. Ju~a\ jAj K 

: OlAjJt 

• 1 —) (F,+,.) (JSaJH gj JjU^sII j-ajil 













Subring and subfields & Ideals olJlsUj 3J 

JSaJi QA tjiS (j S L^ Vil . 0,1 G S : gV Oijt-dz- S gj 

: gt cjja. x = a.b' 1 , y = c.d' 1 J <3 * S g- U gjg-ojc. y,x giJ 
: gti 4 a 5 b,c,d GK,d^0,b^0 

x — y = a.b" 1 - c.d 1 

= a-Cd.d^.b' 1 - c.Cb.b' 1 ).^ 1 
- (a.d) (b.d)' 1 - (c.b) (b.d)' 1 
= (a.d - c.b) (b.d)' 1 

a.d - cbj bdGK , b.d * 0 : gt-i a,b,c,d£K , d * 0 , b * 0 3 1—-uj 
. x-yGS g' </' <■ (a.d - c.b) (b.d)' 1 GS gjSjAj-j 

. agji.y) ^iAgJuJI <^4 Jjtjll gi-Yl iajjill 3.-y»o ^C. gVl gAjjjl 

: gt Lu 4 (3fu> La^i ojliiuiVlj 

x = a.b' 1 , y = c.d’ 1 ; a,b,c,d£K , b ^ 0 , d * 0 

: u u j 

x.y' 1 = (a.b' 1 ) (c.d' 1 )' 1 = (a.b' 1 ) (d.c' 1 ) 

= (a.d) (b^.c' 1 ) = (a.d) (c.b)" 1 

: gi Loj 

c^0,b^0 ; a,b,c,dGK , d^O 

: 

a.d, c.bGK , c.b * 0 

. x.y' 1 GS 3 (a.d) (c.b)" 1 GS gU £ 0*3 

• (F,+,.) JSaJl g* Lug?' (S,+,.) 3 <3f“* 


• g]^ 4 K g« La 1 j»^ir. 3 glS lit 









J J&-SJ ij Jai J JliLa 


1_I 

a = a.l = a.l' 1 GS 

• K (S,+,») ^j=d' o' ^ 0^ 

• (F,+,.) JiaJ! 0- ^j* jA (S,+,.) 0*' 'j**' 0*J^ 

'ij Si c So) .Kiijaj (F,+,0 JLJ' o- L. U> 0LL> (Sj,+,.) 0^ 
O' x — a.b * : (J£*i3L AojtiS (jiiL«yU <j]i t S o** '— -* 1 'j—«-*»■<£■ x o'—^ 

: 0^ ‘ a,bGKj b * 0 

a,beK,b^O => a,bGSi,b^O 

• xGSi o*' a.b’ 1 G Si : o^ ^ 

: Ideals CMU) (6-2) 

0^> Ap*-!' fli ^jJ' aij^aJI CjV Jj CiUlia]' L-U _ui Jj_ xj 

JJ 'jjiJ Q> j-i<" JjxJJ . OJX&.V' LajJS 4-1J—laj CjL j)/ (jjj l_qLjjJI 

O^j Ideal aJIU' ?Jfr La ^jSj J (1893-1810) Kuinmer j-J 

_)^V' jLalV' (-jJaLJ (JjS qa ^Jd*■*" 'iA £jojjj . 1847 ^tc. lil_'j 

* * 

■ &JJ ILj*j 4s'jcj 1871 fix. J Dedikind 

t^il' jjO' CAiiaJ' <—ueljj ( La Ajila. Ajjja4' CjliiaJ' ^a' (j a diLJliLaJ' 

. J ^-0^ J ^ j <ihill' ijjO?4' _>^o" 

: JJ\i),t Jby3 

• R O - I diilS li'j t La Aii^ (R^+J Jj] 

A iU.l l (^3 (Left ideal) *LjLuij iOLLa l$jj I a j a Qj n -1 

: U (3^3 '\' (R,+,*) 

. (R,+) * _y> J' O* » j* J (I,+) (1) 

. r.lcl oj^rGR JSJ (2) 

A'il-t'l J (Right ideal) Aj.ij^u iOLia (JSOS l$jj I a _& j_c. Jj_ as -2 



4 4 












Subring and subfields & Ideals ouMtj J y±-\j cHaU-I - J-aoJ! 

: L> A lit (R,+,.) 

• (R> + ) t> ® J*j (I> + ) (1) 

. I.rel jlareR l^I(2) 

A —alaJ! ^—a (uitt>11 AjjLj) (Ideal) aLL* JS2u l$j] I Ax 3 *><alt (jc. Jjij -3 

. Aa .1 J pi AajxaJj AjjLmJ Aullxo tlulS Lt (R,+,.) 

I AjJtjit Aj.Vjj JuiLi (j* Ja^L tjVI 

: ( 1 ) 

• ul^ R O* Ajili J Ajj_^. ^ j 4 ^* Ij 4 b® Asia. (R,+,.) (jSji 

(R,+,.) AxiaJI ^3 AjjLuj AjJlxa I AX (jjSj ^il£ifj ^_pUI Ja^uolt -1 

: ^ L (3»=Lj jl j* 

• a-bGl tjla t a,bGI tKl (a) 

. r.aGl ul* 4 rGRj aGl JS3 (b) 

(R,+,.) AlUll A nuj Aallx* I Ax j<i-> <q it (jjSj ^l^ilj -2 

• ^ 4 i3*=4j J > 

a-bGl jjia,bel JSi(a) 

. a.rGl : ol* 4 r£=R 4 aGl JSJ (b) 
Alkil ^3 (<-. jjlaJt AjjIjj) AjIHo I Ax jn> .nl! (jj£j <^411 j ^_pUt Ja^jLil -3 

: ^ L <3*4! u' J* (&>+,•) 
a-bGl jlsa,bGl JSl(a) 
rj.a^Gl : o)a r,,r 2 GRj aGl J£1 (b) 

: OUjJt 

• ( 3 )j ( 2 ) j^ic jlA jjII l^^ii ajj^^Lj ( 1 ) ^jlc. 








A —Jjja Ija J (I,+) <J • (R,+,*) Allall ^ *jj-**i I J Vjl 
t4__ulj AjaU (j-oj ta-b€l <jj£L a,b€l ^ cM i >» 4 (R,+) <>“ 

r.aEr.I c I :jli aElj reRj^ W« 

: b yJl ajUT 


d —a a —jjja, b(I,+) c) (j Hi ‘ a-bGl I t>* b,a JS1 Ail Lu 

r.I cz I uA; r.aEl : jli aEl JUj rER oM • (R,+) 

: ^ U jaalii t (jjjLl i J Aj,\ig <Tilt j jjuli (j-Q 

A__ala I jjl—3 ; (R,+,.) Altai! qa (a j noj) j] AjjLuU AjSlla I CijlS 111 (1) 

A aWll ,j_ a A -gi^a A-tla (S,+,«) CljIS I j] Ail V) * (R,+,*) Allall ^ Aji^ - 

A —iilail (AjU-aj) j! AjjLuiJ Ajilla (S,+,«) (jj£j jl UjjjjJa (JilJa t (R,+,.) 

. (R,+,.) 


. c nUII Ajjlij AjlllaJi Jb AJV-ill Altla AaK ^3~miu> Laja 
a_.jVl<u aJIIo <^a ajjLuj aJUb jli < aIIaJ Alla (R,+,.) vliilS lij (2) 

^_A Aaibtu jl AjjLjU A_sllla ^1 Aj]|,lj)n Allall ^3 Aili a dUil t^ja*<3 (jaSudl j 

. (R,+,.) Ailall ^ Ajllla 

(£__*all A Jin'llj lA,Alla<a) O — J Ia jiual jxjilj t La Alia (R,+,.) <j£il (3) 

I—aAj J—3^1 ( _ 5 —ic. —la ^jaj (R,+,.) Ailall jli t R & {o} Ciil£ 111 
,jA —UU {o}j R jjjjillail (jc. l itiaJ (R,+,.) Ailall ^ Ajlll* <_& . {o}j R 
. (R,+,.) Ailall (trivial ideal) (Aliixa) a$11j jaL AJlia 

. 4 ,£iu<mII A at-v tl \ Ajiljx jiC AjUle Aj| ^joaj V Alla (JS 

(R,+,.) La Alia (> (Proper ideal) Ajki Allla ^ I AJllal! Jt Jjii (4) 

. I ^ R Ciil£ til 


i- 

n 


t 













Subring and subfields & Ideals j a,Sj£A JcrtiJU-l - ^\ill J-Aflil 


: ( 1 ) 

• F,{o} Uaj -lass c j»jtl 3 ’)o (jj*x V F iiiic- t U iUia. (F,+,.) <j£i 

: OlfcjJi 

13 ] Lai i (-Jjiixal! jUJ AjU ( I - O Cuts 13 ] . (F,+,.) (JtoJl Aultla I (jSjl 
* # 

a J—i-aj*13 [j\ L—ajj . a ^ O j£j]j La t jA-aic. I ^3 3a. jj iliic I^O (j£j j»l 
. I = F -Oli ( (F^,*) (JtaJl (_S.jL-a JJC ^i-aic. AjV) (_>ajlLua 

: A3lal (7-2) 

• (M 2 (R) ,+,•) ACHI A^ajil QA AjSjjaJj CjlSjL-aall Alla. <jSol -1 

f/ a 0^ } 

AiHa c.u>ul l^i£]j <jjLuii Aj3l!La I—•■I j a,b € R 1 Ac.^o^oll 

[lb 0) j 

. (M 2 (R) ,+,•) AslaJI ^3 

•‘J* 


0 0 
0 0 


el oV <|> * I £ M 2 (R) J V J JiOU 


x y 


z w 


<eM 2 (R) CJS 13]j < I i>> La jJ jj-aiC 


a 0^1 f c 0 


b olid 0 


a (A (c O'! f a-c 0 


b 0 d Oj b-d 0 


x yVa O') fax+by 0 


z w j l b OJ l az + bw 0 


A— ilia Cl— Mii I <jl Jvi Cuai . Aj jL«J Ajllie I ji 3aj t (2)J (1) O* ‘ <jjj 

fo n fi o^ ... 

SM 2 (R)j €l j] <^113 (Ja.1 jj-a i A jjx aJ 

, 0 0 J 11 0 J 









11 . . 'gg JjiLi-lj OUlLM Aj jJai (j 4-aJiW „_— 

(0 A (i (A (o l^i fo A 

Mi- ^I Up JMij 01 jW . = 

^ lo lj u [l oj to oj to ij 

. (M 2 (R) ,+,•) *31aJl (^i Mi-y 

; ix. jl Cnjl tR ^^Ic. '<*■I ■CiULuJaill ^L or> (R ; + 5 .) j£j] -2 

. Mi- I = {geR : g(3) = 0} 

: J* 

. ^A_i1IajI dilixJaj]! t-ljjJallj AjlaC. jY) aJIaj] (R 5 + } .) A^LaJI j) 

. (J) ^ I CZ R ji) I ^ (j) jti i I (jlJ ij jl Ly 

: jji i R j. h jlS lijj I j- g,f j£J 

(f _ g) (3) = f(3) - g(3) = 0-0 = 0 
(h . f) (3) = h(3). f(3) = h(3) .0 = 0 

Ain^aiLall C llSnWill Aii^k j* AJlla I (jj—S ^ _Stiil-Jj i f. gSljf — g £ I j j] 

. (R,+,.) 

AjilaJI qa (Z,+,.) 3jj jaJl Cul£> I j] LyJ jjj t (Q,+ ? .) AiLaJI j£j] ”3 

• Mi- ^ (Q,+,.) 

jli 7 GZj — GQ (jlS lj] : Jllall Jjiw AiV cluy] (Z,+,») j] 

f 1 ^ 7 

jjc, ^ Jjlj3! ^_jlal) jl (^1 t (7). — = —0Z 

t 5 J 5 

. (Q,+.,.) ^slaJl j* Mi- < .“u <ul (Z,+,.) ji) • 

. “LoIj]I A^jlgJI AjA^xjl ( CjUUxall ^-ic- CjUIaxil /^ua*J ^AAi jl jji 

: (7) AiAj** 

jli jlgildll jUllljl Ja£s t lyjUSlla .lAa_y AjJlii] A_Ha. (R ? +,.) Cl _jl£ I j] 







Subring and subfields & Ideals OlMtj SJjA-l JjaL'j 

• J5-(R,+,0 

: DUjJ\ 

<j£j — !j 4 A — ijjxa j— jc dll jtt-u (_jlc V (R,+,«) AiiaJ jl ujajiil 
•up < a > — R up j»j t>>j < a > ^ { 0 } u'l !i&j 4a€ER\{0} 
lG<a> = { r.a : r€R} 

(R,+,.) UJ— £ 4 .U .I M J . 1 — t.a OJ&J t u^jij R U* JJ-<aj& <jjl 

U^j 4 a.\ .Jkj j uViC . jA & ^_)L-a JJC. Jj^aic. (j£ J j_gl t a.t = 1 Qp AjII-XJ 

• Ja=-(R,+,.) 

: uiUIlUt j jlc- Ci\ j.Ua \\ (8-2) 

: CjLHIa]) ® 

; oil ^.a.iii<. (R,+,.) U <iLa (jAJli-o J 5 I (j£ll 
{ xeR: x = a + b; a€l, b€J } 

• I + J u-u^W j *jjj J,I £>*?-• 

. AjSLu ^ I + J jl (jjjj Aalti5l AiA ja<JJ 

: (8) liAj** 

• (R,+,.) AilaJI ^a aj31!l> I + J uj • (R,+,*) ^ ^ J,I u&l 

: oV*jJ\ 

. (j) I + J C R < (j! iarOU t Jjjluill t-iu j*j!I ciirt 
: La 2 jU£ (j£-aj <jp 4 I + J tjA L« (jjjj-oic. y,x ul£ ^ 

x = a + b ; aEl, b€J 
y = c + d ; cEl, d€J 

: -w~i 


x - y = (a + b) - (c + d) = (a - c) + (b - d)Gl + J 










i ■ sss — ssss . Jj2i-lj OliU-i 4 j Jai (J SaJLila i=^= ., ,. — 

. (jL^o x — y el + J JjSfi -L 
: (jls I + J <>x = a + b;a€l, be Jj Ry»rjlS lilj 

r.x = r. (a + b) = r.a + r.b e I + J 
x.r = (a + b). r = a.r + b.r el + J 

• (R.+.0 AiLJl 4-JHa I + J (jt (3fui Ua ^rVru.i'l 

: La AjbLul! 4_i& jxail (jaj (_jjLuJI (ja gjjluU 

: up ‘ (R,+,*) La Aik J oLllla I,J,K dull til (1) 
I+J=J+I 

I + (J + K) = (I + J) + K 

a*v AuLoxl AjLuuHj AqU a La Aik ^3 dlLlluali (Jl AC. jai-a (jl ( 2 ) 

. djUllall 

(oA'b^j) jl (jiLjLuu (jjjjlli* Jj I dullj t La Alik (R,+,.) dull 1 jj ( 3 ) 

. (R,+,.) AikJI (jaii ^3 (<sluu) J\ AjjLuu Ajllia I + J (jji (R,+,.) Aikl! ^ 

: Ci Lilia gJalij © 

_Uij . oJjS-Xall Aikl! ^3 (jjdjJHa Jj I dull Ijj (. La Ask (R,+,.) (jlul 

Ac. javall 

. 10 J j-»,jlL l$J y* jjj 4 Jj I jjlilHaJl g kliu {xeR :xel,xej } 

: (9) <jAjxa 

.(R,+,.) AakH Aullla in j jjCit «(R,+,.) La Aik y3 jjiulHa J,I dull Ijj 

: OUjJl 

. <MIf|JcR J Vjl Jia^L 

oj-i ^Lj x,yelj X,yej : oj—a ‘ IflJ j—- ^ y,x 

. x-yelfjJ <Ljx-yeJjx-yeI 







Subring and subfields & Ideals otJtiilj jirS J j oUU-l - gjUJl 


yd (jp 4 yelDJ 3 Laj ‘s-yS.Rj IflJ o* La a,y (jSJ 

: oj* * yeJj 

a.y,y.a€l& a.y,y.a€J 

a.y elHJ & y.aGlHJ ’• L$ 

. (R,+,.) 4ilaJ! 4_Jl!La miol (jW 441 gJiLu 
: La iiLuill AiA^uJI j (3iLgJI gjUuu 

: <jls i (R,+,.) La yk ^ ^U\la LjX I,J,K c^jlS lit -1 

mj=jm 

in(jnK)=(ini)nK 

^U jj-ill AjLuJ 4.1mu]L 4aU a (R,+,.) <ul^J| CjLdLLall jxci AC, ^-\a (jl -2 

. cjLJLLoJI 4i 

IHJu^ (Rr*v) La ^ (a /yy ^ j ) J 0 AjjL*j u^Ll> I,J -3 

• (R,+,0 <aiaJI (4.jilaj) ji AjjLuU 4_jJtla 

: aJU! aSUIL jtiLUl jtuUJI Jku,j5 -4 

m(j+K)=j+(inK) 

. J C I ji Ljjs. t (R,+,«) AsiaJI ^3 CiUllla lititj I,J,K Liu*. 

: CilalLUl! uij-ua (D 

; Sr.jAN 4 (R,+,.) La Aila» ^3 (jxui&a Jj I ClilS Ijj 

{xeR:x = |jx l -y,; x, el, y, e J,neZ* j 

. I .J Ja jib I 4 J j-ajjj J —ji UJjJb 
: ( 10 ) 

4_ElaJI 4j]tla I . J 4 1^3 J,I klul£ lilj 4 La Aai^. (R,+,.) <j£il 

• (R,+,-) 











JOliik-t hJaj <J ilajjLa 


I LiLfcjJt 


l))#I.JcR (jl ^CjLJLLall I—LjjU i_luCk^ ^uJaljil (j-a 
: La AjLjS Luli t I. J (3<a La (jjj.^-a'ic. y,X (jlS I j] 

x = £x,.y, ; x ; Gl, y. G J,n G Z + 


in 

y = Ix'.y';x'Gi,y'GJ,mGZ + 




x-y = Ix i .y i -Ix;.y; = Sx i .y,+I(-x;).y;Gl + J 

1=1 j=i i=i j=i 

* ul*yel.J Laj. R o-ajI.J t>»lj—aic. y (jVI (jSJ 


y = Zx j .y. ; Xj el, y. Gj,nGZ + 


: u_& 


a.y = a. Zx i .y i = S(a.x,).y j el.J 


y*a = IXi-y, •a = Ix i .(y i .a)eI.J 

Vi = l 7 i = l 


• (R,+,0 -01=21 -Llllj-a I. J ,jl (3^ La-o gljluU 
: La -OjLuJI 4-iA__)l-2l /j-aj d^dall 1_SJJjaill (_j-a gjHaiU 

: Jli * (R,+,.) 211=21 oUlia dX I,J,K c^l£ lij (1) 
I.(J.K) = (I.J).K 

<—1 A-lLojal A n.i'lllj -Lsijt-a (R,+,«) 41 kit ^3 ajLJLi-all JS A£. ja^a jjl (2) 

. OLJllall 

^l£L2L (R,+,.) La <ik ^3 I,J,K CjblLLall ^ 5LUI ^Idadl Jj (3) 

: dlLJI 







Subring and subfields & Ideals oUMlj 3u*j£-t Jol£U-l - ^tsit 

I.(J +K) = (I.J) + I.K 
(J + K) .1 = J.I + K.I 

‘ (R,+,*) ^—i CjLSH&II AjLac. jjic, CjUIUoM <ji*c (j\ 

. I.Jc ID J o' ^ 
: aULUl a^a © 

(R,+,.) a5iaJ! (jjIlJLu J,I CLulS |j]j ( La aJIaJ 4Sk- (R,+,.) J\ ^najL 
lillit j *jjj t J I 4-tuJ ijj-ala {xSR : X.J C i} <£■jAfoall (jli 

. (I/J) j I:J —j 
: (ll) AiAjx. 

^—3 a—JLLa I I J j—JAic. t (R,+,.) La AjIIaaI Asi^. ^3 (jAdlLa J,I Ojjl£ Ia! 

. I (R,+,.) AliaJl 

: OlftjJl 

l33 »J IjJj • R (>« 4 jj js>. Aj&jxja-a I:J (jj . (j) 5^ I : J C R (ji Vjl o* 

< o€l : J o' o. J = {o} <z I : L)li 1 0 —f (R,+,«) ji*-J 

. I: J * <|> lp] 

: (jjLuiJ) i-jjjjuill «Gla I; J j« L y,x olS Ia! 

x.JeI , y.JcI 

. x-y€l: J : ^-j(x-y).JcI : 

)a$js i x£l ; J J Lj ^IjJLj i R i> I : J y« Ix o' o^ 3 

: IlaS x.JcI t o^ 

a.(x.J)cI (a.x).JcI :=> a.xGl:J 

• (R,+,-) 4.qWI I Ailla I I J (jt (jjjjyj La-a gVum') 

j—^aic. a ' jj ‘ J?>$ 1 > 4 I C I : J (ji ' JAA.I o& 


oi—* ‘ I O — 6 









JOUIU-I hJai tj 5U-Ux 


. aEl: J J iiAj 4 a. J e I 

: (D 


. 4\W")W <c aII t Lc 4 q\«v (jS^5 

jxeR : 3neZ + ;x" el J 

• -^T" —j lg-1 jxjjj 4 I 3 -}HjxJI jia. t^AuLi 

: (12) AjAjxx 

(R,+,0 A—SlaJI ^—a 4 j3ULo ^a *J~l u^i ‘ La Ajl^j Asia. (R,+,.) dul£ I ij 

. I 


: OlajJi 

■ (j) *y[T C R (jl V J\ -JaajL 

(jl^J— C J—a.jj 4 (jjjl—(.. .nuna 4 (jx La (jJjj-ajC y } X (jiS til 

• up y^L j • x n e I, y m e J j jSj 4 *1^ 1 4 m,n jUa.>a jL^wa 
(x-y) n+m ' 1 el=> x-ye JT 

‘ S- 1 —Ale jlaJ (j£xj Ails 4 R qa 3j I (jx La IjwVir- X <jlfa l^jj 

•a.xe ->J~l Aiaj (a.x) el tjj-9 i x n el (jjSL 4 n (jSLJj 

• (R,+,-) Ajl-^yt AslaJl 5_lHlLa T^ - (jl (Jf" 1 Lax gjjgjxj 

• (R,+,-) AiLJi I VT 3 

i^J I^J ye 7T oji <^L]Uj 4 y 1 El (jli i^iLlLj 4 I (jx La y (jfLJ 

• I (R,+,») A^l yi Ajllla yfl jl 

: (12) Jfcu 

(jl—^ Ijjj ‘ (R,+,*) (jSL—Ij I-a 4ik. (<mxj) AjjLxj CjLJIIo K,J,I (jSjl 

: J Cid .IcK 









Subring and subfields & Ideals oUlillj J j olikl — jlill J-aiil 


i+(jnK)=a+j)DK 

^ beJflKj aEl ilua. x = a + b jl xEl + (Jf)K) j£jl 

. bEJ jbEK jl 
. x = a + bEl + J : jli bEJ J Uj 
x = a+ bEK : jl -i?j aElcK ji j b E K * jl Uj t ajjIj A-ki j« 
• jl ig>\ • x = a + b E (I + J) n K : jl La* g£Tu.u 
I + (JflK)c(I + J)riK 

t y = a + b j]i ‘ ‘ yEl + Jj yEK iiije t y G (I + J) P) K j£jl 

jil i b = y- aEKj aEK jl—a I cz K ji I—ajj . bEJ , aEl jl Liua. 
: jl ‘ y = a + bEl + (JPlK) : jl til jjjj li* j t bE J P) K 

(i+j)nKci+(jnK) 

* {Jl (3>*» Lo-o gcllluU 

a+j)nK=i+(jnK) 

: (13) Jls* 

cJ\ i AiLJI 0 k oUlla K,J,I jSilj aJI^jI Aik (R,+,.) c*il£ li] 

:a£)U 1I A,r> > 

I: (J.K) = (I: J): K 

A—l»j < x.(J.K)cI : jl—a ^llilbj < I : (J.K) j- l» I j^c- x jSJ 
. xE(I: J) : K : j3 (x.K).Jcl : jjSj 


: (jj^aJI jA_^il 

* 

: jli ^IjIIjj t y.K c I: J : jli t (I: J) : K j- U Ij^uc- y jSJ 










I; (J • K.) — (I: J); K. • jl (3^ Lax 

: (2) 4la*5U 

j£- j ?> N,M Cuts lilj 4 La A—(R 5 + 9 .) Cj il£ Ij] -1 

« n 

Xi jl tLlik. Xx ; •y i (JSjIII jx .Jill Apja-kx jli 4 R jx jjjjJL* 

—J 1$1 jxjJJ N — 1 M (^xjxj 4<-J*jx AA—c. nj N j—a yij M j—a 

. M.N 

Jj-aic jx cilhj M j&lj M,N jjJC jx*x,ll J*l Cjjll li] : 4x1c. *-aJJ 

. a.N J^ilb AJL*11 aiA M.N —i jx jiui Lula 4^lxa a (jSol j .Lia a*1 j 

: gllli 

4 (R,+,.) Aii*ll ^ AjjLxj Aj 1H« I j£jlj 4 La Ail*. (R,+,.) Cj— il£ 111 (1) 

• (R,+,.) 4si*ll Axilla I. J jli 4(R 5 + 5 .) Ail*ll 4jjjxj Axilla J Cull 1 ilj 

J IaJj 4 (R,+,.) j£jl J 4 La Ail* ^3 AjjLxj Aj— 111a I C) jl£ lil (2) 

. (R,+,.) 421*11 ^i AjjU, Axilla I.J jli 4 R jx Axil* j 4 4 ^ 

J IaIj (R,+,.) j£xlj ‘ ^ Ail* —3 Aj _LxJ Aj— 111a I Cj _ill lit (3) 

• (R.+.0 Ail*lt ^3 A jij .xj Axilla I.J jli 4 R jx Axil* j 'g- 4 njx 4fc ja-n. a 

Ac-jx*x J Cjjl£ lijj 4 (R,+ 5 .) La AjIIajJ Ail* Ax__llla I o__il£ lit (4) 

• (R,+,«) Aal*l l Axilla I.J jli 4 R jx AjII* jjc. Ajj j* 

: Quotient group 4^*41) Ail* (9-2) 

Ajjj* a JA j (I,+) jl j»l*j . I$x3 Axilla I Cjj 1£ IjJj 4 lx Ail* (R,+,.) j—Six! 

aj->j ajx j c>4jjj*ajxj(JSjl Ujj . (R,+) AjllAjyi a jx jli jx 

jx Ajxlali Ajj j* ajx j 111 4 (I,+) 4xj j*ll a jx jli jli 4 Igla Axxlab Ajj j* 

: jl Lxx* AjIIaj] a jx j (R/I,+) jli gbblbj 4 (R,+) a jx jli 











Subring and subfields & Ideals otMtj <JoUU-l - 

R/I = {x + I : xeR} 

: jjSJilU R/I ( _ S J^ as^jm ajjLjj a Mac. (+) <j| 

(x + I) + (y + I) = (x + y) + I ; V x,yel 

; !_K ,*\l < (.) AjL*J! R/I Ac. ^Ic- > _ i jxjAj 

(x + I).(y + I) = (x.y + 1) ; V x,y GI 

I _1 Costes ASjLuLall a 3U e-itc. utuS 4 R/I AC-j^a-a 

. R 

. 5_ajuik]| AalaJ A.iiaJI ai*j 4 Alia. (R/I,+,.) d AjJljJi AjA^jxall 

: (13) 

A—C- j_italic. ^—ifr 1_iSjC ‘(R,+,*) Asia. ^ aJIao I (j&l 

: ^Ij]I JfLilb (.)j (+) jjjjjjaJ! (jjiiLuJI R/I = {x +1; xGl} 

(x +1) + (y +1) = (x + y) +1 
(x + I).(y + I) = (x.y) + I ; Vx,yGl 
(R/I,+,.) jl—S A-dl-ij] (R,+,.) As iaJl dul£ Ijlj . Asia. (R/I,+,.) (j jSj Ujjc. 
AslaJI (jli 4 w jit j, s\\f~. Jjla-oj (R,+,.) AsiaJI clijlSl I jt j » AjJ! A:j Asia. 

. LUaJ Ajla-oJ (jjSlw) (R/I,+,.) 

: d)t*jJ\ 

* , > i 

. AS^yuij A ua^i (.) ujjjJall A aL c. (jl Vjl (j*J^ 

•• u_& ‘ X],x 2 ,yi,y 2 GR d 

xj +I = x 2 + I , yi +I = y 2 + I 

xi -x 2 el , yi -y 2 el: <jU 
: <jP 

xi.yi -x 2 .y 2 = (x, -x 2 ).yi + x 2 (y 2 -yi) el 










* U.3"^ 


xi.yi + I - X 2 .y 2 + I 

. »j-4j *LiiS (R/I jl jYl Cuu S 

: jli i (R,+,.) aaLJI j* La jj^a Lr . z,y,x j£jl 

(x + I).[(y + 1) (z + I)] = (x + I) (y.z + 1) = x (y.z) + I 

= (x.y).z + I = (x.y + I).(z + I) = [(x + I).(y + I)].(z + I) 

• R/I (+) AjLaC. ^lfr AjUtjjjj (•) A-ilan. jl j^l 

(x + I). [(y + I) + ( z + I)] = (x + I).[(y + z) + l] = x.(y + z) + I 

= (x.y + x.z) +1 = (x.y+I) + (x.z + I) 
= (x + I).(y + I) + (x + I).(z + I) 

• u> o W-ili “lijjUljj 

[(y + I) + (z + I)], (x +1) = [(y + z) + l].(x +1) = (y + z).x + I 

= (y.x + z.x) +1 = (y.x+ I) + (z.x + I) 
=(y +1). (x + I) + (z + I). (x + I) 

. ij* j (R/I,+,.) jl jluc-Vl (jj*j i^Vl 

(R,+,.) Cuts lit l$jl (j A Jiilj a (R/I,+,») jl jjjiu 1—a-a _ulj 

. JjlaaAJj Ljajl ^A (R/I,+,.) jli 

• <j]^ 4 R (j - 1-* jjj j^oic . y,x jl£ tili 

(x + I).(y + I) = x.y + I = y.x + I = (y + I).(x + I) 
j^J ‘ R/I 1 + I jli 1 —i (R,+,«) AiiaJI iila-al U j — «J lilj 

: lij J Ajilii 

(x + I).(l + I) = (l+I).(x + I) = x + I ; x + IeR/I 
juViwll jl La£ . R/I 4^ajjiall <Lila, jA 0 H - I = I I jl JJ ajL—ijoV! —1 

. XGR t/lu-a i X+I iju jSa-oll jA t -X + I 







Subring and subfields & Ideals otjMl j 4J jir\ J j &-\j oUU-l - 


: 

<u_^iiSI A ala.« (R/I,+,.) aLI „»uH a —iA ^—9 j!j—! l a —akll ^uh) 

.Factor ring or Quotient ring 

: ( 14 ) <1AjiA 

^Ajuxdl) AjjLuijB CjUliLall ij\ . [$j& Ailli-a I ij&J 4 La Aik (R,+,.) (jSjJ 

A_Jlia K (J di-p.. K = J ^ R=(R/I,+,.) ill Aik J 

• IcK i)j (R,+,.) Alkil (a I l u J) Ajjku 

: 0U>jJl 

aiua. K =- (ji Vjt 4 R Alkl! ,-j Ajjku Alika K (jl jlii 

I 

. I ^ J 2 kjj (R,+,.) AikJ) ^ Ajjku Alika K 

a—J lla ^—a K jl dmilj iK = {x ; x£R ; x + l€ K } ac. j < i> .« 1 I kiil 

• (R,+,.) Alkii ^ Ajjku 
11 a j i o€K ajmj t o = o + IgK i)\k R ^ Ajltk K (jl k? 

• K ^ (j) (J 

■ Cijhk 4 K ^ oi j^ r ~ y,x 

x=x+I, y=y+I 

(x-y) + I = (x + I) + (-y + I)=x-y GK : Aiaj 

. x-y€K : J ti5 £&j Ikj 
: Ala j t a = a + IG R : ij\i a G R jk U 4 iiUl£ 
a.x +1 = (a +1) . (x + I) = a. x G K 

. (R,+,.) Aikli AjjLujJ AjJIjx (Jklj K Ae. J^'NoS I (j) (3am, Lab jjjjl 

. I c K jt 6* 

.IcK: i?j j 4 aGK jiii 4 a +1 = a E K jli 4 a EI 

: K = y J ' ^ j* 


0 










Jjii-ij OltU-l ijJai j iuJliLa 


JJz + lEK *_u Jt zeKaU^lULj, Z = Z + Ie— uSj_J 

.Lk 

I - 

_ _ _ k 

jjl Luj . Z G R t* Z= Z + I iiiic. s Z G K c — tjSJ (j 4ja.U (j-o 

I 

J * Z = Z + lG — : ji ^—ai « ZGK (jli Z = Z + IGK 

• Kc — 

_ I 

r K « . . , 

. Jv = — /j! < uu lu 

I 

: ( 10 - 2 ) 

• (jli 4 (2Z,+,.) AilaJI (j« 4-illjx ^A 6.Z (jt j»jlxxl! (jx -1 


■= {0 + 2Z , 2 + 6Z , 4 + 6Z} 


a b 
0 a 


0 b 
0 0 


. (SJLiLJI 4jA jixll lyLuaj AjIIjjI 3 SW 

l (JSjill (jx Cjli_j4uaxll 4sia. ^A (R,+,.) (jSul -2 

; a,be Z J 

: (jl j2*jj . dlli^Sjuaxll L_)jjJaj ^.x'S (jjajLmii 4 Wu.illj 

bezlcR 


JjUvxJ 3ila. ^ (R/I,+,.) jjAic. i (R,+,.) 4iLvJI (jx SJIjx ( ^a 

: (jt Vji 


a b 
0 a 


a b 
0 a 


+1; a, b g Z 


a 0| |0 b| |a b 
0 aj 10 Oj 10 a 








Subring and subfields & Ideals oLMij 5J jir\ oliU-i - 


. Aila-aJ aJIAjI 411a. <^A (R/I,+,.) jjt <jVl <ljg »a 1 jStull <j£-<U 

: (2)4*£ 

4llaJ! jj-a ytlc I Cutsj t jL-oll j»*ul j2 Jc. (J jiaj 4lla (R,+,.) CulS Ijj 

<»—JjS ‘ (R/I,+,.) <wi3l 4lk. ^jaaj (j5 l 6* e>^ ‘ (R,+,») 

4 aL». ^j—SJ j i jLi^al] ^-uiljS ^ jSskj ^ill (ZxZ,+,.) aIK It A=klj i i^Uj CjLiiy 


. jii-ail ^jjiijS ( _ s Jc. V 


ZxZ 
Z x {0} ! 


, + , . 4 a mill 









viOLaJI JjlojJl 

Isomorphism of ring 



Isomorphism of ring - JJUall - dJliil J^aill ;.a --= 

-dSJUll J**ll 

Isomorphism of ring 


5_uilj.s 1) IaIUu <Jj 4 ^Ic. ( gi5£j V 

>LS1_Jjj _ UU ^—jll dll—ij \ kill i—LxJjj , (JjaJ i^jlj A-i^ia. 4jjj (jx dALukjll 

(Isomorphism) JiUll j . jUI <Jc- ^ U. lx*x i(Homomorphism) 

el j—aJ ,jjJl 4 (jJuj^faJI (jjlmll jn-tl if. ^ b- <ulxC. gilj ZJ&jjia qa UifLxJ 

ijj _&j J2 ^jllj 4_mll diljl elja.1 UJj 4 3_mll oi& (_iUaJI 

4.lx% (jl (jx (jaajll ^jx I n£xj (^-><rx) ^^xlk (Jjlxali AjAjxj jSxJ j . jp- j^ul j j■ ..j l 

. {_$ jSk.1 <ii ^3 ^^jxxJt fjx&j l$J 4lxa, (_JjLSj 4 Cililll (_$.la.l lx 

: Homomorphism jSLfcjJl uLjj*j (1-3) 

if *—‘ S R t> linki (p jSj!j 4 lx yilala. (S,T,^)j (R,+,.) <j&l 

: jUllill (jlk jdll Oku I j] s yiaJI J} R tfaJ XUu (p Offkil' 
cp(x + y) = <p(x) T (p(y) : Oj£* ‘ R o- y,x JSJ (a) 

cp(x.y) = cp(x)*q>(y) : j.& 4 R o* y,x <_& (b) 

4 (S,T,*) AikJ! (R,+,.) Silail bl£lU cp : R-> S Oj.'hlH uj cJ^jj 

• (jjSjkxli (b)j (a) XoLl (p Qjjk'ill /jl£ |j| 

jl _£ I jl (S,T,*) 2 _ SkJI ^_i (R,+,.) 4ikll XU (p Quk-ill j 

. LjaJ (b)j (a) cS^J ‘ (k^l^) liilfk (p Q-ljk- 1,11 

OlS Ijj 4 (S,T,*) ^skkll ^jlc. (R,+,.) 5iIaJl XU (p Qjjkill j^luuj 
• (b)j (a) UaJ Qkj j (XaUij IbLix) ilAij (p Qjjklll 

. R=S y jLUa.1 jl (R,+,.)s(S,T,'A') i-. n£'i j = —: JjUSI li$i a-ilc. jxjjj 


mM — 

MP"i——■ 


HiHibhhB 












cp: R - > S JLLoj ILI « jLLLaia (S,T,-*)j (R,+,.) j/iSKH ji Jjajj 

- q>: S- > R ji 

: (1) <Uiy*>la 

(3-0—(p:R- >S (3—nlajll jli 4 La j jV i U (S,+,.)j (R,+,.) duls lj] 

: (jjjMII (jjaa. I LI il£Lij 


(p(x + y) = <p(x) + tp(y) 

(a) 

<p(x*y) = <p(x)»q>(y) 

(b) 

• R <> y,x <_£i 

^1—Lll -Lj^iilj 4 £-aaJI 4-}LaC ^^lc. JaSlaj (p (jjlWifl ji (a) JjVl JajLJI 

cp:R- > S (jSLii]i 

‘Cuii.VI £>l3*11 4>a*J (ji JI 4 0 jLi^/l J jjj 

: 5JL11I iajjaill (3a^j 43 LII (jjfLull -oi Jc. 

cp(a + b) = 9(a) + 9(b) 

(a) 

9(a.b) = 9(a). 9(b) 

(b) 

9(1) - 1 JS1 b,a c> R 

(c) 


• (R,"I",*) <SlaJI .-nr- jA 1 ji cLua. 

: 4Jiai (2-3) 

-j (S,T,^) <ikJI ji^a] 4 La jjjLk S,T,^) j (R,+,.) j£l A 

_j—a <p(x) ~ o' VxER (J£__kilL 4_i j — »a l l j 9 ; R-> S • t <y 

. (S,T» aILJI ^ R iSkll JSLiS 

•*J* 

• ‘ R V> y,X (jj j^ajc . J^i j* 

cp(x + y) = o' = o' T o' = <p(x) T <p(y) 

(p(x.y) = o' = o'* o' = cp(x)*(p(y) 










= Isomorphism of ring - JSUsJt - CJlsll J-aoJi -. — 

. (Trivial homomorphism) Jib-li JSLiulU &LA] JSUioil sjA* 

(jSsjlj 1 —J (IaJjI's oAa.jl! j.<Vit1 J 4 Ajla^aJ Aila^ (R,+ 5 .) (jSji -2 

: (jSjilL « R (jlc (jjjsjxx jjluljj (jiLLc. A 2 J Aj 

xAiy = x + y+ l , xA 2 y = x + y + x.y 

• R <> y,x JS1 
• (R,Ai,A 2 ) O' O ' 0 JSJjB (Jg-uJI o" 

• (jtlljLolo (R,+,.)j (R,A],A 2 ) Qii ila JI (jt (jjj i_)jlkJl 

I (p • R-^ R 

cp(x) = x + 1 ; VxeR 

. (R,+,.) «LJ Jb (R,A,,A 2 ) tflaJl 9 J Vji CaM 

- o)^ ‘Rj*^ x,y o^ 

cp(x A| y) = (p(x + y+ l) = (x + y+l)+l 
= (x + 1 ) + (y + 1 ) = cp(x) + <p(y) 

(JjSM JaO 44 *!' 

(p(x A 2 y) = cp(x + y + x.y) = (x + y + x.y) + 1 
= (x+ l).(y+ l) = cp(x).(p(y) 

. JSUlj (p (jjih'ill (jil t lOai (Jib_o ^jlull 

. LjjLiLa Cp (jjjladll (jl (jVl l*mil 

: u>-^ tp( x ) = <p(y) u 4 (R 9 +»*) i> ^ oij^c- y,x cM 

x = y : o' ^ x + 1 = y + 1 

: J-aLi (p (ji 1 Jjii <jA jfil 


• <p(y — 1) — y o] ^jij 6-j 4 y - 1 €R oj 4 R t> ^ i j ^a . \c . y jfLi 












tji (R,+,.) 3 —Skit ^—lc. (R,A h A 2 ) *—Skil JjLj cp jl ( 3 fui k-» 

. (jUZskLa (jjjikll 

; (JkSillj cj^)x-alt j cp ; Z5-^ Z10 tj jfkl l ijlk ~3 

cp(x) = 5x ; VxeZ 5 

. !>l£LlLi (Zio,+,*) Aikll ^gll (Z 5 ,+,*) Aikll (j* (p (jjjlajH (jl£ lij LojS jyj 
(JjJ_U1 ^_lc AjV (jk-a jjC. (JSLijll ^3 Jjljll (J jV 1 JajAll (jl 

: JISJ 

9(2 + 4 ) = cp(l) = 5 . 1=5 

: J ^ 

cp( 2 ) + <p( 4 ) = 0 + 0 = 0 

: & J&O 

cp (2 + 4 ) * cp( 2 ) + <p( 4 ) 

(C,+,«) A_-ll-iC-Vl Aik JjLoj V (R,+,.) Ajijk.il .il.ic-S /1 Aik (jl -4 

i C Aikll X = ±7^ tk l*i x 2 + 4 = 0 AbUJI Jikll Jjju- Je. AjV 

. Auiikil jtjicVl Aik (_k i^-i -ia.jj V (j^lj 

: (J^.1 tillj <_aj—lull (p (3 jjJaall (jl (jj__J 1 A jkttj Aik (R,+,») (jSul ^5 

: JSLij nGZ ikp. cp(n) = n.l t cp : Z-»R 

: Luol jjSj t (Z,+,.) Aikll (> m,n JSl 

cp(m + n) = (m + n).l = m.l + n.l = cp(m) + (p(n) 
cp(m.n) = (m.n).l = (m.n) (1.1) = (m.l). (n.l) 

= (p(m).cp(n) 












5.... = Isomorphism of ring - JiUsSl - CJlill J-Aflll —-a —j 

. !^£LSj (p (jjnjaall jjl 

: cMaatUj Aa (3-3) 

4 SlSLSj 9 : R-» S jt (jiijiilj 4 L» jiiSk. (S,+,.)j (R,+,.) (jSLJ 

; JSLioll ^3 (jjJ jl jJ) (jjJajjill 9 

iJSUij (p (j j J-vil i (j) Jjii Uila 4 IblAa liulajj IllSUij (p ,jl£ |j| (1) 

. (monomorphism) 

cJxLi (jSUij (p (jjjiaJ! (jl Jjij Uili 4 ^LsLi lajjWlj 4 !^£L5 j 9 ^jlS |j| (2) 

. (epimorphism) 

. (isomorphism) JiLu (p <j) Jjii Ujli ‘ Sblis blSLiu (p rf& Ijjj (3) 

31 i JSL^u cp <j! (Jj—ii \—iiji 4 S&t-JS 9 : R- >R JS. IjJj (4) 

* 

(^li JiLu cp o\ JjSi Ujli . !5 ULj 9 (jjfkill (jl£ Ijjj 4 (endomorphism) 

. (automorphism) 

. Liaji JjLoj 9 1 :S- > R o\i 4 ^ULu 9 : R-» S (jl£ lit 

-i (S,T» ^ ji-J >jiij * U (S,T»j (R,+,.) oSSl (5) 

^—*5^' ^— 9 (R,+,«) *—&sd3 JSUij 9 : R-» S ( jjjLjl l jl ^ jail j . o' 

49 (jjuJsull Sljjj (j-fu-uj {xGR : 9 (x) = 0'} :-U5Ull <c.j)<v?>xll (jli ‘(S,T,*) 

: jj) .Ker 9 _>jlU 1*5 >>jjj 

Ker 9 = {xGR : 9(x) = 0'} 

: <Cc. jx>xl l Im 9 —i 1*1 jxJJJ 9 (Jjuiajll ejj*x> (jl LaS 

Im 9 = {9(x) : xGR } = 9(R) 

‘Ker 9 = {0} (jlS I j) (jjliix 9 u! 4 jxjll <LijJaj lixjj lx£j 
• Im 9 = S Uul£ I j] (JxLl <jl <Uc Jjajj . (R,+,.) SilaJI jixo 0 Jluak 

: (6) Jtu 

• (M 2 (R),+,.) O* (S,+,») Aajj^ll 5iiaJI CulS I jl 








Jj hJaj (J iuJiu 


x y 
o x 


; x,y e R 


: (JlLilL i_S ja^JI Cp : S-> R (Jiflajll (jSLJj 


x y) 

<p =x ; Vx,y eR 

, \ ^ X , 


. <31 jj 4 JSLiu (p 4 ujjILuaII 


7 t I /X V' 

. y ja 
1° z ; lo x J 

Yx y^j fz tY\ ffx + z y + tY 

cp + =<p = x + z 

10 x) 10 z J l 0 x + z), 


fx y1] fz t 

= cp +cp 

10 xJj 10 z 


• ^ JjVl J- u j] 


x y | [ z t 
0 xj iO z 


fx.z x.t + y.z] 

= 9 =x.z 

110 x.z . 


[X y fz t 
cp .cp 

10 X J 10 z 


. aj! jl (jVI i (JSL5 j cp (jji 

: Ijjjl jjfL 9 Si >i <Jbjxj (—luia. 


x y 


Kercp = ^ :x = 0^ = -< ;y£R 

0 x 0 0 


0 y 


: (7) JUu 


djl—c. A —al=k jjSL-Jj ( n will jIjcVI Ail^ (Z n ,+,«) (jSul 











Isomorphism of ring - JjWJi - J-aaJ' =j=——= 

■ Z/nZ ~Z n (jl cLluI . (Z/nZ,+,.) <£jLxx]l 


: ^Jlsll JLilU Z n J Z/nZ j* 9 ^ 

cp : Z/n.Z- > Z n 

cp(x + n.Z) = [x] 

. (JSLlj (p jl Vjl c.ui.J 
: jli 4 Z/n.Z t> y + n.Z j x + n.Z JS1 
cp[(x + n.Z) + (y + n.Z)] = cp(x + y + n.Z) = [x + y] = 

= [x] + [y] = (p(x + n.Z) + <p(y + n.Z) 

• JjVI JaJ*ill (jl J 

cp[(x + n.Z).(y + n.Z)] = cp(x.y + n.Z) = [x.y] = 

= [x].[y] = cp(x + n*Z).(p(y + n.Z) 

. L *-»j l a (^jlj]l Jajjillj 
. (JSUSj <p (jjuLoll (jj] 

• if —^ ^ 4 x + n.Z E Ker (p jSu—!. jjl—<p jl jVl j*j ill 

J [x] = [0] jjl 4 cp(x + n.Z) = [x] j£3j 4 cp(x + n.Z) = [0] 

4 (Z/n.Z,+,.) 4 il=JI jL. ja n.Z jl Ujj 4 x + n.Z = n.Z J J i xE [0] 

. jjtux (p jjl 
. (JxLi Cp jl I joi .1 jA^ii! 

I j_Aj 4 (p(x + n.Z) = [x] jl j 4 (Z n ,+,.) 4—alaJl jx U [x] jSJ 

• cp jl 

. jtiElxJx (Zn,+,.)j (Z/n.Z,+,.) jjjskJI jl j 1.1 II txx gjjduij 

: (1) *Ua joa 

cp i F->F (3 J.i3tliI I jjfL lA^ic. 4 p » jjxx 4 Lo UflJdx jLLa. (F,+,») jSjl 









Jj&J-lj OUili-l Aj jki j fUJju 


4 F JiaJI ^^Jc. Ujlj !>IjL<u i F j*X cKl 4 (p(x) — X P • jSdiJlj (—ijjuaJl 

• F {(pJ =Zp 

. Frobenius Automorphism ji JjU1> JjUjI) l ja SjIc. 

: 01ajJi 

: <jj£j ijJjc 4 F JSaJi (j* ijj jjL^aic - y,x (jlS |j] 
(x+y) p = x p +(P- 1 ) x p ‘*.y x p ' 2 .y 2 + ...+ (P- 1 ) x y p ‘'+y p 

: 4 F j-Lc-o P <jl Lajj 

(x+y) p = x p + 0 + 0+ ... + 0 + y p = x p + y p 

: (jj£j ^Jblbj 

cp(x+y) = (x+y) p = x p + / = cp(x) + cp(y) 

(p(x.y) = (x.y) p = x p .y p = cp(x).cp(y) 

. ^ISLio JLoj cp (jjihill tjjl 

• (l£-^I) tlybla (p (jl (jA Jjjl 

J 11-aj 4 x = 0 o>_Sa ‘ x p = 0 J ifi ( p(x) = 0 ju 

. Ker cp = 0 

• cp (jl J] 4 F (jl ^ 

. IjjI j !/bLaJ JoaJ cp (j\ 4 ( 3 f“ Loa glUuU 4 (jjl 

• F{ip} = Zp J 

4 Zp J-iaJI J-iUj 1 —jj ja. j$j 4 P a jj<a-aj 4 <GJu F (jl b«J 

*. aGZp (Ja.1 qa (j jSjj 

cp(a) = a p = a ; VaGZ P 

. Lajjj AaA jia <-.luO. lilljj 

F JSaJI I ji?- P l*i jj£j f(x) = a p - a€F[x] j i jl S jla 












Isomorphism of ring - ^5U-l JiUslt - viJudl ^ == __ =s 

• Zp JfcJI Jj-alic JjAaalU ^a j 
j__^UjJ! jjl 4 F J_i=j ljj> P jj&Vl yic. l$J f(x) Jja=J! Sjjis ji Uj 

. Zp JSaJi jjjaUc, iaSi 9 JjLoj]I jjiib Otaj F qa 

• F{«p} = Z P (jij 

• AjIUI i—iliaJiLa /jx 4 ^SlsJ (JSLmuII f_ya\ jsl (jianJ (jVI AajJ 

: (2) J** 

jjjLI—J| 'iSUl l <jji—J 4 U jjjak. (S,T,*)j (R,+,.) oSSl 

5— SlaJI ^— s (R,+,.) a —alaJJ ^1—*5u (p ^jl£ Ijjj 4 i_jjjjj]I o f ,0 J-ojlL 

: ^ ‘ (S,T,^) 

. 9(0) = o' (1 
. R 4> x JSJ 4 (p(-x) = -(p(x) (2 
: oj* ‘ xGR j « n£N* <j^ U (3 
<P(x") = [<p(x) ] J cp(n.x) = n.cp(x) 

• (R» + ,*) t> (Ker 9,+,.) j] (4 

A —^ (R,+,.) <ikll qa Ajj ja. Aila. 4 jV 9 (3®J *o^^jk-tal! (5 

• (S,T,^) AalaJI qa Ajjja. 

^ (S,T,^) A ala ' I Ail Asia AjV 4 (p (j&j 4 AomSJ I ajjtJI (6 

• (R,+,.) AilaJI (jx Auja. Aiila. 


: OUjJl 

• ul* ‘ (S,T,^) AiiaJI (R,+,.) AiiaJ] J£U (p (JjuLjII (jl L»j (1 
cp(o + o) = 9(0) T 9(0) 

9(0) = 9(0) T 9(0) : J 

9(0) T o' = 9(0) T 9(0) : a U 












.(p(x + (-x)) = cp(o) + (-x) = o R <> x (^1 jj (2 

. R x <_£] t cp(x) T (p(-x) = o' : J Aaj (1) j>j « JS14G (p J Luj 

. R o- x JS1 -cp(x) = (p(-x) : Oj£j JMLj 

: (jjSj xGRj nEN* i>“ (3 

(p(n.x) = cp(x + x + .... + x) 

= cp(x) + cp(x) + .... + cp(x) = n.cp(x) 
cp(x n ) = (p(x.x.x) 

= <p(x)-<p(x).<p(x) = [<P(x)] n 

. <|> ^ Ker (pcR: J V J <>^1 (4 

(ji 1_ oj t 3_ ajIj 2 j 2 k.Lj jj-a 4 R qa ajj ja. kc. l$jl t Ker (p 4 _sjj*j 

. Ker cp * <(> J c/l o EKer (p jli <■ (1) cp(o) = o' 

: jla cp(x) = cp(y) = o' : jli * Ker cp o- ^ y,x <jSJ 

cp(x)*(p (y) = o'*o' 
cp(x) T (-cp(y)) = o' T (-o') 

: d^ <^Wj 

cp(x.y) = o' => x.yEKercp 

cp(x) T (cp(-y)) = o' T o' => <p(x + (-y)) = o' 

x + (-y) E Ker (p : J </! 
. (R,+,.) (> j=». Ail*. (Ker cp,+,») c) gjjluU 4 (JAu, Lao 

ji tj&> j—jj]j . (R,+,.) 5—aLJI j—« < I—« k —_£ ja. <ik. (A,+,.) d^ (5 

. (S,T,*) o- <u> Aik ^ (cp(A),+,.) 

(A,+,.) J 1 OJ : <jV 4 Cp(A) ^ (j) (jt LaS 4 S ( 3 -a ^ J^r-® <p(A) d! 














= ==. = Isomorphism of ring - JjUsIi - dJuil J ^»aU ^ =—— 

‘ (p(o)ecp(A) jLi 4 4 oeA jli 4 (R,+,.) Aikll <> Aik 

• (p(A) * <j) (jl! 

A <> X 2 , Xj 4(p(A) t> U y 2 , y! jV! (j%i 

: -cuj 4 (p(x,) = y,, cp(x 2 ) = y 2 : oj^s ^ 
yi T (-y 2 ) = Cp(x,) T (-Cp(x 2 )) = cp(xi) + <p(-x 2 ) 

= 9(xi + (-x 2 ))Gq>(A) 

j 

yi*y 2 = <p(xi)*<p(x 2 ) = (p(x,.x 2 ) Ecp(A) 

o' iJ 1 • (S,T,*) A— Slai l (j—a Ajjja. Aik (cp(A),T,*) <jl £ 1 ^ Loo gjjW) 
l> (R,+,») Au j*. Aik AjV 4 (p (JjJajj! (jaj Sj*SLo]| oj^-all 

. (S,T» AikJI 

O' 0 (B,T,*) o^j 4 Auja. Aik a>V a , . /;, I I sj^*kl (jl 4 ljji.1 (jAjjjl (6 

. Ajjja. Aik ^ (S,T,^) aILJI 
Ujj 4 R (jo Aaija. (p'‘(B) jV ‘ < 1 > * (p’'(B) C R (jl 4 Vjl Jsk^U 

</' 4 (p(o)GB Aioj o'eB (jli (S,T,*) AikJI <jo Ajjja. Aik (B,T,*) (jl 

• cp'^B) * ()) oil 0 E(p"'(B) (jl 
(p(xi)eB (jl—a 4 4 cp''(B) (j—a l—a (jJJ—^aic x 2 ,Xi (jVI (jlJ 

: J (/I <p(x 2 )€EBj 

<p(xi) T (-cp(x 2 ))EB (p(xi) T cp(-x 2 )EB 
cp(x! +(-x 2 ))EB => Xj+(-x 2 )e(p' 1 (B) 

<p(x,)^(p(X2)GB => (p(x,.x 2 )eB => x 1 .x 2 Ecp‘ , (B) 

(jj] . (R,+,.) Aakil (jo Aajj=fc Ask (^"*(6),+,.) (jl (jfu ko guSkj 
U— 4 ^(S,T,*) AikJI (jo Auja. Aik AjV 4 (p t3*J 1 A^kJI 

• (R,+,.) AskI! 







. ^ikii jsiuoii fjQiA.) lIiLJU-cJi as^£. pijLi i Ajitisi 

: ( 3 ) 

: ^ La (3^1) 4 (S,T,^) La Aak ^ (R,+,.) La AiilaJ !>t£Lij (p (jSJ 

. (R,+,.) AikJl Ulla Ker (p (1) 

(^A 4 (R,+,.) AslaJI aJILo 3-jV 4 Cp 3aj 4 ejjitlall e (2) 

. (S,T,*) ^1 ^ Aullia 

4 (S,T,'A") A— SlatII ^ AjJLLa 5 jS/ 4 (p (3 Sj 4 AJaaSxll ojjj-all (3) 

. (p 3 n Lull e!_jj ^ jaG 4 (R,+,.) 4ilaJI AjILLb ( ^A 

. jtlfiLala (R/Ker cp ,+,.) j (cp (R),+,.) u^LJ> (4) 

(OL-IU1I J_5U1 ^5—SjVl AiA jiJI ^L i_s^xj AjA^iall 3° c-iUI) 

. First isomorphism theoem 
: OUjJ\ 

(j—a a —jjja. 4 IL* (Ker(cp),+,.) jla 4 !>t£Lij cp : R-> S 3 I Loj (1) 

Ail —‘ (R,+) 0jajll (j* Ajj ja. a ja j (Ker cp,+) (ji ij\ 4 (R,+,.) AilaJl 
cp(x) = o' : <j)—a 4 uj 3Jill ^Jc. Rj Ker cp <> x,a <j& 1 j] 4 tsilii 

: LjaI <jjSj ^iGlbj 4 (S,T,*) AilaJI jsu-a jx o' 3 ^ 4 *n- a 

cp(a.x) = cp(a)*cp(x) = 9 (a) ★ o' = o' 
cp(x.a) = cp(x)-*cp(a) = o'-*cp(a) = o' 

• a.x j x.aGKer cp : 3 _&> Aiaj 
. (R,+,.) AilaJl 3-iHia Ker cp 31 3f“* k-a 

A, ikil 3_^ cp J l—ajj 4 (R,+,.) tfkit ^ La aJU. J j£Gi (2) 

A —al^Jl 3 — A-ik (cp(J),T» (jli 4 (S,T,*) yiaJI Jd (R,+,.) 

Aja.U 3a 4 (S,T) Sj-jll 3a Ajjja. Sjaj (cp(J),T) 3p 4 ^LilLj 4 (S,T,^) 
jL^ul 3—laj (^il—GlLj 4 cjjjjmII (^k. cp(J)j S 3- oij^ajc. y,s 3^1 4 AjjIj 













i- = Isomorphism of ring - JjUsJi - dJliil ■ a —, — 

‘ <P( a ) = s > 9( x ) = y : u & ^ ‘ Jj R <> xj a 

: a u 

s*y = 9(a) ★(p(x) = q>(a.x) E q>(J) 
y*s = 9(x)*9(a) = (p(x.a)G(p(J) 

Sjj—JI jU c (S,T» ^ yii. 9(J) J * dli j> 

. (S,T,^) AikJI aJUo ^a (R,+,.) AikJl ^k aj 1H» 9 ijij SjiiLuJI 

9 J U, . (S,T» AikJI ^4 U aJUo I jSJ (3) 

‘ (R,+,*) t> V>j*- (9 _I (I),+,.) jli t(S,T,^) AakJI (R,+,.) 

a,y (j l—£ lijj t (R,+) Sj—«jJ! j—« <jj Sj-j (9 _I (I),+,.) <jla 

•9(y)Elj 9(a) E S : liul j jZLums < i_tujj11 ^^ie. Rj 9"'(I) QA La (jj^LaOJC. 

* 

• 9]^ 4 ^iSLiu 9 L) L&jj 

9(a)^9(y) = 9(a.y)El => a.y€9' , (I) 

<p(y)*<p(a) = 9(y-a)el y.ae9'‘(I) 

. (R,+,.) tfLJ ^ aJU. 9"'(I) J 

• Ker 9 jjl jVl (j*jiil 

j*—*- a j—* o f (jl <• * 'j~v 4 9(z) = 0* E I (jl tKer 9 l>° t jj-aic. z 

. zE 9’ 1 (I) yJLilLj .(S,T,*) ^LJI 

4——sIaJI ^—3 Ajllxa A-)V 4 9 (JJ . 1 JSj Aaui^xJI % jj ■ -^tl /jj t ^i,.i 1 ^ ^ . ..i 

• 9 tS^ 3 ^' *tj3 ‘ (R,+,») ^A 4 (S,T,^) 

: jSailb W : R/Ker 9- > 9 (R) : Jjikill 4( 4 ) 

'F (x + Ker9) = 9(x) ; VxeR 

j—^ 'F jJajll o' Vjt (jj— jjJj 4 x + Ker 9 E R/Ker 9 <jl —Z Ut <ilb ij 
: jjlj dipj y + Ker 9 E R/Ker 9 j x + Ker 9 JS 1 <-sjj«jJI 


tj\ 4 (x - y) + Ker 9 - Ker 9 : i) li*j x + Ker 9 = y + Ker 9 














3 (x - y) E Ker <p J 
: J J • cp(x) = 9(y) 


*F (x + Ker cp) = *F (y + Ker cp) 


. <—SlJ J*j 1I 'F (j3J 

: 4^113 (J^kl (j-a ( JSLiij *F tjl (jVI 
*F [(x + Ker cp) + (y + Ker cp)] = *F [(x + y) + Ker cp] 

= cp(x + y) = cp(x) + cp(y) 

= 'F (x + Ker cp) + *F (y + Ker cp) 

; 4jjlj 4jakU jj-o 


'F [(x + Ker cp).(y + Ker cp)] = 'F [x.y + Ker tp] 


= cp(x • y) = cp(x). cp(y) 

= 'F (x + Ker (p).'F (y + Ker cp) 

R t> r <jli« ZElm cp 13] (jV ‘ 'F Jj 

: jli t t Z - cp(r) 


r + Ker cp GR/Ker cp 

*F (r + Ker cp) = cp(r) = Z Jj 

: (jjbLu 'F (jl I jjij (jA jjuJ 


: i 


*F (x + Ker cp) = 'F (y + Ker cp) => cp(x) = cp(y) 

: lA' • (x - y) E Ker cp J j ‘ cp(x - y) = 0 J ^ 
. x + Ker cp = y + Ker cp J ^ ‘( x - y) + Ker cp = Ker cp 
. R/ Ker cp = Imcp = cp(R) J (3^- b»* ^sikaj 

:(1 )4^ 

13 ] < SkL2 £ cp:R-> S A'j (S,T,*)j (R,+,«) C& 











5555=5 = Isomorphism of ring - JiUsJt - jJteil J-aiil == 

. R/Ker 9 = S jli ‘^b>bi 9 

; OlftjJl 

• Im Cp — S 4iA_)Xei! £jJa_jj t jUk_)jll gujj 

: (2 nd Isomorphism theerem) JjUSU AuilaJl 4ifcjxJI 
: ijjac 4 H < Rj I <] R Cuts I jj j i La 4iLk (R,+,.) jSj] 
(H + I)/I-H/(Hni) 

: OUjJl 

t> a.x , x.a , x - y jli 4 Hf|I j- y,xj aGH jlS li] <jt Vjl Cuttl 

• Hfll 

til <sV tHfllOH tilliSj 4 I < I + Hj I<R jV< I<3H + I o'e-bij 
‘a.x , x.aGl t—cJj .x — yGlj x — yGH jli ia£Hjx,ySHflI jl^ 
x-yja.x,x.a jli < ^Jblbj 4 H<R jV a.xGHjx.aGHj I<R jV 

. Hf|I j- 

a JS1 cp (a) = a + I : JS-ilb (p : H-» (H + I)/I l 3 w kJfl jVl <-i>il 

• H j* 

. a + IG (H + I)/I jli i a = a + ogH +1 jl Iaj 

• 9 uVl j& 

: jli ‘ H t> b,a JS1 

9 (a + b) = [(a + b)] +1 = [a + 1 ] + [b + 1 ] = 9 (a) + 9 (b) 

9 (a.b) = (a.b) +1 = (a + I).(b + 1 ) = 9 (a). 9 (b) 

4^1 -jILjj XGH+I C ut> 4 x + I G (H + I)/l 4 JaLj (p jl (jVI jAjjil 

: lijji <jjSj (^Jlalbj 4 iGlj aGH 4 * 1 ;% x = a + i jli 

x + I = (a + i) + I = a + I 

: L&bull (jJjVI Aj6> Jjujl 4 jJmA J 4 9 (x) = 9 (a) — X + I t^iblbj 








J Jaj <U«lA4 


1_——I 

H/Kercp = (H + I)/I (*) 

: Ujil t Ker cp jil 

Ker cp = {xEH : cp(x) = 1} = {xEH : x +1 = i} 

= {x€H : xEH}= {xEH : xEH fl l}= H fl I 
: <J ojj3&\ tJ&x. Ker cp 

(H + I)/IsH/(HDl) 

: ( 8 ) 


A_sLsJ\ ^3 A^TCu I CulS Ijjj t (R,+,.) (j-a (S,+,») 

: (ji Cxul i (R,+,.) 

(s/(sni),+,.)= ((s+i)/i,+,0 

<p(x) = x + I ; VxES : JSollU (p : S- > S + I : 

;_iua ^_J] (s,+,.); _i\-j 1 btsL-Js cp j J * vJ mij 

: sni^((s + i)/i,+,o 

: o\* ‘ S Ij* Lo (jj ^ajc . X2,X] jSJ 
Cp(Xi+X 2 ) = (X 1 +X 2 ) +1 = (Xi+I) + (x 2 +I) = cp(x,) + cp(x 2 ) 
cp(xi .x 2 ) = (xi .x 2 ) +1 = (xi+I).(x 2 +I) = <p(xi).cp(x 2 ) 

: (JSJillj 4 S + I ij-a 1-a 1 j*<ajc y (j\S 1 i]j 

y = s + i ; sES, i£l 

: jli (>j 


cp(s) = s + I = (s + I) + I 

= (s +1) + (i +1) = (s + i) +1 


=y + i 


A * 







Isomorphism of ring - JJUsJl - dJteJt .... = 

. Ker (p = S fl I J ‘ u* 

: u\i 4 tGKer 9 9^ 

t G Ker9; Ker9 <R => t G S 
t G Ker9 => 9(t) = I=> t + I = I => t Gl 

• uj^ ‘ S Pi I (j-a La I J*«Vir- z (jSJ 4 (JjiSjJIj 

zgS ,zgI ] 

=>z£ Ker 9 

z G S , 9(z) = I J 
4—jl (S + i/I ,+,•) AiiaJI (S,+,.) Ailail JSLjj 9 4 La-a 

: ii] . S + I 

(s/(sn!),+,.) = ((S + I)/I,+,.) 

4(aAa.j JljtlV C. Cjl j) Ajla-aJ Asia. (R,+,.) tlul£ lil 4_jl 4 s* i A-llLi]| AjA^±*]| 

(S,T» Aikll a 1 * ‘ (S,T» La 4ik Jc (R,+,.) Aikll bl£Lii 9 jl£ lilj 
• (R,+,.) ialaJl aAajll jA 1 dlya 4 9(1) J* LkJjU^aj LiJ AjUmoJ 

: (4) 

X (jl—lijj 4 eAajJ! 1 J 4 Jjlat^aj 4jiiia (R,+,. ) u^J 

* # 

A 1 M :*£L_J£ 9 jL_S Ijlj 4 (.) a 'L.n 4 jlmu3Lj <]j R 

: jli 4 (S,T,*) 4ik j (R,+,.) 

. (9(R),+,.) AikJI ^ ajU- 9(1) ( 1) 

. ★ ajLuJ] 5^u3L 9 (R) ^ 9 (x) ja 9 (x"’) ( 2 ) 

: OUjJi 

‘R u— X Jt-ajc. jlajj (jlS-ay\j Ajji 4 9(R) (j-a La 1 jisi'iK, y |jj (1) 

q>(x) = y ; u_& 

• (j]i 4 (.) AjLaxil A j t uil U (R,+,.) Afilall ^3 Ajla-all jA 1 ^jl LaJ 


|=> tGSfU 


l.x = x.l =x 













Jjii-'j oliii-l A>Jaj iloJjLa 


cp(l.x) - cp(x.l) = cp(x) 


<PO)*<POO = <p(x)^cp(l) = <p(x) 


; Ijjil ,jj£j ( 

: JSLij (p i 4a-o j 


<pO)*y = y*<p(i) = y 

3 —akJ' v —a . i — j UJ I j-j>, (p(l) <J t (p(l)G(p(R) : Jt a _LOLuj 

• (<p(R),T,*) 

: uP x.x -1 = x l .x = 1 J Uj (2) 

(p(x.x'’) = cp(x _, .x) = (p(l) 

: jp ‘ gP^Wj 

(p(x)*(p(x‘) = cp(x'')^cp(x) = <p(l) 

<p(R) gs—a (p(x) VJ—^ y> (p(x') J cp(x"')e(p(R) u' 

:(3 nd Isomorphism theorem) (olilaj JSUiS AiSliJl 4JA ja«JI) (5) 4-U ja« 

: (^ij L> <3ixjj iiiic. i Jcl i j (R,+,.) 4llaJ! umJla* Jj I u^ ti] 

. (r/j,+,.) ytj un* i/j (i) 

• ^ sR/I (2) 

: OlajJ' 

Aj&jiAll i_i .i i*> <jji i J AjIHiJI jajj (R,+,.) ^ikl! «LiH!L» I (jl Laj (1) 

. (R/J,+,.) «k]| ^ Uli. I/J J ^n\ cUill (14) 

t> r JS1« cp (r + J) = r + I : JLilU (p: R/J - > R/I uj'j*j5 (2) 

• r + JeR/J jR 







= Isomorphism of ring — JJUsJl — dJlsil J-aAJ' ~ .....- == 

: <jj£j <—‘ x + J , y + JG R/J (jlS Ul <-Ajj*j]I qua. cp q\ V J\ Cmil 

‘ (x-y)GJ c I t —jIUj t (x — y) + J — J o^‘X + J = y + J 

: J l/\ tx +1 = y + I 

cp(x + J) = cp(y + J) 

. btSLS cp J <jVl Cui] 

cp[(x + J) + (y + J)] = <p[(x + y) + j] = (X + y) +1 

= (x + I) + (y + I) = cp(* + J) + <p(y + J) 


cp[(x + J).(y + J)] = Cp[(x.y) + J] = (x.y) +1 

= (x + i)*(y +1) = <p(* + J)*q>(y + J) 

Ker cp = I/J : J jVI o* jUl 

Ala j 4 cp(r + J) = r + I jl«Si cp(r + J) = I yJlslljj 4 r + JGKer cp ^ 
. Ker cp c I/J jij 4 r + JGI/J t rEl J < r +1 = I : jjSj 

: jli 4Cp(z + J) = z + I = I : J US 4 zGl iliic. 4 z + JGl/J uSJ 

. I/J = Ker cp : JLill 1a$j 4 I/J c Ker cp jjj 4 z + JGKer cp 

R/J 

.—-— sR/l : jjj i j-alc cp (jl <y* 

I/J 

: A < zala.il CililaJ jjk uu (4-3) 

4 . sA A. 'I tliUljJl l_jjl (jsr* J ^Ajij 4 CMaJI ^jAiJ $ Alii Jj3 

. (Jj'a-vIIJ djlilaJI ^3 Ijuil ml I jjA I—Ixij j 

: Ujj 1 AaIUJI 

5 _ ut jjaJI 5_ilaJI I J£ If+ut 4 L ajIIaJ iik (R,+,.) ernl£ lj] 

: ^J]j]| Jbjdl I j] 4 j] jl <j]li» 








b,a .12J (jji i a.bEl j R (jj-a La (jjjj-tfjjc. b,a jlS lil 

• I 1 

: ‘LtalaC'Vl AbtiLbt 

<jl—& |j| 4—-baJacl Ajlllix Igil (R,+,.) Alll-l/yi AiilaJI I AjILLoI! (jc 
c*naw Jj 4 I (R,+,.) AfiiaJI ^3 J AiSlla jLaJ jlfLa^lj jSj ILjj t I ^ R 

. J ^ I, J ^ R (jjli 
: 4_uuicAJliLJl AaIa : V ji 

iJULa R.r 4 R La 1 ji .Vir. r lilj 4 La ajIIjJ a! 1^ (R,+,.) ^jful 
. r (R,+,.) AilaJ ^ 4 (R,+,.) aSLxII 

r <jL_£ Ijjj 4 jjLsk^j ajIIaj] 5ila. (R,+,.) diilS lii Ail 4 LjjLJI 

.R.r = (r) jljiR(> 

; <LmJ jil OtJlxL A<Lb>- iJuyu 

CjLdLu Asia. l$j] (R,+,.) AsLdl fjc. Jjij 4 Aila-aJ 4_lll AjJ AiLa. (R,+,.) 

. t$-}3 AjjUJJ 4_JHa (R,+,.) A'il-vll AjUba JS Cijl£ 41 LI -LaSj 41 LI 4 AuUJj 

: (9) Jit* 

4jll!La Asia. <^A oLa <jl tlujl 4 4-v^va >.a]| J>i.icVl 4iiia. (Z,+,») dljlS ILj 

. AjuUJJ 

: jjjjjllj]! jjJjllaJI (JjjjAjI 

A_^J <Jlla A o]i ^Lilbj 4 A = Z.O <J^ ‘ A = {0} CulS ILJ -I 

. 0 ^x-uabL (Z,+,») AahJI 

< 2 kjai ^ .jta c! A a c. ja^aSI ia ,jj ^LJLjj 4 A ^ {0} Cjjl£ ILI —4_j 

(jl . A (j——1a t_J a.jx £ j'S > <-» J.’l. C ^)ijual jA n (jl . ■‘Ulbuj Af^^a 

. A (j-a A}J ja. AC j-oa-a Z.ll (jV 4 A = Z.I1 


t 














. = Isomorphism of ring — JjUsJ' — tiJUtll J-4MJ' == 

f,q (jlaaa. i<-i (jljifr 3a. jj 4j]i 4 A qa L» ' J‘ ^' r - £L (jH 131 4 4 jj\j 4_jali qaj 

: (j jSL; iluaj 

• a = q.n + r ; 0 < r < n 
r = b — q.n€ A <jj—lj i< r ^ 0 jL_£ 13] 4 4 AJjj ‘ r = 0 j] 

. A (j-a MASljm ^rj-s n-i J3C j» jA n (ji ^j^aSli-a 13 a j 4 0 < F < nj 

a = q.neZ.n : jli r = 0 j a = q.n + r J Uj 
oj _ijja (Z,+,.) 5_SLJI Ajjtuj 4 j 1H# ^ A 4_JH<J1 (jji 4 A = Z.n <jl Loj 

(jjl 4 l_g..j3 Am JJJ IjIII. ^Jk (Z,+,«) Ailalt A 4jJH« 4 j! jl Luj . II 33*Jlj 

. Am jjj ClLjllle 4 lk (Z,+,») <alall 

: (5) 

4 S <^1] R j* bllLia cp jl£ 13] j 4 j£jlljji (jiiak. (S,T,*)j (R,+,.) j£il 
OHS 1 jjj . Ker cp c I ^ R jjSu (R,H-,.) 4 iiaH ^ IJli. I Cull I3]j 
: U (ja-yjj Iajuc. . J ^ S j j£j tluajj (SjT,^) 4ilaJI IjHIb J 

Cl_jl£ 4 13] Ja_S3j 4 13] 4 Ajlji 4 _jH 1# (R,+,.) 4aUll ^3 I 4_jlll<iJI jj£»j -1 

. (S,l» lilall ^ Ajljl AjJlio cp(l) AjlHoJI 

Ci_jl£ 4 131 JaSij 4 13] 4 4johr.l 4 j1H» (R,+,») aILJI ^ I IjHUI jj£j -2 

• (S,T,*) 4jilall 4j<a^r-l 4 jH1o Cp(I) <jH14l 

4 ikil 4_Jji 4——jllla j aJUJI jj£j ^ 4 ^il£]!j fj^Ul Jajill -3 

. (R,+,.) 4ilall ^ Uji U^M cp* l (l) aJUJI jj£j jl > 4 (S,T» 

4 ai.-v.ll ^—3 4 j«fihc4 4 j1'*m J 4J^J1 jj£j ^£l ^ilSilj ^ jilll Jbjiill -4 

. (R,+,.) 4il=jl ^ ^ cp _1 (I) <jHl.ll jj£ J jA4 (S,T,*) 

: DUjJl 

jjl < jA^__julj 4 (R,+,.) Asl-vll ^3 4j1j1 4jH1» I 4jH1a 11 ^jt 4 Yjt (j^a_)ij -1 

. (S,T,*) <&J ^ <jlJ Ull. cp(I) 














. X^yE(p (I) (jj£j liuaj 4 S j* La y,X j£ul 

" uj^ 4 R j-a b,a Ajli 4 S j-a y,x jl Lao 


y = <p(b), x = (p(a) 

4 tp(a.b)E(p(I) uj^ <j*5!Lj • (p(a)*cp(b)Ecp(I) jli x*yE<p(I) J Uoj 

j_al jl_i 4 (R,+,.) 5_iilall J Auijl AuiLLa I jl Luj . a.bEl : jjfL 

jjj—uaixSI 3—al jl—S 4 Jl—uiLj . I —1} (jf -alu 4 (Jsfil Jc b,a 

<p(I) J • cp(I) J] ^-asj Jftl Je. 4 y = <p(b), x = cp(a) 

. (S,T» yiaJI J Auijl AulLLa 
J Auijl Auilia <p(I) jl Laic 4 (R,+,.) Aalall J Jjl AuILLo I jl jVI jA juii 

. (S,T» tflaJ 

jl Laj . x.y EI jjSL ( ilujkj j 4 R ja Lo jjj ^ir . y,x jl jaJj till j (JJ ja 
jl 2l£l—Jo cp jl sjj—mu ^y 3 —j lj —a j 4 cp(x.y)E(p(I) jl—a 4 x.y El 

. q>(x)*q>(y)Ecp(I) 

q>(x) j]i 4 (S,T>) 3jU> J Auijl Auilia <p(I) Aultiail jl Lao 

J-&' Jc y,x jj^-ai*i' Jal jli Jluibj 4 (p(I) J) J&l Jc cp(y)j 

. (R,+,0 SilaJI J Auijl Aulli* I j\l 4 I Jl gjbu 

jAj_ulj (S,T,*) AalaJI J Auudicl Auilia Cp(I) Aulliall jl Vjl jaju -2 

. (R,+,.) Allall J Au^licl ^ I J 

I —au (R,+,.) A —Slall J Auilia 3laul jLaJ V 4 Auulu A$_a jaj 4 R ^ I jl 
AalaJI ^3 F Auilia 3a.ju 4 tilli juc jl£ 131 4 AjV tiilij 4 R jc-j I jc t—illauj 
gj—a Auilia (p(I') jjfb lA3uC 4l' ^ R j I' I jj£j 4 > uao j I jaj (R,+,.) 
4-ill—i~a lj—Aj 4 (p(I') ^ R j (p(I) ^ (p(I') J (p(I) (S,T,^) Aiial! 

. (S,T» *2al\ J Au-aiicl AuiLLa (p(I) Aulliall jl lu^jil 

4 (S,X,"At) Asiail jj Aaalacl Auilia Cp(I) Aulliall jl jA^yui j 4 (juixll jA^yii 







. X'fryGcp (I) i S 3* k y,x 3 % 5 

: (jj^s *—‘ R 3» b,a caj ^- fc Aiii 4 S <3* y,x 3 ' k 


y = <p(b), x = cp(a) 

tcp(a.b)G(j>(I) 3 jSj . 9(a)* 9(b) G 9(1) 3U x^yG<p(I) J U?j 

j _al 3]_a i (R,+,.) a _ilaJI ^3 aJj! aj 3H« I 3' 1 *jj . a.bGl -uj^i ^j 

(jjj —J— a.i 0, — 3 ‘ ^• I (J —K i jafy l ^jic. b,a 

<p(I) J gr^ '^J • <p(I) J! ^ c> « y = <p(b) , X = <p(a) 

. (SJ» Aikit ^3 Uj Ajlk 

^ <Jji Ajlk Cp(I) J Lift 4 (R,+,.) AikJ! ^ Aulji AjIIL. 1 J 3 VI t >>1 

. (S,T» Aiklt 

3I Lu . x.yGl 3 j^j ^ - usw.i j 1 R i> L« 33 i -‘ a ' c ’ y,x 3' 3=3® 
J S&l—Ju cp 3I uu —**j —j li—». j 4 cp(x.y)G(p(I) 3j—a 4 x.yGl 

. cp(x)*<p(y)Gcp(I) 

<p(x) 3jjn-n».ti ^vi 31 31 ‘ (S,T,*) Askll ^3 Aj 5 j) AjJH* Cp(I) AjlkJl 3) Iaj 
<J— y,x 3J^>J-S4i*ll 4aj 3ji ^tSLj 4 cp(I) ^^ujj JaV' (p(y)j 

• (R,+,») AilaJI ^ Ajljl AjIHb I 3^1 4 I J\ 

Cfij-u lj (S,T» AiLJ! kJifti SJlic cp(I) aJM! 3 ' Vji -2 

. (R,+,.) aSUII a^I AJlk I aJILJ ji 

I (_£ j —aj (R,+,.) A— alaJI ^ Ajllia i-ajj 3S-»J V 4 AjjIj A^a. 3*j ( R^I 
AalaJl ^ F Ajllk , 1 a. jj 4 tilli jjc. 3 k 1 j] 4 AjV tSillij ‘ R 3 &J I 3 C. 4 jfcau j 

^—a aJH« (p(F) 3 jSj Unit 4 F ^ R j F =£ I 3 j£j < -kaj j I (R,+,.) 
4-iH-i- li_Aj 4 9(F) ^ R j 9(1) * 9(F) J 9(1) gjjki (S,T» aaLJI 
• (S,T,*) Aalait AjxJacI AjJlk 9(1) AillUl 3I Li3ajal 

4 (S,T,*) AalaJl AjxJo&i AJko 9(1 ) AjMaSI 3^ 4 0*3^ 















. (R,+,.) AskJI ^ Ulia I J Lk 


Cp(I) igj*-* (SjTj'A’) Aalall ^3 F AjlljLa Aajj 4(_>>i£. » ll tjlajai 4tdJj jal (jA 
(R,+,.) 4—akJI ^-i Ajllia <p _1 (I) j_$5u U^c. .F ^ S jF^ 9(1) jj£j duaj 

AjIHo I AllHall (jL 4 (_pajsll 4_ t . ll .- N .a IJA j 4(p *(I) ^ Rj (p’'(I) ^ I J I c£jaj 

. (R,+,.) Aslall ^3 A balaC-l 

jl '-“JJ ‘9 Sljj (R,+,a) AikJl Ajllla (p"'(J) jl LaJ -3 

J A —jllaall jj —£j (^ (^l£llj fj^l -1= jl (1) j<a3 4(p((p'*(J)) = J 

AJlia (p-'(J) AJliall j jSj J y, (S,T,-*) AakJI yj a^J Ulia 

• (R,+,0 

jl 1— <uj 4 (p Slj —j (jj —aj (R,+,.) A — slall ^— a Axilla cp-'(J) j] Laj -4 
J A —jllaall j>_£j ^1^11 J <»._pUI JaJiill jl Aaj (2) j-a3 4 Cp((p' 1 (J)) = J 

A.LalaC.1 A-ilHa (p *(J) AjlllLall jjSj jl jA (S,T,^) Aslall ^3 AaJaC-l Ajllae 

. (R,+,.) Askll 

: (2)4*ul 

A sIn 11 ^3 AAalie.| A-JllLa I (jl 4 Allaal 4oSl.ljl Alla. (R,+ ? .) tlul£ 1 jl 

. (R,+,.) Aslall ^3 Uj\ SJlia I jjj£j jj-iic. 4 (R,+,.) 

: jlajJl 


• x.yEl : j u un j R j* La jjj ^'ic . y,x jl (_>ajsj 

oJ —$jj 4 (R,+,.) A —slall ^3 Ailjl Ajllle I AaHiall jjSj U^ic 4 X 6 l jl£ Ijl 
4 I + R.x — R : jj—S j ju-iic. 4 x^I jl£ lit Ul .<_jjlkJ! ^ 33 jj^j Allal 
‘ (JSuillj X 3*^1 lull Aj\ 3 S, j£aj AiAic. 4 1 jx^llj (R,+,.) Aslall Ajla-al 

• j^1^4j ‘ a E R j I j-a b t 1 = b + a.x 

y = y.b + a.x.yEl 

• (R,"tv) Aslail ^3 AjIjI I AalliLall (jl I^Aj 












( j * 4 Aja^aC-V! t—llJ! ' <Q I I !> ^ Ajdl^aJI iaj^ji! /j3'* ^ 

I AjUllI d)lj&jA«JI 

: (6) a_1a ja« 

Ujjc 4 R ^ (a /ij^j ) aJ!j-« I ^ R tliitS 1 jjj 4 L* Sili. (R,+,.) (j£j] 

l ‘GiL’yi/i 4j]lj]t Jaj^i]| 

. (R,+,.) AaiaJI Auhai I (Ajn^ll) AjjUJI aJUJ (1) 

‘ I C J C R (j .*-4~* j (j^J 4 (aaIjoj^ AjjtuU aJH« (_$l (Jaj fjj* (2) 

. I = J o jSj 

• IcJcR uj^j | »*j J (a_ua*j) ajjI-ujj AjJll* ^ jj V (3) 
c3—(R,+,.) AalaJ I K AolliLall l'i'iK ui ( 4 ) 

• J = R uj^ 4 IcJ 
: OIajJi 

l „ $'ui (JS ^ill j (R,+,.) AilaJ! SjjLaJI CjLJ 11«]| ^ r -« M (jl (j^o^ail) 

. (R (^jluU 

( 2 ) <= ( 1 ) 

J 4 — 1 —Ijjj 4 (R,+,*) a— alii! Aja]o&! aJUU I ajjLmuS! aJI!l<JI (jl (_yajaj 

c 

(jl 1-ajj 4 I G M (iiiJJ jj-iic (IcJcR 4 ^=H R gj Aj jLu Ajlllo 

a— jlLuil 4_fi—s- 1 ——!ij 4 I = J (jli M (ji A jflhn .1 I AjjLuoII A-dl-L/il 

. AioiaC-Vl 
(3) <= (2) 

(3—uj— jij R ^—i J AjjImu aJUs ^ijj Ail (ji»jij (^1 4 (_>A*i! (>ajaj 

V ( i? it—jJljJ 4 (j-JLui JJC. IjlAj 4 I = J (jjlj (2) 4_Luli 4 U^ic 4 I d J C R 
• I CZ J G R (jSi*n 4*n-\j J AjjLai AjIIIia (R,+,.) aqWI I ^jj 












(4) <= (3) 

1-« jjAj LiA j 4 I (Z K (R,+,*) AalaJl ^2 AjjluiJ AjIIju K (j£iJ 

‘ ^‘ lP 3 K ^ R jlS lili tK ^ R J K = R L»j : 

. M jUoJI K = R jlS 13 j . K = R jli 

( 1 ) <= ( 4 ) 

—S-3 I ^ Ii (j \—S lilj I C I] J I] ^ R ^'J-N I R ^2 4jjL*j AjIIj-o Ij (jSul 

.1 — 1] (j! !^\ a jili <_pa5ljj 

A_j| ^—9 A-LaJaC-l AjILlq {0} Aj^Lou!) AjjI \ a \\ 4 4jA^juall 

. <Sk 

: (7) 

: <JIj]I Uaic. t R ^ {0} tiyx. L 4aU (R,+,.) ilxl£ lij 

. R <^2 XiAk>c\ aJ\j- 9 {0} 3/n<aiti (1) 

• {0} j R tjc- <— il'iV) 3ajx«j CjUlls (R,+,.) <SLJI ^ jj V (2) 

• (OJ-'uJI qa (JjIS jSU-ali V R (> J^aic JS (3) 

. (JAs (^jLuuj V Jf> (4) 

• lM jj uj-4 jx«]I JjSj 

: ( 4 ) Hasr'^k* 

. AjjLuuII cLiLJUaII qa <buxui «y*< <iiLJ| 4jA^i*l! 

: ( 8 ) 

^ j>j^Ut JaJjill Ifc-lic. i R 4-Jlxa Ij t La Alla. (R,+,.) dut£ tjj 

• R/I <AuiS]l (jj£j ij J^ ^xJad I AjllxaJI (j jSj 

; 01 a jJt 

: aJUII (R,+,.) AilaJ! AxoJac.1 I aj31o* 1! (jl Vjt 












OUU^I 3j( j AoJjL* ^^5Trass 

jj£ ^ ^il£Jij f JM1I 1>jJJI ,jli 4 R ^ Ajlllo I * Rj Aak (R,+,.) til 

R < 3 * x jj-aic- ^.jj t m £ I J£J : JajJJ! ji j* R ^ ^ j^hd I 4 JHJI 

Ajl Luj) R ASlaJI ^ aJ ji jjj£j I aJIj-cJI (jli ^UIjj . 1 — x.mGl (jl > * » ■ •* >■ 

I aJUJ oj& J> f jMIl iaj-iJ) (jli 4 R ^ aJUo I _, Aak R c^l£ lit 

^_ a> R/I AajoiSJI Aali. (jli (aJj Siila. R/I ^ jlii! Aal^. (jj£j jl j* R ^ aJjI 

, 4_alj 4aU 

4 -i—ui^j 4 I c I + a.R (jli t (^U3Uj i a^I Aiaj t I ^ a + I G R/I (j£J 
t 1 = m + a.r 4 iua. rGRj mGl ^ I + a.R = R : bjJ jjSj jil' 

: jl J (jjjj li&j 

1 +1 = (m + a.r) + I = (m + 1 ) + (a.r + 1 ) = (a + 1 ) (r + 1 ) 

R/I Aal^JI (jj| 4 Lj, jS*-o lilLoj R/I AaUI ^i j i—al l ^jLuu V ^>, <V i c . JS (jl (_^l 

. (Jia. 

jl ^ l£l jjl—a 4 ^Ubj 1 + I # I (jjSj Iajjc. 4 Mil. R/I J jVI (>»ji 

oa.jj (_ 4 ajill 4 - u a a .j 4 I a + IgR/I : iijc. a£I i bjij aGR (j£J 4 I ^ R 

: jl I ^ b + IG R/I 

jl—a ^ 1 —Hbj 4 a.b + 1 = 1 + I • i) (/' ‘ (a + I) (b + I) = 1 +1 

. R AaWll ^i 4 \a)-iC~\ I 4JIAJI (jjSj Aiaj 4 1 — a.bGl 

; hji UtfS' <iJUlt ci ju 

(R,+,.) (jSli_lj 4 l—o 5iLs> ^_i (ajuajII) 4jjLou 1I iiiLJliiJI Ac. j , a> .< i L (j£J 

AjjI _uJI A_Jlittll (jc. Jjaj 4 jjn-ill (j jL-ij V l^-i* (J£ (^jll j 4R ^ 0 (jl 4 * n~v 

. L (^i lj J* --a I I I CijlS lil 4 R (^i Ajj«. a - t-) I Ajlli-a l^jl IgL (a ju a jI I) 

4jjl—Jl till_jlllall ^_j_^aJ 4 ‘play'll iaj^JI (j‘y- ' J ^>^aj : AjlU) Aj&^jJI 

. i:>^Vi 















Isomorphism of ring - JjUsJi - dJliJl J 


: (9) 

■ i ^ 'V^& t R ^ 0 i i j**» (R, - ! - ,*) (aj majJ 4-j^Lou a jH, I^Q jSjl 

: UU\ ijjJJt ;J\<& 

• (R,+,*) AilaJI ^3 I ^Ajluullj SjjLuJI 4_i]txa]| (1) 

>0^JcI (R,+,.) Aikil <> (3^) Ajjl^ lUll* J Cul£ til (2) 

. J = I (JjSj lAAic. 

(3—4—>— z^i K Jj-° AjjLuJ 3Jtl« (R,+,.) SjiiaJI .li. jj V (3) 

. O^KcI 

t F Cl *—‘ (R,+,.) <aiaj! (j-a F (3 jUAjllJ 3 jjL>u 3I SaJliLttll diil£ Ij| (4) 

• F = 0 (jj^j Iaajc. 

; OlAjJl 
(2) <= (1) 

4—C^«x« L (j^J * o(R?~*v) ^SlaJI ^3 AjjLuU 4j]Iju J (jSil 

I (ji I-<UJ < J G L jllic. ( o jjUlaJ! (R,+,») 3<iKll 3jj l , „jl l cjlaltjuJI 

• I ~ J i) -l>j J C I (jlj l L Jxj-al 

( 3 ) <= (2) 

4 O ^ Kc I ‘■ ‘’ut lJ K. O^J (Rj"^"?*) ^ 3jjLuiJ .iikjj 4jl t^yaj ij 

• u^ 3 s i *“ 7> ijr*** I j*j K ci I j KGL <jj^J 

( 4 ) <= ( 3 ) 

F — 0 (jl^ IjJ 4 F C I UJ-^J (R»"I",*) ^3 3jjLuj 4all!La F (jSil 

. u *ajill (_>iaaUj I F ^ 0 (jl£ IjJ LJ 4i_j jU-ia.II 


(1) <= (4) 

jVI (jiajii] 4 ujj U-iaI I ^jj 4 jji 4 F = I jl£ Ijjj ( F C I liua. FGL (jSal 

a —JluJI (jj! 4 jjc. I jAj F = 0 (_>»js 3 l c . '“'‘I ^tilljj 4 F ^ I (jt 








• (R,+,.) •4ilaJI 4jj*j»eal I AjjLtdl 

: (10) ^Aj*. 

jt I 2 = 0 I—«] i (R,+,.) •‘UiaJI A-i jt i <-\\ aJULo I dul£ til 

. fil l ^ jLuj V .1*1^. j»t->'ic e >*n^ 4 I — R.e 

: OlajJt 

a— ikvlt ^—s <jjt—uu <j 3H» I 2 jli t (R,+,.) AiiaJ! 2 jjLuj AulHo I jt Laj 

• I 2 c I jt LaS 4 (R,+,.) 

±-+Ji <—jl li&j 4 (i_jjikJt I 2 = 0 jl£ lit) I 2 ^ 0 jl Vjt o^aJiil 

‘b EI tlyat. 4 I.b = 0 jl£ til 4 jV 4 I.a = 0 jj£j 4iu»j I (> a j£Jj j^jc. 
4 (R,+,.) 5—aliJl 5jjLtij Aoltia La jt La£ . jStcua jjc. li &j 4 I 2 = 0 jli 

• I.a = I j)i 4 AJlia I jl Luj 4 0 ^ I.a C I (jt j 


: 5x. jSj] 

M = {r : rER : r.a = 0} 

‘ a—‘ (R,+,.) <aL»JI ajjLuj aJULu M jt La£ 4 O.a = 0 jV M ^ (j) j] 

: jli 4 M j* La jjjt-ajc y 5 X jis tit 

(x - y).a = x.a - y.a = 0 

: J US . x-yGM jt 

(r.x) a = r (x.a) = r.O = 0 

. r.xGM lit 4 R j-a r JSJ 
jl_£ lit 4 4 If|M * I jlj t (R,+,.) AiLJI ^ 4 jjLu Ull. If|M jt 

jt t—ojj 4 j jjc liaj 4 I.a = 0 jli gJUSLj 4I c M jli 4 If) M = I 
tilli j* gjjj ‘ (R,+,*) <akil (^ AJjit-al I Aj jL-ull Aj31jJI jt j 4 I f) M c I 

. I(1M = 0 J 

e€l jSJj j*-aic i=ajj <iU aEl = La jtj 4 La = I jt Laj t <ulj j* 








I Isomorphism of ring - JjUs)' — dJull J^aiit ^ 

3 tf 1 4 (e - e 2 ) .a = 0 oj—a —^W_s ‘ e.I = e 2 .I < —iaj i a = e.a 

3 L»S t .xala y-aj& jA e 3 i q = q~ <jjj t e — e 2 ElHM = 0 

‘ a^jLuu ajILLi I 3 l - J ^j 1 0 ^ R.e cz I 4 eEl jl L*j * e 0 

• I = R.e (jl t <iilj jjx ^ujj 
: 4*JSL4 oliu : LuU 

, CiL3l!Lall jjjliail .laJI j 4 CjUlioli jjjtiail c- ..II c_aj*j AjIoj 

cjL^iuji 3j— -a ^ r - j) ^ 7*- ^ 1 < i < n Ij uiiilSj 4 La Asia (R,+ } .) tiiilS I jl 

n 

^jmi «.>a 4_jl I = yi ; £• j<aa.nll fjd (Jjlj < R AilaJI ^3 ^A-majil jl) AjjLuuII 

i=l 

: La (jiaj lj] 4 Ij (ZjLJLLall Jj5X±* 

: (JSjilL o.l)aj ajj.^aj X ji^aixil t _ i I £yn X 
X = X 1 + X 2 +.+ X n 

• 1 < i < n j XjGlj i >• 

jl 4 ^ © Ij (jSjudlL 4 1 < i < n 4 Ij tiiljJLLaU ^uiliall ^ Sjlc. 3*“^ 

i=l 

• l^iU* ILa. Ij -la (j£ 4 ©Ij <J£jiS\j 4I j\ t «->~j ~41 

i=l i=l 

: La ^LuJl <»Ju_)»jSI (j* ^sijj 

A _ikJI AjjLuuII djULUl (j-a 4£.ja-\a Ijj La Asia. (R,+,.) CulS Ijj (a) 

: 5jal£la Ajlljil JajjJJ! jiiic. .1 < i < n iy> ‘R 

n 

. jA> ^^1. ^ J- a > -ail (1) 

i = l 

Xj = 0 tjj£j U^ic. ^Xj=0 1 — i — n ‘ XjElj ciulS Ijj (2) 

i=i 

. 1 < i < n Llua 


1 < i < n I; PI 21, =0(3) 

j=i 













* JCJlaii-l 3j Jaj (J <u.Uu = ——— 

I j—tibia 13a. I (jj^J 4 lgu3 4_jjLou 4-Jlia I j La 4i]a (R,+,.) CjjIS 13] (b) 

; ^—S aji > *i j~\} t R 4__aIaJi —3 J AjjLujj 4a3\!La iT >■'>'> j 13) 4 (R,+,«) 4 alall 

. R = I © J 

A^aiaal<al) 4jila]l jjVl <- -* j» >1 

(J—Saj 13] ^AxaUaj^ 4-aiaIi* l$j] R AiilaJl ( jc. Jjiij 4 La <ala (R,+„.) llulS 13] 

: Jb]l JajJJ 

• x = x.a.x : bjjau iRjaa j > *•»'!& Ja_$j t x E R JS1 

. 4^oJalLo]l <filaJ) Aj3l£-a)l Jaj^joJI AjJbll 4 jft ^xa] | 

: (11) Aja« 

: 43al£la <Jbll 4 La 4 aW (R ? + }# ) iT'K 1 j] 

. Aalaiia (R,+,.) <sla]l (1) 

. r Aikii ^ ^iilia Ja ^A A», “j') ^j ^4_m<aJ jl^ ‘bjbaJ 4 -J l x o (_gl (Jal ^j-o (2) 

—3 J —>ib-« .la ^A jJjjll ■‘Ugjla jl) AjjLuU 4-jllaa (^1 (Jail (3) 

. R 4&J 
: 01 *jJi 

(2) <= (1) 

‘I = R.X 3 i j*J ‘ (R,+,.) 4iirJl 4_uUJJ <JjLuU <b]lla I (jl (_pajSLJ 

£—i x.a.x = x jjSL l in- i j a l&Jj <■ R j^-aic. iajj <> 3 ja!l i-maj 
: (jjSj a .iaj ( (R,+,.) <51all j 2 ilia ia R.ej e = e 2 jjSj Ujjc. 4 e = a.x 

I = R.x = R.x.a.x c R.a.x = R.e 

3 J‘R u —» r J —£J 4 b = r.e jj —£j Iaj— ic 4 bER.e Jt I j£i_1 

. R.e < R.x ^blbj 4 b = r.e = r.a.x E R.x 
• (R,+,*) <SiaJ! ^>tilia ia R.x (jl (^1 4 R.e = R.x J (3f“ l -* -0 g’uLai 














(3) <= (2) 

<—!—Ja. {bj} (jSii—!j (R,+,.) A —alaJI .liljjll A j^rn/1 AjjLuj 4-jIIja J <j£ol 

n 

• J = 2]R.bj : oj& ‘ i = l,2,...,n 

i=l 

‘ J = R.bj Oj-^j i n = 1 <J^1 (j-a iaj i n ( _ s ic. djSiuiVI 3jL^>laj 

• J — R.e OJ&a ‘ *■, n,!->J 

: o' l/' ‘ n - 1 (j<a (jl (jVl 

J = ZR.b i+ R.b n 

i=l 


t n-1 

11 — 1 —J o^l jmj JjI jail 4jfr1‘u AjjLluj Aj]1!lo I (j! iaj t I = ^R.b ; jlj 

i=l 


a J ‘ e - 


- „2 


e (jl t I — R.e (j]i * ^1 jai^VI ^>ajill l. j « I 




: OJ^i 


J = R.e + R.b n 

Jil t jjSj 4a-j 4 b n = b n e + b n (1 - e) : J* ‘ 1 = e + (1 - e) o' 

: R 0- r 


r b n = r b n e + r b n (1 - e) 



r .b n GR.e + R.b n (1 - e) 


■pl 


R.b n cR.e + R.b n (1 - e) 


: Lb^51 3_uUj <;p.lj 


b n (l -e) = b n -b n e 


: 0 R 0* r 


r.b n (1 - e) = r. b n - r.b n e eR.b n + R.e 












R.b n (1 - e) cR.b n + R.e 


R.b n + R.e e R.e + R.e + R.b n (1 - e) = R.e + R.b n (1 - e) 
e R.e + R.e + R.b n = R.e + R.b n 

: u- 3 ] 

R.e + R.b n = R.e + R.b n (1 - e) 

• <• £ — £ R.b n (1-e) = R. £ j j 

. !.e = Ojj ‘R.e + R.b n = R.e + £ 


: jVh = h 2 ji>jh = (l-e)^ 

h 2 = (1 - e) ^ (1 - e) ^ 

= (£-e£)(£-e£) = £ 2 -£e£-e£ 2 +e£e£ 

= £-e£ =(l-e) £ =h 

ji c?' ‘ h = (\- q )£ GR .£ <sV t R.h = R.^ (j'j ‘e h = 0 = h e 

. R.hcRj 


e.h=e (i -e) e =e 2 -e e ( = e ^esR.h 

: • R. £— R.h i) <5^ Ux t R, £ cR.h 3 tj\ 

R.e + R.b n - R.e + R. £ = R.e + R.h 
R (c “G h) R.e -t~ R.h : q\ l^pJ 

3 ^ lj_Aj t xGR.e + R.h oSiJ tR (e + h) cR.e + R.h UjxJ 

: ^UlUj « x = X].e + x 2 .h 

(xi.e + x 2 .h) (e + h) = xj.e + x t .e.h + x 2 .h.e + x 2 .h 











= Xj.e + X 2 .h = x 


R (e + h) = R.e + R.h 


• 3 ‘ x E R (e + h) (jjj 

• 3 ^ om ‘ (e + h) 2 = e + h <j1 LaS 


R (e + h) = R.e + R.h 
J = R.e + R.b n = R.e + R.h = R (e + h) 

(1) <= (3) 

t eGR.r i R.e — R.r UaSc tR [j* La 1 jA^gic. T (jSJ 

: (jl_i i R = R.e © R (1 - e) : 3 U>j ‘ R c> x <ji <—u,:>. t e = x.r jla 
‘R t> y,x JSl * 1 = x.r + y (1 - e) : op ‘R = R.r © R (1 - e) 

: ai. j i r = r.x.r + r.y (1 - e) 3 

r-r.x.r = r.y (1 -e)€R(l -e) 
r - r.x.r = (1 - r.x) r GR.r = R.e => r = r.x.r 

: Euclidean Ring AilaJt : 15315 

» * » 

«JjSaJtj CiUlaJI ^ IjL a&j IajI j IjjJ i-Jxij ^i3lj diULJI qa 

. AjAJsyi oiskJt ^ 

: Aji i Ay b ^!' *uLL^-t t^jbjiu 


« a —!l j Ijj t Sjjulaj Sjila. l^jl (R,+,.) 5-«l5ll <al=JI jjc. (Jjsj 

: 5J1531 JajjJJt (jLauj duaa d : R*-»N 

R* <> x JS1 d(x) > 0 (1) 

R t>y,x JS3 d (x) < d (xy) (2) 

: d x. r,q < j L-^LLa. <jb.i_c. >jj <iU <bER*j aER jlS 151 (3) 

. d(r) < d(b) 3 r = 0 Laj uLusli a = b.q + r 



















. A Amdlj jAuU (3) ' Ja^All j i Ailill S,lLc. ^ui d *dl.lll 

: (10) Jb» 

. 3JZ Aik J££i R = (Z[V3],+,.) kUll ytj (jl 

= J* 

: jSJdb * <pJ3yi aJIJI Vji ui>ll 

d : R*-> N ; d(x + y fi) = | x 2 -3y 2 

.R*t> \ + ^[3y = a JS1 

: (3jLjJS aJjljl) Aj">Ij]I Jojjjill (j-a (jVI (jjkjuSj 

R* (> a JS] 4 d (a) > 0 -1 
: tipi i R ^ b,a J£3 -2 

d(a) = d(a). 1 < d (a).d (b) = d (a.b) 

ft . — ft ^ 

— = z +1V3 oj^ij ‘ € z ‘ b ^ 0 j R (j-o b,a <j£jl -3 

b b 

Iaj— ic. t It — y|< — jlz — x|< — tjj—diwu .il.ic.Vi jkil t Z,dSQ 


M j Ai 


— = z + tV3=x + yV3 + 

b 


(z-x) + (t-y)V3 


a = (z + tV3)b 
= (x + yV3)b + 
= q.b + r 

q = x + yV3 , r 


: u> ^ 


(z-x) + (t-y)V3 


(z-x) + (t-y)V3 














Isomorphism of ring — JiUsSl - tiJliJl J-aait 


d(r) = d 


f 

(z-x) + (t-y)V3 

> 

b j 



= d 


(z-x) + (t-y)V3 


d(b) 


= (z-x) 2 -3(t-y) 2 ,d(b)< ,d(b) 

4 4 

=id(b)<d(b) 

. kk (Z[V3] uai 4*kl ^ ‘ 4££!l ijjJili J U, 

. 4 m'j y j 4<alj 4.ak 4jkki 4ik (J£ (j! dljjj 4 k3Lj]l 4jA^ia31 

: ( 12 ) 

• kLl <*ik (R,+,.) <j]i 4 4 jJj 13] 4ak (R,+,.) Cijl£ 1 j] 

: OlajJl 

kJUl oSUj ‘(R,+,.) 4_Jkl! ^_a 4_Jlk 1 JSU 

.R 4ikJ! ^ kui j 4 j1H« I = < 0 > <jji 4 I = {0} (jlS I i] t d:R*-»N 

t a ^ 0 <■ *> j% a€El j— 4 -ojc. 4 j| liAj t I |o} ^ <> 3 jij 

• I ^ a > (jl <jA 4 La d(c) (j j£j i.^n'N j a jikj] 

jlj .. /ijf . 4jla 4 4 JA 1 I 3 ) 4jk (R,+,.) Jl Luj . X & 0 J XGl (J cpajsj 
. d (r) < d (a) J r = 0 oA 4^ x = a.q + r 4^ iR^q; 

ul ‘ qGR , x,aGl kill® I jV r = x - a.qGl : J\ SjkV' 4£UI <ya 

• I = < a > J </* ‘ x = a.q J Jl tk j t r = 0 

: (5) 4&a3L. 

4__otill 4—SkJI ^LLaS 4 laua. i (jk 4 ^Ic. 4 4jLLaiSI 4iA jXal i . j jjj 

. 4jajlaj 4ik Cimj] (z [ V —19 ] ,+,•) kkjll 

: Divisibility kkdt ^ j $ a » 

u! • R ^ oij^c. b,a ^ 0 (jSLij 4 4 _aLj 45 k. (R,+,.) <j£i3 












4 b = a.c a£ 5U5! (jiao R c ia/j lil 4 b Divides ^ij a 

Divisible JjL b j^iaJI jj aJUJ! ai* ^ Jjijj .a | b_ j tdJj] j*jjj 

joj!L_j (ilia .1 jojj_u lula tb —J ^Aa jjc a jli* lit .R ^ a ^^Je. 

• aXb 

: (^L La (jaUdl ^_iuj -a ^cjjlaaj 

: jla R <> C,b,a 

. ^Ao—iifLo^j 1 A_a^aliJSI J ^Ajmij ^ ■ ijj jt-a.lC a | 3 -1 

. A^aUJl) a | c <jli 4 b ] cj a | b 1 jj -2 

L $' ‘ R i a-^j u Ajj*. 4 a = u.b j]i 4 b | aj a | b jl£ I i] -3 

■ R ^-3 JjLa^al] Aj I 

a | (xb ± yc) 4 R (> x,y JS1 j)i 4 a | c j a | b jl£ I j] -4 
(jjiSjtil aLUII jji 4 (R,+,.) ^ S^jll jK ^aifc 1 (jlS I j] -5 

. R 1 —J ^uil jS tal l JaSa ^A 4 R 

jl—£ lijj 4 R (>a a ^ 0 jlS Ijjj 4 (R,+,.) Ail^JI jia-a ja 0 jLa I j] -6 

• R (^3 R jai Ja-aoc. (j! jaaalSJ 3 jli 4 (.) AjLwJ] Ajjuaillj R (jaij ^T A 3 -5 

: Associated (45jLiJt) ciilyJt f j$jm 

jt jl-aji jAa La$jl R ja> b,3 jjja-aixll jC- JjSj 4 A-alj Aiia. (R,+,.) jSul 

AiKH J. ^n’l . r - jA U jl ‘•LmI% 4 a = U.b • Jajaill (ji*J Ijj 4 jlS>jli£La 

* 

• 3 ~ b _J (jj3jl jidt jjjn-i‘m,ll ajlc- j-ajj . (R,+,.) Aoljll 

(R,+,.) A__aIoI! AllaJI b J.aa-I la.II 4_i.ll JJJ a Jn-Tndt (jl (Jjij ‘ JA.1 

. (j*j LaJ dlli j* jAiu) . b | aj a | b jl£ I jl 

A_olSll A JJaJI ^_3 J.-aaL.aJI jAJ i_a3 jilt AIlAc- jl 4 <5ajljj 4 (jiaaoSI jfLoJ J 

: jV 4 R jil£j a£U Jlaj (R,+,.) 

. a ~ a (^1 4 ^Aaailj 4_S.lljJai Jaouc. AjaailSUjl ~ aI^LlSI 

. b ~ a jU 4 a ~ b jl£ I jj 4 aj>Lj ~ a£jU5I ( 2) 











Isomorphism of ring - JiUsM - tiJtelt 


• a~C(jlitb~c ja~b gl£ lit ^i t 4 ->.i*xx ~ a£sUJ1 (3) 

b 7 ^ Oj a ^ 0 <jSj—Sj i 0 j2 !—i Ia jL-al jx_>i3j t 2^13 (R,+,.) g£i] 

(J ja R jlij!jl» b,a j ;»-Jogxit gi 4 R gx (jjjA-ajc. 

. R ^3 jioU LuxtS b,a gjg-aj*3l gx J£ gjSj 

: OlagJi 

^3 glijl jix b,a gi gAgilj i R^ia ^xL bj b jxuiL a g) 4 'i/jl gia giiS 
Cl gJJ—i-=ic 4* 4 R jixU ^jx\ 3 b,a gjgj-ai*jl go !>t£ gi LxJ . R 

• Oj£i * - R go C2J 


a = b.C] , b = a.C 2 


a = a c 2 Ci 




: gi Aaj (*) gx3 4 1 _J (•) AjLuiil " Um'iI Ij R ^3 AJWxll gxgil 

a (1 -c 2 Ci) = 0 

4 R i_ilsU g)bla C 2 ,C( gi IJAj 4 1 — C 2 C] gi (^1 1 — C 2 C) = 0 ■‘Uxj 
gliii jSx b,a gi U1 gojj b = a.c 2 j a = b.C] : gi^Ull go gli 4 

•Rgi 

. cJugxjl! 4.I.. 1mA £t-i-ial j 4 gu£L»JI 

: cAJg*i 

a^ 0 gi_£ ijjj . 0 _J lAjiixi! jx giig 4 .libaxJ 44) Ails. (R,+,.) gSaJ 

R ^_9 a J_ xaj»Ji Ol—Jjlgx jRyi gx£x!3 <LIS3I guaUxJ I g) iR gx I j xatc 

. R a —1 <j-aUk JJC. ^jxijS ajxJ 
: (3)4*tf 

gx <lix JJC. JJC <3 -1>JJ (F,+,.) g£Jj ix (Jas- g° ti J^i- 3 JJC- gxiic. j£] 

. 43jlgixJ1 g-all*JI 













: d\A jJ\ 


^jl—.jj v b j—k-aic. i a ^ 0 i —‘ F JiLJI La I j^\r- a 

u = a.b ' c uj^y a = u.b L *'^' F (>» j^all 

: (11) JUu 

2 —a lj a = V3 J— J « A-afc (Z[V3 ],+,.) 

. <aaj jiall 4-aul! A ^2 3 + 2 "s/S J 
^—2 Sia.jll Ja-aifc J* 2 + V3 (jl Lajj t (2 + V3 ) V3 =3 + 2 V3 (j! Laa 

: ‘ (Z[V3 ],+,.) ^Lallll <5kJI 

(2 + V3).(2-V3) = l 

• (jlijlJJ-a 3 + 2-\/3 J V3 (jlj^-aiatlt (jjj 

: (13) ^Ajx. 

: ^ La csixL U^ac. t d Aj^jlSyt Ajoiiat (R,+,.) cait£ lit 
• R- ^ j* 1 R (> a JSJ d( 1) < d(a) (1) 

. d(a) = d(b) : oJa « uM >R*i> b,a o 1 * '^] (2) 

. R ^ s^.j ^aic u6R* <j^ ‘ ■!=>«j !i] ‘ d(u) = d(l) (3) 

; OL&jJt 

: (jjSJ i R* o-a a JS1< a = l.a J Uj -1 

d(a) = d(a.l) > d(l) 

6*4 ueR* iR^R* (> uy*ijia cxj^s. b,a J 4 -2 

: ^LlLj t jx^ajc. Uj a = u.b 


d(a) = d(u.b) > d(b) 


: LuJ <jj%j b = u _1 .a J Lyj 







Isomorphism of ring - JjUs!! - liJisJl J_aa1i 1 5 = 

d(b) = d(u' ] .a) > d(a) 

d(a) — d(b) : jl .iaj j/AA .all j n\A full j-a 

. d(u) = d(l) - (j]i i j hfuic . uGR jt£ Ijj <ji i Vjl jAjjil -3 

"OJ^i • U.V = 1 v—uaj VGR Aajj 4 R ^ o.laj]| ^j^ajc. U jl Uu 

d(u) < d(u.v) = d(l) < d(v) 

j_$5Li AJuj 

d(u) = d(l) 

t> q,r (jl jj-aic. aa.jj filial a 5L. (R,+,.) jl Lu . (_>£*]! 4 jVl jA jjj] 

jl Lojj . d(r) < d(u) jl r = 0 j R j* u Aua 1 = u.q + r jjil) d'j-o R 
L 5 ^! r = 0 jjSji d(u) = d(l) (jl Uuj tR j. wa l.. 'v »J AJIj j»,.>,^il d(l) 

. (R,+,.) 3ilaJ! ^ S-laj _>-»*. u j L?i 1 1 = U.q (jl 

: (14) 

‘ R j—* b,a jlS lilj 4 0 —j Ia jL-ai j*jilj 4 ajaJSI Aiia (R,+,.) j£al 
• R ^ j^lj!* b,a jji d(a) = d(b) jl£ lit j 4 R ^ b —J LuiS a jlS lijj 

: OUjJi 

4 R ^— a q,r jl jj-su c. b,a <Jai j* -iajj Ajji t ajaj 15I Alia. (R,+,.) jl Lu 

• d(r) < d(b) J r = 0 j a = b.q + r : jj£j dusu 
: jji r ^ 0 jl£ til AiV 4 jL-al! jc «.. ill-vj V r jl 


d(r) < d(b) = d(a) 

4 R j—« c Jlajl jlS-oyb Ajji l R (^b a jl Uj Adilj A^alj j*J 

: jji ‘ Cr>j i b = a.c jj£j d- ua j 

a = b.q + r => r = a - b.a - a- a.c.q 
= a (1 - c.q) 

. (R,+,.) AllaJI ^3 sda_j5l j&, 1 djja 



















liAj t d(a) < d(r) 4 £ t>j t R ^ r a J U1 j^u < sjxkVl 2£>LJ| 
11 ^* j * a = b.q J ^vi a = b.q + r : *£>U 1 I <> ^tslLj r = 0 jil . ^aSUs 

.R <3 a jxvuL b j U jly 
b,a (jJ —3 (1— 3 U R (^—3 a ^mSj b <jl Lajj <• L^a3 R <3 b ^ a (jt Loj 

• R JLa 

: (Unique factoriration domain) J*aj 21 JjlaoJI : Uul j 
4__JjVI ^liall 4 ^ J\ JiL^I <Sk jJ 

tiljj-kiuJI 1 _jell r-lallj 4 AfrVl tjijl i* ail ^juAUIj 4 <Llil! JJC j 

: Greatest common divisior £ js-iit ^UJl -1 

b,a (jl^ Iijj 4 o 3*j^ UjL*a3 j 4 u <51^. (R,+,.) tiulS lit 
tdjiiiw ^AS <jl R ^ m «ni»ll ^jc. . R i y& La 
: jULJI <jlLjifl lit ged (a,b) jl (a,b) —j >33 R ^ b,a —i 

mja, m|b : 4 R ^ b,a J ^jLi-o ^15 m (1) 

• R^m m' jli 4 R ^ b,a _J m' 3 d <£ jLi- ^15 ^ 3 lij (2) 

jA Lbjiutaj ilLwU AjiljjJ Alia. (R,+,.) OutS li] Ajl 4 3^°^ (j* £Cjjj 

jLla ^13 ja m 0 ^ 'jfj <• R JjlS i >-aic. Uj a,b£R* ^0 

bj a ——1 ^Jac-I c^I^iuax ^uwjLs 1 t rf'ij l 4 ^a m.u 3 ^® ^R 43 ^-9 ^ ^ 

• R v* 
: (15) Uja- 

iQiA 3 ±*A jjcj R t> jjjj-oie. y,x (R,+,») 

t * * 

JSJ z = a.x + p.y : JS^I t> R <3 z jSJj <daeA ISJLL* UUi y,x —A jli 

. R <> P,a 
: 0l»jJ' 

M = {q.x + r.y : q,reR} 2x.^*>31 isijJ 
: <jV 4 jL-all jL*u V Jjwalic. l$J2 .la.jJj 4 M =£ (j) j| 














i— = Isomorphism of ring - ^ 5 U-t JSUsJl - dJtSl J-aiJl - — 

0 * x= 1.x + O.bEM 
0 F y = 0.x + l.beM 

J ■■ £ya '.1 • 0 __j Ia 1 __j Ail^]l ft W L * < '*v 

Cp(z) (jj^J j* 4_5 ill Z 4 jixoJI jC. Asl'l-S ^11 M 4c. jftft. ft' I 

. <jJolal 3 JIj co <JLua. 

- - * T - 

. R t> p,a J£1 z = a.x + p.y : <J£iJL 4 _i&j z jli * z gM J W 
(R,+,.) (jl • R y,X —! ^JaC.1 il] j^lj i ua ^juilS jA z jl jAjjj] (1) 

: uj—^ iRi>t,s ji>-aic. z,x Jaj Q* ajU i <j.iilaj 

. cp(t) < cp(z) J c£jt-u J U t J x = z.s +1 
o ^j *(p(t) tp(z) oj—® * t F 0 jl j£aj Vta' 

; (jj 4 Ajjlj aj^U 


x = z.s + t ==> t = x-z.s 

: J c?' 

T = x - (a.x + p.y) = (1 - a.s) .x + (~p.s) .y GM 

jj-au*JI 4 j ina' I jC A sb-\ < il l M AC-j^va (ja 4 ljjljji.V 4 all A ^ |j&j 

jj — jj IjlAj X = d.S (^MUj 4 t — 0 jjj . L>—I (p(z) Alai <jo jj£j (^jll Z 

. R ^ x ^ z J U1 
■ R y z (ji jU JJ ASjjLII (juiijj 
i a.x + p.y fjjiL z' jla < R y,x _! >J 4^13 z' (2) 

• R Z j>-uiaj Z f <jl (^1 t R 
• R ^ y,x —! ^Jac-i 4^1 jiiiui ^ul3 _$a z ji (2)j (1) j-o gjnmi 
: Least common multiple &yuidl us-ljA\ -2 

Ail d jc. JjAj 4 a,bGR jl£ I 3 jj 4 ajIIaj] Alla. (R,+,.) <jLijLS I jj 

: (jUlll! <jUajftSJI JiuaJ I jl 4 R gyi b,a (jJjA ^Vmll tdjiiiLa 4_scUiaA 

b|d ja|d (1) 












J [a,b] >jlL^ R b,a l SC.! X>>x>\l ojl& 3 -0 ^ 

. £ cm [a,b] 

j-uai iUdi > aj jSh -3 


Prime and irreducible elements 

j_c. J j_i) 4 R (j* Ls 1 P 4 .llLi-oJ Ajll-ij] Al^ (R,+,.) 

: q UU3I jUajJJI 3 ^ 13) Prime ^J Ait P 

. R o^-j jjuol P j P 0 (1) 

• P|b j P|a o\* ‘ P|a.b <j^ »o* « R 0- b,a JS1 (2) 

a I3jj 4 o _ j l& ji^a] _^o^)iij 4 AjI.^-q.i AjIIajI <al^. (R,+,.) (jSj] 

13) 4 R (Irreducible) J^j13 JjII jjc. a jj Jjii 4 R ^ jL^li I jjOl» 

. R sj. rfVir . (jaJ a j a ^ 0 (1) 

QJjjuajc- C,b <jl£ 13) 4 . <1 ^-ujIs R ^9 3 , -J H 3 * ( 2 ) 

. R <JA3 c ? l) a^. 1 (jla 4 a — b.c *■ *»•*> 1 R <>» bo 

: Ail a^J 4 (3jL 2I ^.j^Loll SaU"i^VIj 

^_S ^bls Ijj-ajc. U tjl£ 13) j 4 AjLa-oJ AaBajI Aiii. (R,+,«) CulS 131 (1) 

j—k*aj*JI jli 4 l $-}3 (JjK’ill Jjli JJC.J R {J* tjj-oajc a ~t- 0 (jl Uj-iajj 13)j 4 R 

. 0_j (R,+,.) AoWtt b_)-oj t* R (Jjlajll (JjIs jjc. L-kaj l a.u 

jV 4 J— ji-kMl J—jla j—I^n'ic. j & 4 (R,+,.) <iiaJI ^3 (_g Jo-aj*Ji (2) 

.0-0.0 

: (12) Jli* 


4 ^—Sjl jA (Z,+,.) A.a.j*4 aIac-VI a 31^ P <j£2j J - ic 

. (JjlaJall (Jjla __y& j 











: (13) JUu 

. (Zg,©,0) <iLUJI ^3 JjU'tli (JjlS 4j£! 4 (^1 jl j^xaic. 2 -i-lxll (jl (jJl 

4 2|a.b ‘ Zg (j-a b,a J£] (j! LaS . R j^i c- (jxJ 2 j 2 ^ 0 (jl Ixi 

• ^6 ^ y^j' \j^x- 2 jjj 2|b jt 2|a Uj yJLJbj 

A —alaJt ^ —3 oJ—a .j <_£j» <V'C . Luul 4 J 2 jJJJall (jt jya. 2 = 204 (jl Ixl 
• Z 6 ^ JjIajlJ j*-aic. 2 j]i 4 gJt^4j ‘ (Zg,©,©) 

: (16) 44Aj*« 

. (JjVvi.ll (JjlS JJC. jxxsjc. jA i-a\j Aiila. <jl ^ jl jx^ajc. (J£ 

: OtAjJt 

b,a (jl (>=>jijSj 4 R <jx (^jl JxxuC P (jl£ Ijjj 4 <xL Asia (R,+,.) (j£jl 

•P = a.b uftj R (j* 
. P (jV 4 P|b ji P|a U 4 P|a.b (jj 

A_i«j a = d.P (jj *SJ 4 *i>a) d (jSJj 4 R <jx Jtajj 4 P|a (jlSi I jj 

. Saaj j> x a ic . b (jl (^1 4 dP — 1 (jli 4 R P ^ 0 jl 1 *jj 4 P = d.P.b 

. a-la. j j>xi6 a (j]j 4 P|b (jl£ I jj “01 -laj Lolxj AjL^Jall (jxiij 

. (R,+,.) <alaJI ^3 (JilaJiil (Jils jjC jx<ajc. P (jl (3f*x Lax 

: (4) 

(jlS 4 I jj JaSs J 4 I jj 4 (R,+,.) Saulljll <xla!l <aiall ^ Ujl p JjuajxJl (jjSj 

• l^ _i3 (J2axll (Jjl3 ic I ^f~ p 

: OUjJl 

^_ 3 J_ (JjlS jj& P ^IjVI (jl .iaj 4<LU 4jAjixll 4-Lma 

.(R,+,») aSLJI 












— . 1 —-.-.-i—.i.— J OUAi-l Aj jOA (j <UJiL» BBMggg.i .—" = 

(Jjla JJC I Ji .VlC P jl Lttlc. 4 (R,+,.) AilaJI Jjl Jj^aJC p ji 4 j^l jA jj 

.(R,+,.) <J JJaail 

Pja.b jSjj ‘ aiaj j wVir . <jJj P ^ 0 jli R (J (JjLall JAS jjc P jl Lu 
(R,+,.) jl Lajj ‘ R j-« d jl ^lua. a.b = d.P jj£ JIjILjj * R j* b,a <J£ 

. CER (jl - ^ 'J ^ < a,P ^ ~ C jli 4 A 1 J j AjiIj a »l*^ 


4 p = c.t (jjlj liijaatER (jj) • Pe< c > (jMjj 4 Pe< a,P > (jl 

j—i-aic t jl e.i— 2 kj juVir. C jli 4 R (Jjlaal] <Jjli jjc P j..aj»ll (jl Lajj 
J-^JJ Jljlljj 4 < a,P > = R J 12 U lijU 4 R 8 . 1 a. J J.-VlC C jl£ I jli . 6 . 1 a J 

x.a.b + y.P.b = b jj£ ai *j t x.a + y.P = 1 J iii»a tR j- y,x (jl j~aj& 
• P|b ujSj JlilLj 4 x.d.P + y.P.b = b <jj^a 4 a.b = d.P J L>j 

jj — £jj tC = P.t 1 €E< P > jl — a ‘R ^ —a si—aj j— ^ac. t jl —£ ljl I — «l 
. Jji jjuaic P jl J P|a jl ^ tae< P > jj£ Aloj 4< c > c < P > 


A_-oll]| A —ai=JI Ajilldl jjj (/I <Jl£]lj ^_pUI Ii,ji» ^ AjILjII AiA jjJI 

. 4 johcl Aalllo 4 ».m Jl 

: (17) 4-1 


A-, ,n Jl a _olill a —aLJI (J < P > AjIUJI (jj£j j£ (Jl£llj (kjpui Lj^JI 

. R Aiilall (J (JJajll JjIS jjc P jj-<aj*JI jj£l (jl jA AljJacI AjIIjji (R,+,«) 

: 01*jJl 

Ajlli. < P > (jl (jA jJj 4 R (J Jjlajll (JjIS jjc Jj-aJC p (jl Vjl (jajAj 

J>V c P = a.b jjSj 4 R jx a < P > c < a > jlS I jj 4R (J Aj^dicl 
J li] LI 4 < a > = < 1 > = < R > : jli 4 eiaj j^ak. a jl£ Ijj . R (> b 

A % Jj _ jIIjj 4 ala j jj-aic b jj£ (jl t. '>ja 4 R (J elaj Jj-aic a j£) 

: (jl 2JlaJI s^a (J ^ujjj ‘ b.u — 1 (jaVn <£uaj 4 R j-o u j*ak 


P.u = a.b.u = a 











5 .== Isomorphism of ring - (JU-' JiUsil - dJlsl' Jotill ===== 

. <a> = <P> ‘ <a> c <P> jj£a 

. < a > = <P> jt <a> = <R> U <P> c <a> jl ji jj] 

. R Aaoiatl Aalloo P jj| 4 Sja.j jwaait P jl <P> =£ R jl loj jSi 

Aollao <P> jt lolt 4 (Jjlajll Jala jat Jwait p ji jAjii] (jl 4 (jjiSxll jA jail 

. Aaolatl 

s (R,+,.) 5—SLaJI ^—a jl—sal jj-a Pj a jaj wa i » il jli 4 <P> = <a> jl£ I jl 

J—aJ I—jjla <p> ^ <a> jl—£ Ijj I-al . R jS S ja.j jwait b jj£a Jlallaj 

1 J 3 (jl J_wa.ln.llj 4 R ^j A jolatl Aallao <P> (jl loaj . = <1> = <R> 

J—ala j—at j—wait P jli Jlallij 4 Sia.j jwa.it a jl (J*a liAj 4 jljjljio 

. (R,+,.) AiLJ! ^ Jakill 

. iaakjll (Jalajll A ala. Awl j j jVI Jlal 

: Unique factorization domain (J?M J' J-k*=l' 

(jlLj—ill (j—aaj I j] 4 jaa.j Jalaj Asia, l$il (R,+,.) Aw>lall AfllrJl jt J jii 

: jlJljll 

<_j_i£Li 4 I_g (jjoSatll (Jala jAtj R j-» {•jj *- 0 jjc- a jwait ji ( 3 >l jo -1 

. R (^3 Jjlaall (Jala jat l$io (J£j 4 R jo jwalial Aoao jjt ftl ja. (JiLi Jt 

: (jSckj I jl j 4 1^j 3 (jki S xJl Jjla j;at j R jo I jwait a ^ 0 jl£ I jl -2 
a = P,.P 2 .... P m = qi.q 2 .... q n 

d-4* jat l^jo JSj 4 j = 1,2,...,m j i = l,2,..,n j R jo Pj , q ; jl in 

jj_J24. q; J_waliall j - a—-JJjjl t_J_wlio jaajuaj 4 m = 11 Ia jit 4 R J Jakall 

j—- j—wait J_£ pljak Jit (Jwaaj q,.q 2 .... q n : ftijaJi J i = 1,2,...,n 

. Pi.P 2 .... P n ft I jail J i,, Ijijilb Al (Jalioll Jwain.ll (_sj|jo Al Aij^oll jwali*JI 

(J\ jl—3 4 R (£,—3 (j aSxl l (Jjli jat j R jo I Jwait a ^ 0 jlS Ijj 4 jL\ 

4 R J (Jjlaill JaU* jat l$io JS waajlwaoll jo Aaio ftl ja. Jl a jwaixil jalalaj 













I_I 

A_LIS j_italic, JjjUjj 4 ’i»,,3l tilL I—mjaJ -Wii4 4 <je. LaAAa.1 (jlilikj 

. (R,+,.) Aikll ^ u-SJl 

J_jLkj A ila. A-at!i3l ASiaJI (jj^J ^21 j jjUl Jajjill ^iSj Aj3\j 3I A_iA jjuJ 

* L'*\ J 

: ( 18 ) 

aSLj. (R,+,.) jjSj j ^jjUl JajJlli 4 Aatj Ails. (R,+,.) tlulS !i] 

: (jLlljl! (jUa_^ii31 jjl jA 4 .ija. j 

j—a t R ^ o o Sa t l l 4 _JjLS jjc. j 4 R 4 > a (JSjIj ^j-i*-# jj& j w»'i& J£ (1) 

. R <J JjU JJ& Igda (JS 4 R (ja ^)4*aL'».l Ajda tliSk 

X ^ 0 jL_l5» I Slj 4 l$a3 (JjLaall JjIS jjc-j R qa I j^ajc. P ^ 0 jl£ I i) (2) 

(j—a |j—swlj ( 1 .fc u lj P (jji 4 R ^ X.y ^aiL P 1 -LuaJ R (ja (jiy ?£ Oj 

. R Aalall AilaJ! 4(J?^I j^ylc. 4 y,x jjjji-oi*!! 

: 0L»jJ\ 

(2)j (1) <jaL (j) (jA jjilj 4 iU2wj 4*la. (R,+,») ji 4 Vjl ya jii 

. jlsixa 

* { * * 

. J Ji jll (JjLajll AiiLs. 4_ij J*J 4 < UOi til] jj 4 (jia-o (J jVI Jajjill ji V jl 

. ^lall Jajjili A-\><r> jAjfiS 
jl—S 4 A atj A— sla. (R,+,.) jVj 4 R j—a j! jj-aic. y^OjX^OjlLoJ 

ja z jSJj j~aic aUJ jl£ayb <ili 4 R gi x.y f-aSj P jt Ujj 4 x.y ^ 0 

: uj^ ci&' R 


x.y = P.z (*) 

P j] (*) A£JUH ja lA-iic. 4 R ^ (jaft*]] jUS y,X jj^t-aixl! A^l jl£ Ij! 
lAX-ic. 4 R (jjLla joe. y,x jl£ til Lai . R y±)l\ ^j-aitSI ^iL 

g,— .. A Z,y,X J -"-aliall jj£lia ^IjILj 4 R (j iifU l i (Jjls ^JC- z Jj-aixll jjSj 











Isomorphism of ring — JjUjJi - 


jl i jjajiiij 4 Ijj3 J.jU't'1 <Jj13 jjC l$i« (JSj R jj» Jjuab*] Aj 1» $.l.la. 


x =x;.x'.x; 


y = x".x". 


z = y t .y 2 .... y s 


t R ^ JJaalJ <JA§ jjc JSj i R qa _>-ol ic y k j x” j x- jl 


k=l,2,..,s ; j = l,2,...,n ; i=l,2,...,m 

: J (*) Jtf&UJ 

xj.x'......x' m .x'.x;.x' = P.y,.y 2 .y s 

t—ijl J* P jl lii £SjJajj 4 ojJaVl atjLuuJI jli 4 4-alj Ailaia (R,+,«) jj£ 

f_~JL,P jli ^JULj «x;,x' 2 ,.XXX.X J-aUJl 

• R ^ y,x 

(1) jlLJ—ill jl Laic. 4 iisaj JjLaj ASJLs. (R,+,.) jl lllAil 4 (juSLxll jU JJ 

. (jlaaa-o (2)j 

J ^—sSLsa 4 1—iJbji (j—Ls~o .Ua.jll Jjlaail Asia. taijjxj JjVl Jajjutll jl Laj 

. .ijajll (Jji-v'iii Asia <wjuj*j 3jljil JajJiil (jjiaJj ^.Ic (jAjjj 

<JaJ jj» Aiajil (Jji. -y lSl Asia. oujjo Jjljil Jajjhll jl Vjl iaaib 

jl j^l <_>bjiiij > R <^S J JV'.li <Jjli jjCj ji-ali <jc < ■ ftVt-L j i R j* jm-».ic (_£? 
(ja£*ii jJCj R jiuaJ! ^jLuJ V J- n'lfc (^1 Ja.1 j^ (JS3-* <^->51 lajaifi 
4 1$j3 J jKj I I (JjU JJC l$j* JSj R ^3 bjjjJaji t el-la. (^jJI AjjiaJ (jS-oJj ( lgj3 
(j—a iiiijj 4 (jla-o (Jj.la.TlSi Alia ^jgia ^3 Jjl jli ^jbjl -la jail! jl dmiij 

A jbiaj jS^aJj ‘ R (^3 (_>aS. » , i i (JAs JJCj 4 j Sk^ II (JjluU V R jjs ja^nic (J£ (J?^ 

, * 

(il]j (Ja.1 j* . R (Jji aTl i (Jjli JJC l^la (JSj R jja Ljjiiaj! t + 1 al^> ^ 

(jia J— ii3j 4 1$j3 (juSxil JjIS JJCJ R jx jL-ail jLuU V I ja-ajc f jl (jijiSJ 

* j jjajl 




















r = x,.x 2 ...x t+ i =c,.c 2 ....cs 

l<j< t + liua. 4t$JS JjlV'll Jjli JJC l$ia (JSj R jjx J^aljc. Pjj C| (jl > * -l Mk 

. 1,1< i < s 

: J Wj 

X 1 »X 2 ....X t +j = c l .c 2 ....c s (*)' 

(j<» 1 -ia.ij ^uiL Pi jU ^Ullij t R ^ C].c 2 _Cs jwuiLPi jli 

Cl ?—Js u P! <J Jllal! <_W« Jic. cpsjiilj 4 R 4 JSVi ^ 4 C|,C 2 ,....,C S 

jjliijla Ci j Pi ji US 4 R <^a JakSll jjLli jic C] j Pj jji gJljJljj . R 
u c&lj cJj\- 5 j^a. ic jUJ j£xj 4 (R C] Pi <jV) R ^ 

: (j 

c ,=p,.u (*r 

: J ^ (*)"j (*)' ojiDUll <> 

P!.P 2 ....P t+ l =P,.U.C 2 ....C S 

• U J&i <1»J 

P 2 ....P t+1 =u.c 2 ,...c s 

J — £ cJa.1 (jx 4 Jjljll (Jjlaull «Ula* t-ijjau .} jljll ^l-ill Ja^ill J 

t el-ia. aJLIso (jSLajj 4 (JjiSxU <JjlS JJ&J R <jx (_£ jUlJ V jt^TilC. 

P 2 P 3 -P t+ 1 , U C 2 -Cs ul^ ‘W 3 J ^ 3 L&J R i>° Wjjxiax 

{jjiSjtll <Lli ^j^al’ic. jjlLj 4 tdli (--lijjJJ ja-VI (jC. U&JcsJ (jlilixj 

Pi<P 2 ....Pt+i ujIU — ?J1 (jl J — (*)” 5 — DUll jl — jocV! iji — ju luLj . R 

4—Lis .n-il’ic. (jjjlijj jt^il i’ujII tdlj 4 _ nljli 1 *■>»» 1 (jc. ^jlslUx Cj.C 2 .. ..Cgj 

■ R ^ (_>^Jtll 

. ^JSLjl! Jjlaull <sU Jjl _jl! ^jllll ia^ill (jjssu 4 (3f“* Ux guHuu 

: (14) Jl2w 

^ i_W-l (jx <iSf 4 ^akj Jjlau <aU (Jiiij (Z,+,.) 'Ujjkjxall jlo&Vl j] 









= Isomorphism of ring — JiUsil - Cj J^aaJl . — — 

JJC i_ijjJa (JpajL^S <ic j jwj II jiaj X {0, i 1 } Ll.urt X jfLlj ‘ l$JA jj^ajc. 

. AJjVl iocVl jA 4 jja 

: (15) Jtu 

jl — m j V <— jj J—k-aJC ^1 jV 4 (JjlVI & jLocI jfLaj 4 (Jii. (JS 

. JiLaJI lift ^3 «.w j j.. .V'C . ^a jLaoJI 

: (5)4^ 

. JUSk j JjiaJ Aila ^_A 4 „,iuj 4_aL 4<aW J£ 

: (19) 4S* jx» 

. Ju^kj JjIaj <al^ ^a 4_pj]al 4a1^. JS 

: OlajJl 

. 1 -_.i l oA^jll jjuaax !j 0 —j Ia jL^I jajjIj (R,+,.) j£j] 

: jjL jtl\ jA jiVnl ji 4 aj^-j 4iLa. (R,+,.) j! jA jjjlj 
p Ij— a, ja 4 1$j 3 (_>*£*]] Jjla jjc j R jA jL-oll <^jLaj V x j^-oic J£ ( 1 ) 

. 1$j 9 (Jjlaail (Jj15 jjc l$-ia JS 4 R jo i»3 4 jja 

Xj ^ 0 jl—S til 4 Ijjs JjlajD <Jjla jjc j R j« i j> ^-»ic P & 0 <jl£ I j] (2) 
Iaa.Ij fJv P jU 4 R X|.yi ^ P jj£j R <> ju^aic yi * 0j 

: dili Ja.1 j« . R Jsfal Jic yi,Xj jjj*-aj*JI j« 

tp (p(a) < <p(x) jl£ I jj 4 R jA X Jj-aixl! Ja.1 jA jixA (JjSn laj»i31 jj) 
(jaSjtll (JjIs jjc Ijj-ojc x jl5 IaJ a ‘i^aa jjc aIjLjJI SIjLaaII jl) Aj-ulal <lij 
—a!I ‘R jA a juali a JI JAO. JA (Ji^A JjVl Ja JaSJI (jl jVI (JA3 jAil .(R 
X J*-aj*]l <jaj jA jia-a JjVI Ja_> aJI jl jA jfilj ‘(p(a)< Cp(x) j}AaJ l$l=J jo 

Ajli 4 x jSj pJ IjJ Lai . ujjI^taII jj^ja R (Jjl-slll (Jjls jjc x jl£ Ijj 
x,c Ljaji j 4 R (^i jjiol jja LaJ c,b jl t- n^ » 4 x = b.c ajjUS jlSA^b 

: j 4 R ^ jji j jja Lul 


<p(c) < (p(x) , Cp(b) < cp(x) 













J <b jiaj j Aa-lia 


I_I 

‘ '—$J3 J -jiaolU JjU jjc l^la (JS R ^ Aai« *t.ia. jA C,b Q* J£ I jj 

.I^jS J jl-t’iil JjIS JJC. l^ia (JS R ^i^alixl Alio «.l.lA. Liajl jA X (jji l^lUUj 

: c3^ uVi O* 

X[ ^ 0 (jl—s Ijjj 4 R ^—3 Jjlaai] Jjli JJC.J 4 R QA \jj^ajc. p ^ o (jlS |j| 

V P (jl l \— ,» ia j3 lijj i R ^ xi.yi P cj i * R i>« yj ^ Oj 

p,a jUJ jli-yij Ajji i ^ i (P,ai) = 1 uji ‘ R ^ Xj ^ 

• U R U-o 

1 = a.xj + p.P 

: UJ% 

yi - yi.oc.x, + yi.p.P 

R u—“ Zi (j£j—!j jlaJ jS-sj Ajji 4 R ^ xi.yi el-iaJI P J Loj 

; J Ai*j 4 Xj.yi = P.Z, : JjSj (. ’’n-vi 

y, = (a.z, + p.y,).p 

• R ^ yi P ji ^ tiyjj 

: Field of Quotients f—lj&li Jhk (5-3) 

4 Aajl-Jl A -aiHil AjilaJ! Jc. (Jia. ,^Lu] 4 La A-atj AaLa. (R 5 + ? .) (jSal 

: O^J 

X = {(r,u): r€R, ueR ; u * 0} 

: = mA X Jc- 4_i*>i]j 

(r,u) = (s,v) o r.v = s.u 

• X Jc. yal£j aIvI& ( JIoj) JSJjj = aJDUJI ^jt V_$t tlmilj 

Aj*i.lS*jl = 2 JDL 1 ! J J\ . x (r',u) ‘ (r',u) = (r',u) J <. ^al jit <> 

. (reflexive) 

jjSj (iUijj 4 y. r - u.s : a\i ‘ r.v = s.u jli 4 (r,u) = (s,v) 6 ^ 
















Isomorphism of ring — JjUsJ' - bJiiJl = 

J—J o—° ‘ (symmetric) = a£>U1I J J\ <(s,v) = (r,u) 

. (r,u), (s,v)eX 

. Aj'it' a = jjl * 1 jJaJ 

•• UJ^ ‘ x 6- (r,u), (s,v) , (t,w) 

(r,u) = (s,v) <=> r.v = s.u 
(s,v) = (t,w) <=> s.w = v.t 

: i (R,+,.) (jl Loj 


r.v.w = (s.u).w = u (s.w) = u.t.v 

t li&j i r.w = t.u lipJ ‘ (R,+,.) <^a v 0 <J Ujj 

. transitive = S£>U]I jj) . (r,u) = (t,w) J 
. X ^jlc. ystSj aa>Lc. ^ = 4 a)L*JI (jl 3^ l-a-a 

‘ X <^a (r,u) £jj <J £1 [(r,u)] >jlb = Uil > y\ 

• [(r,u)] = r/u k J 

: (jb jSij i i_jjjJailj ^jjLiC. <—aj*j J 

[(r,u)]= [(s,v)] o (r,u) = (s,v) 

: (a^\) ^StHI J^b j 


— = — or.v = s.u (1) 

u v 


i ij) t?l • X i> (r,u) ^ [(r,u)] jslSjII Jjj-os ax.^- >- o Q 3^4! 
Q = j — :r,uGR,u^o| 

: JiiSb Q (.) i—jjjJallj (+) ^-aaJI ^jjIxc. (jVl c_ 

r s r.v + s.u r s r.s 

-1- 

U V 


U. V 


U V 


u.v 












=s=^=== Sjjki j i»JA« " 

o' </' • u.v * 0 oj—a v^Oju^Oji 3—«tj 5_ak (R,+,.) di jl£ I <J j 

r.s _,~v r.v + s.u ^ 

. -GQ cdhSj i-EQ 

u.v u.v 

• O^J«) <—iijo* 3 l' ' 31 ma> qI*u 1 ^& (•) i_J 0 J “‘ a "j *_ M J oV' O^O^ 

: J j ‘ s/v = s'/v' j r/u = r'/u' Ji 


r'v' + s'u' rv + su 


: J ^Ailj • (( 1 ) 3£>UI o*) sv' = s'v , ru' = r'u Upl 
u.v (r' v' + s' u') = u'v'(rv + su) 

: Upl 

u.v (r'v' + s'u') = (r'u) v v' + (s' v) u u' 

= ru'vv' + sv'uu' = u'v'(rv + su) 

. lOai (—sjjjiull Aiut^ ujjJall AjlaC- o' ^->Luj (jS-oJ ‘ ' g ■ -«*' iSjjULi 

(j Lrtj ' “ l " V 1 O ’ j^-uLoC £uo Q ^jl O^OM 4 3_JLill 

• (R,+,.) <-aU31 (Jiij (JiaJl Iaa sjlc- 4 (JSUu 

: ( 20 ) 

• (JSjij l^ulc. SjjjtAll ^oaj' (^iiLaC. Q 4c. ^' 1 

: t)L»jJl 

• Q 4_ix_ui^J “OLa C. J j^ya ( jtojjl 

: ojj ‘ yfltUbj 4 r/u,s/v,t/w£Q o^ 

L + (~ + _Ll - — + ( s - w + t - v ^| _ r(v.w) + (s.w + t.v).u 
u Lv w J u ^ v.w ) u(v.w) 

(r.v4-s.u)w + t.u.v fr.v + s.u^j ^ t (r s^j t 

(u.v)w ^ U.V J W VU vj w 







' ■ ===! Isomorphism of ring - JJUsil - CJliJl J-Aii' = — —= 

jj__£xJ 4 lx£ . LjaJ Q lg AjxJx^J i_)JjJall A (jl CL mj 4 mftj Ai^ialljj 
J 4 . (jtiJIj_a) (jljjixC Q i—ljjJallj ^x-sl l ^JjLaC. (jl (jx jStill 

(_)aij&jtxil 3 A —f/u (j \_3 * a x-^ll AjIxji] A '...'ill i .JjLxxll jj-alxjl jA [0,u] = — 

u 

. 3-JI ajI <JSLij (Q,+) u,l® 4 (^Jlxlbj 4 r/u jx-aixil ^oJI 

: d* ‘ Q i> s/v JSJ 

r s _ r.s _ s 
r v r.v v 

. c_ijjJa]l axLuJ a v.i'JLs ju l^xll r/r <jji 4 ^llxlLj 

. £X^JI AjixC. ^Ic. jjJJ 1—131^*1 II Ajlx& (jl AI^JLuJ (ja^rill (j£xj 

* 

< r/u (EQ uj—* aiiliilj «r t 4 0 <jj^j9 ‘Q (jx i^d L ^ a I j^c. r/u (jSJ 

: uji ‘ 

r u_r.u_r.u_j 
u r u.r r.u 

. (r/u = u/r (jli t*Uil 4 jjUxII j*x»i*]l ja (jli 4 r.u ^ 0 jl Luj 

r.u 

• Jto. (Q,+,.) jli 4 I j^Aj 

. .IjLvxJ Ajll.lj) Ailaa (Q,+,.) (jl (3iu Lax gJUuLxj 
. 0 jjakxII AilaJI i—i^xj 4 ^)xxll AjAjax (jl (JjS 

: cAijrf 

OJJ—aix (R',+,.) A — aLJI (jl Jj— Sj 4 La (jJJ^ (R',+,*)j (R,+,.) U&1 
A_ikJI JSI_*ia R (jx Ajjja. Aik c>Vj lit 4 (R,+,.) AakJI Imbedded 

• (R',+,0 

: Embedding theorem (21) >«JI iifcjx* 

. 1 3 xml ji (Jiao Ia jxC (j 5 Laj Axlj A&la. (J 2 








: OlajJl 

I (j jiWill UjjC. lit J 1 3 fl.nl j3 (Jk (F,+,.) (j£jlj ‘kilo Alla. (R,+,.) dul£ lit 

: Jiilb^R->F 

*P (r') = r/1 ; r'GR [r,l] = r/1 

: (JSLiu 'P (jkajll (jl t'\y\\ 

*P(r + s) = (r + s)/l = r/1 + s/1 = 'P(r) + ^(s) 

'F(r.s) = (r.s)/l = r/1 .s/1 = *P(r) .'F(s) 

. V P jjkajll (jil 

: *P (jl diAllj 

. *P a ti ^inlbj * r = s J* r/1 = s/1 J J T(r) = 'P(s) (jk kj 

. ('P jj-LiLill ^ (illi gQ!) *P (jl k£ 

. R = T(R) = F jl k* g f’ifuA i 
: (16) jDu 

Ajj— uull j|j— cVt <Jk jli 4 A- 4 ksi\\ .il.ic.YI Aik. (Z,+,.) Aikll dulS, Ijl 

• (Z,+,.) Aikll jail Jk jA (Q,+,.) 

; ( 2 ) Aik-*^ 

• Ajllill Aljklj jjjbla ^P j^ukill (jl (jl*_^J (jkj 4 __)x_)ll kS 

<—& u— a j ‘ v|/(a) = — jli ( (JIjIIjj * ^(a) -0 jk aGKer 'P <jlil 

1 

4 Ker 'P = {o} (jl^4y = Y=>a = 0 ojSj yJUlbj 4 \|/(a) = y ajjIj 

. (jjUla 'P (J ij\ 

: (3) 

i aJUII Ajuj-alU Q r/u (J£ ajIIS i jkj 











Isomorphism of ring — JlUJ' - dJlill 


r _ r 1 _ r 

u 1 u 1 


rir 1 


= r.u 1 ; r G R , u G R* 


jj-a ic <J£ <£jlka jSLaj <jli i i 1$ jik ^i ^**3 <Lalj <ak <J£ jS/ 

J—k (j—a kija. (R,+,.) (jl jfi»j < Q (ji a /1 aj jja-a ^-o aGR 

• (Q> + v) A^'j 5 
: (6)4^ 

J3a <_£ ja.ixa R ^jaj (F,+,.) jlSJj ‘ <Jk jj ‘ kti 4ik (R,+,.) jSjl 

. lg-ajj j 3 

: OUjJl 

ji Lajj t r,uGF jli c dllil t u * Oj r,uGR jli t ^JlaiLij 4 r.u' 1 GQ j£J 
j]—a t 4 r.u 1 GF jli 4 Ij^aj 4 u 1 GF jj] 4 ^jL ^> jjc. j», ^ic - u 

- F r> Q 

: (17) JU* 


(F',+,.) j (F,+,.) jl*j 4 jjlalj juiA (R',+,.)j (R,+,.) jl£ 'jj 

JSLSj .iajJ ij^uc. 4 R' (jli R j,a 'F jk Ijjj 4 (-jijjjll (jlc- La^-ajoiljS 

. *F ^ jLaj R ^Jc. cp (jjkull (restriction) ^ <j& Aw F' <^1 F j« cp 

: JSjilU cp : F- > F ( (jjAlll 

cpCa.b' 1 ) - *F(a). ^(b' 1 ) ; a.b''GF 

• ¥(b) JSLii vf j b * 0 J Lu 

4 a.b'* = c.d ' 1 (_>isj 3 j ‘ <illi Jai o* ‘ AjjAI j**^. cp jjAiH jl 4 Vjl dmil 
: J Ik j 4 'F(a.d) = ^(c.b) jli ‘ • a.d = c.b jli 4 yJtilljj 

'F(a). ¥(d) = ¥( 0 ). 'F(b) 

: 












'P(a).('P(b))'=4'(c).('P(d))- 1 


<p(a.b -1 ) = (pfc.d" 1 ) 



. C-L J*JiA (JxoA, Cp 

' * 

• ^LSlLuU Cp 


: tjjlj i iiiie. * a.b -1 , c.d' 1 GF o^ '^1 -1 
cp(a.b _1 + c.d -1 ) = cp[(a.d + c.b) (fr'-d' 1 )] = cp[(a.d + b.c) (d.b)' 1 ] 
= T (a.d + b.c) ( v F(d.b))" 1 
- ('P(a). 'P(d) + 'F(b). 'P(c)) + (^(d). ^(b))' 1 
= (^(a).(^(b))-' + 'F(c) (^(d))- 1 


= cp(a.b _1 ) + cp(c.d _1 ) 

cp[(a.b _1 ) (c.d’ 1 )] - cp[(a.c (bd)' 1 ] = ¥(ac) ['F(bd)] 1 -2 

= 'F(a) 'F(c) (^(b) ^(d))’ 1 
= ¥(a) V(c) (T(d))* 1 ('F(b))' 1 
= CF(a). ('F(b)) 1 . 'F(c) .('F(d))- 1 


= cp(a.b''). cp(c.d' ! ) 


c 

. cp o' ^nVuni 

. jjblo (p J\ (jVt jA jfil 


4 ^(a) = 0j^ 'F(a). (TCb))' 1 = 0 J Ijaj »cpla.b’ 1 ) = 0 jSJ 
cp jl ‘ a.b 1 = 0 o' cs' a = 0 jij t ojbio 'R o' buj ( b t 1 0 jV 


. (jAiLo 

. (JoLi Cp o' 'jsP^ difiil 


aGR j*— il ^i d ^ 0 j c ,dGR' o' ^ c d 1 GF / o^ 
‘C d’ 1 = cp(a b' 1 ) o]i tv Mjj . 'F(b) = d , 'F(a) = co^^bGR*j 

. (JxLii cp J (^1 

• F = F f o' cjf" 1 bax 











5 55 Isomorphism of ring — Jilaal — dJu)l J-jaiit = 

Jacobsom Basis & Ideal radical j>uu£lsi qAjJi (6-3) 

^_ 3 (3 _ /najll) 3jjLuijil ujUllall ^ 10 . ^lalsj 1 ^a xjii 4 La (R s + ? .) jSj] 

. J(R) — J ajlc. 4l ja^)jj ( R 4llall jjiai^ls R 4.51a.,II 

I jl i A -jl La£ t R (^i 3jjLuJ Ajllja J(R) jli ( 3jlja tllLSlia jl Laj 

. J(R) ^ R jli ‘ R ^ 0 jl£ 

4_llail ^jVl O-L-Vu a (R,+,.) 3ILJI ^ 4jjVl CjUllall £Jaa. ^ 

^-Llaj jl LaJ . R 4jilaJI jja. 4 ja , , hi jl i Y2L(1 (R) — } ftjlc <J ja^jjj a(R 5 +,.) 

•R ^ LjojI 4JLLa ^a rad (R) jli t 3jlliLe ^a R 3jlaJI cjUUjaII ja &_^ial 

djl—jA^}Xa]l <J5I a. j—a < 4 j]LLq jja.j jjmftla. (jaLuil (_ya\ 3 a. (_yajL J 4 jVI j»-is3 

: aJUI 

: (22) 

; 4jil£la 3_Jtj]| .LjjJJI jjAic- 4 (R,+,.) 3ilaJI ja La I Jj^-alC- x jl£ 1 j] 

* 

• xeJ(R) (1) 

. R 4ilaJI ^i jLuull ja jjjiSxll Jjli mic - 1 — y.x jl 4 y£R (Jsl (2) 

: Olajjl 

(2) <= (1) 

^—a 3 —Jualic-Vl 3jjLaj]l ClLillall £laa. J] ^j-alu X jli 4 XGJ(R) jl LaJ 
I jl—3 4 XGl jl Laj 4 R 4ilaJI A jahf.l AjjlauJ 4jllja I jSLd . R AalaJI 

1 - y.x 4 iaj < 1 - y.x£I jli ^l3iLj 4 y.xGl jj£j R j- y jSi j j^c- 

. R 4alail ^i jLajll ja (j.&all jjl3 
(1) <= (2) 

Ljja. R K jSjij 4J/jiC-l 4jjLjJ Ajllja jl 4 (j u£ . «J l 

jj— Jaj yo jSj —3j R ja Ji /Vlft . .ia,jJ ^tjiljj 4 K + R.x — R 4iaj 1 x^K 











jLuull (j-a (jjitU JjIS jjc l-y 0 .x ji <Vv»ii (ji U5 (jjjj iiAj ‘1-yo-XEK LjjSj 
J] ^A±n X (j^ ‘ XEK j)i l^Aj ‘ R 

• XEj(R) (jjl 4 R ^3 4j A )nrJ^\ AjjluiJI CLlUlllall £.1*^. 

j^\ fjUi] j (_£ jail A <aj Sc. jn-ii'njl jyj AiC/ladi AjILII Aj&^jjyai! i-. a ^^-i 

. (R,+,.) Cala is 

: (23) kAjx. 

: ASslSla Ajlljdi Jajiiic. 4 (R,+,.) AaiaJI qa La I Ja* aiC- X (jS-J 

4 

. xErad (R) (1) 

. ^3C. X ^ nn'utl ) (2) 

: OUjJi 

(2) <= (1) 

~ ■ -all IgjAjiluijJ AjUjII Aa^iill .l-yu ulj 4 (5jSJi fJ-iC. (jaJ x <jl (_y= jiil 

4 (jjall (jajJ Ijjuoic. xER (jl£ iiij 4 La Asia. (R,+ >t ) tlulS lil : ^^La*ll 
P Ajiji a jtl* ii . w jJ . a _)juaU*JI V Aj3jI -^Lu R A aWti ^3 ,1a jU - >N| 

(jj—S jjial—jj li&j ‘ xErad (R) o)* ‘ x£P tlaa t R 5ilaJI ^3 

. R ^3 A-dj^i ujUliull £lAa g-ALj x 

. (_S jail ^JlC X Jjwx’udl (ji ^ Lm g nma'l 

(1) <= (2) 

l x" = 0 jjSL 4 *!« *■ ; N (j-a n Aa .J jj * (_5 jail j.l*-e R <j^ jj^aJC. X (jl ^ 
AjllLall ^ji LaJj ( x”£P jjSL ^llic. 4 (R,+,.) Aiilali ^3 A_Jj! Ai5LLa P (jl£ lit 

till. ,21* oil £_ J-a-N. jjJJ AXM x j4«Vl«ll (ji JjfkU Li-a g l VL ll 'l . XEP (jii Ajl^ji P 

. xErad (R) jj] 4 R aJjVi 

: (7) ^nj 

vis jjSj xErad (R) J<va‘ir. <JS (Jal jj-e ijlic tLa Alla (R,+,.) CLulS lit 

4 

. R AslaJI ^3 fjj S xll JjlS 1 + Xj 1 — X (jJJavaiaJI (j-» 












—. -■= Isomorphism of ring — JjUsJi — tiJliil J-aii' . — 

: (24) 

I a AjilUl LLjaslI jj-lic. t La (R,+,.) Cjjlfi I jl 
. R SiLaJI ^3 <m*j Ajllia J(R) (1) 

. R Aakll j ULLa J(R) (2) 

. R aSLJI ^ 0 Sm^ 0?lS 1 — a jli ‘ ae J(R) JS1 (3) 

<Jjla i 1-a jla ‘ aEJ(R) ia_>iII (jaaj R AJUa jj£I J(R) (4) 

.R 

a—£*15 JJS 1 - y.x oi* ‘ yeR JSJ * U) J-Ssj « lj) xEJ(R) (5) 

. R AilaJI ^ 

. R AiLaJI ^ AxaiacVl Ajn.njll CjUUlall ^ua> ^JalSj J(R) (6) 

: OlAjJl 

i rEj(R) (j£4 . R AjjLotl Ajllia J(R) jl t J(R) l. U,*a> 

iR A—alaJI ^3 jLuoll £y* (J4S 1-t.r (jpl tER (j£l t ejoi-Vl (_1^ AjA^oSi 
: (jl ^-J] c$jy —j li_Aj t u.(l— t.r) = 1 t *i j>j R a—»u ^tilLj 

. u = 1 + u.t.r 


: J 3 

(1+ r.u.t) (1 - r.t) = 1 - r.t + r.u.t - r.u.t.r.t 
= 1 + r.u.t - r (1 + u.t.r) .t 
= 1 + r.u.t - r.u.t = 1 

. jLju 31 iJjla 1 —r.t ^)»,<V'.».]I (jl laAj 

• r.tEJ(R) (ji (j& ji4 

t l-(a.r)t <j c —a i tER J£1 1 ^UlUj t a.rEJ(R) jla t aER jt£ U Ibal 
A-Laj i jLjuII (j* (__>4iS*I3 (JjU 1-a (r t) ^loILj t R ^a jLuull j^a (ju £ . * il Jjla 









. r.teJ(R) 

. R AjilaJI A jn^i AilLLa J(R) jl (jjjoa Laa ^ rAnmi 

. Allr^-a (2) ji ^3kj (1) jaj 4_iuj*jJI ja (2) 

R 3—SlaJI jLoul! ja (jjS*S1 (JjIS 1-a jli ‘ aGJ(R) jSal (3) 

4 u - u.a = 1 j l?! ‘ u (1-a) = 1 i*' r»j iRu*u >-»j& .i^jj ^blbj 
ji- autt . l l 4 ^LiJbj 4 1-U = -U.aGj(R) jb 1 R ^ilaJI Ajiba J(R) jl buj 
4 R ja v juaic. Jjaaj ^jJI (_£.2jJ lj*j 4 jluiJ! ja (j-£L*ll (Jab 4 l-(l-ll) = U 

: j' <J\ 4 v.u = 1 bipu 

v = v.l = v.u(l -a)= 1 - a 

jj] 4 jJ—ajll ja (jaSudJ (JjIS jjuaiC. 1-a jl jl 4 (l-a).U = 1 jb 4 ^blbj 

. R (jaSxll JjIs 1-a j*.^.'<xll 

ja b JSi 4 R ^ (jaSutll (Jjla 1 — b UJJAJ 4 R AiiaJI ^ Allba K jSul (4) 

. KcJ(R) jl b^ulj 4 R 

<ja£L*Jl JAa 1-r.a jb ‘ ^blbj ‘ r.aGK jjSj rGR LA.bc. 4 aGK j%l 
4 aeJ(R) jj] 4 R AilaJI jUJ! ja (ja S jtll (JA3 1-r.a 3 ^l ‘R ^ 

. K c J(R) jj] 

<- r iuta.j 4 y.xGJ(R) jjfb R j-a y j - a 'x . JSJ Aib 4 xGJ(R) jLS |jj (5) 
ojaiba (jaSiJ t .il jlAjJ jl .R AjilaJI Jj.i^all (Jjlfl 1-y.X jjSu (3) Jajall 

.eJjii-Vl (_Jj 3 AjA jxoll (ja 

.ASjbull <Jj3 AjA jial! j-aj ASjb-ill JajjJill j-e s j-iba (ju-Sball Jaj-ill (6) 

t jOUflil UHj*J 

. R A_iiaJt ^_S AljLuJ Allba I du\£ I jl j 4 La AaLa. (R,+,.) jSjl 

AjlllLa Ajl (Ja.1 ja ! ^ibll Jaj-ill jbb I jl 4 R A^laJI ^3 jai—<a L^j| 1 jc (Jjij 

. J = RjbJ + I = R 4 *U-> ) R ja J jSaij j ji.1 (Amaj) AjjLulS 












Isomorphism of ring - JiUsll - d-StiJl J 


4 — Ajjik«all «uH!Lall (R,+,.) Aiia, AjI ^k AjI £tljj 4 (JjLJ! 1 ajj*"^' ^y, 

• R AllaJI ^k 


: ^ U jUjj (j^oj 

^— a (uj' uA^* JJ I i)j 4 Lo Aik. (R,+,.) tlul£ Ijj 

: jla 4 R Aikll 


. R A <i\-vH jjjub« I + J (ajjjaiII) AjjLouSI 4ai\jull -1 

til—JA. R 4—skil ^ [‘\ n i. nJ j AjjkiJ A_ll\ix Kj R t^k Jjlij-a I tlulS lit -2 

. R AiisJ ^k jiiu^> K U^jc. iKcI 
. R Aikll ^k JJ* J^a AjjL*J Ajlli* J(R) ~3 

JJ*j-<a F ^A m^aill) AjjLkl A-lIlfLal) jj£j ^£S ^il£il j jlUl JajJill -4 

. F c J(R) jjSj J jA 

. R AikJ! joixo ( au\a\ ) ajjIuu aJ\!Lo jjSI J(R) j) -5 

: (25) 4jAja* 

: La <3^-L Aaic 4 Ijxlc. !il£Llj cp : r-> S tiulS iil 

9(0 uj^ ‘ (R,+,*) ^Skll 4 / ijjiu-a (<Aw) I 3 (1) 

. (S,+,.) AilaJI 1 J jju^a ^A/ibajj AjjLuJ AaJlio 

<p (j(R)) c J(S) (2) 

: 01 ajJ\ 

jAjjdlj cp (I) + J = S t* n.Tt-i (S,+,») Aikll ^gk AjjLou AjIIjx J <jl£ I jj -1 

. I + (p-’(J) = Rj 


<_i-j <p(r) G S = <p(I) + J jj— i 4 —jJLj 4 R A akJI jx I j, ^>\et f j£jJ 

<j-j cp(r - y) = x jla 4 4 I j* yj J j* x tlip. cp(r) = cp(y) + x 

3 '— cjj . R c cp '(J) + I a — iaj 4 rGcp‘'(J) + I jl <J\ 4 r - yG(p _1 (J) 









.1 + (p-’CO = R jli * cp'’(J) + IcR 
J i/ (p'‘(J) = R jU t (R,+,.) J1 1 I a_JHJ J I--. 
<^—9 Ijj*— j-«a cp(I) 3 jjLuu 3( 3a!l!LiJI tS = J(jl(jt4S = (p(R) c J 

. (S,+,.) 4iLJ! 


jyall^ (JjVI JajJol! L.Un-> J t R j\* L^> J(R) Aj jLwull Ajlljuall (j] -2 

. <p(j(R)) c J(S) oA 











± 9 ajJ] XaU 

Ring of polynomials 



Ring of polynomials - ijJJ-l CJtjlS' iilp- — 


i_i 

^11 

Ring of polynomials 


4 1 frllfc ^jdlULwilj i -j ^i l a p .La <La.^a]| 1 '<...ji 

CjI j_uSl J_al£al! j ^liLiVlj J’u-ajVt “Lull jJ i —uj La£ « IfrLlaj <jjia (j^axjj 

t 4 aW {j—a J_4^fillC ^A JijAaJI Cjl jjjS (jl (Jj^asll IJA ^2 (jn'waj . 

. 4 aWll a-i$J jiJl (_yaau (jjj-li**j 


. ULu j Ualiijt <*jt jll lJ l^. CjV-ll*-o JjiaJI tllljJjS <SLx JoJlIjJ 

: Difination’s ^u-L-f ^jaUaj uLjbu ( 1 - 4 ) 

. Jj.}aJI SjjjS io i c [5 jlall Vjt jSij 

: j Ai^jLja P ; R-»R t JSLill (j^ <11.} ^a 4 j^wH ijaiS 

P n (x) = ao + ai x + a 2 x 2 +.+ a„ x n + ... 

4 aj <—DLal—* jJIj x Jj—aa-all j! cj— . P n (x) = ^a^x' J£—_»ilL jl 

1=0 

. ajSjaII jIjicVi <sC 4 *ij~ >. C J] j! R <^1] ^ - ain i — 0,1,2,...,n 

^j]| jj 5juIjlL#31j Igjc. j-Uaull jjSLaJ 4 a j2i£ (jl (_£^>j 4 (^jIaJI j g fl x il l (j* 

•( (ao,ai,...,a n ,...) : (ciMxUtJt <La. ^a 


R SjLiaJl jI^c.S/1 <Cj^t (j S. "'< (jlj 4 } j a jjj£ jsj^La aJi*. ~H.i 

. La <lla-) 


: (JSuJill (j a Ajlljia (J£ ^axaj 4 O —J Ia^L^sJ j-a^ilj 4 La 4 a 1^ (R,+,«) (jSjl 

P — (^n) — .,3n,...-) 

• i = 0,1,2,...,n JaJ 0** &iu' 














(J J&j — 

^ 1 c Aj-W o^).u5Lj t <LojA*-o ; j^jax-q A^, ^)-o \&Ai 4 _ill jIaII AjA^. (jl duskj 

. ^AjLiaJl aIac-VI j?^*a R jlliA Aj^aSj V) (R,+,*) ^ILJI 

<^a—«5 P jl —3 4 Ijliwai i = 0,1,...,n o' *— a i Clul£ lil 

. P(x) — 0 j 4 (R,+,.) 4aIaJI j^ylc. AjjL^a JjOa. a 

^jl —ulj a n J— »\ju> jl£ I j) (Monit polynomial) aj^. 1 j Sji& 

aj_ jjS» Laiu 44 -iii.)j Cim-J P 3 (x) — 2x 3 - 4x + 5 Jj-iaJI a jjj£ ili^a . .iiJjll 

. 4jJcJ J Jj-i*. ljx£ p 7 (x) = x 7 - 6 x 3 + x - 1 : jj^aJI 

4 Jjai Ijjli 4 (R,+,.) 4SLJI (^1c. jjia. Q = (b n ) jP = (a n) CulS lil 

. n = 0,1,2,... J£1 4 a n = b n jl£ lit 4 P - Q jl 

0 j_jj£ p = (a n ) ^ 0 jfL— 1 J 4 0 —J Ia jiwal jjt 1 jilj 4 La Aalci. (R,+,.) j£j] 

Ijjli 4 a n ^ 0 jj^j Aljki j^ ^j£l n jt£ I jl 4 R aI I-^1 1 

* 

Sjlfr ^-a^ . deg P n (x) = n —j 411 ji j-jjj 4 P jjiJI sjiS 4^.jjj n 

. JjjaJI ajiS OvLbIxaj ao,a],...,a n j‘ <-i l 'i»" 
. -00 jLuJ ^ jL^-ill JJiail a 4i.j.} jl jLu&l (_ s l c - ‘ ‘’■&G- 4 ^Ui . ^x j 

:4jl\jll (R,+,.) 451aJI p 4& jaa^ail ( _ f lc (-Jjjjallj £-a^JI ^jjLc . j^l 4_ijail 
P= {f=(a 0 ,a 1 ,...,a n ,...); ajER} 

: JSM j£ailL 

f + g = (an) + (bn) = (a n + b n ) 

f-g = (an)-(bn) = (r n ) ; r n = X a i- b j 

i + j=n 

n = 0,1,2,..., g = (b n ), f = (a n ) : JS1 

: ( 1 ) 


4 0 J 1 A-^Q . ^,1 ja^\j ^1 jib JjLi-all Ia^ h-ii C.) jjl ^aj 4jd^ (R, “!“,•) 

Jjj aJI a J_u£ J R 4-ILJ I j —a a J — -aic. jj—j (jj—2 V <jl ‘ 

j ‘QIC. 4 X >jJ!—J (0,1,0,..,0,..) JjiAl ejJL&l Ljaj Ijjj 4 (a,0,0,..,0,..) 

is 












Ring of polynomials - .sjAi-1 oljjsS" Siis- - ^St 


x 2 = (0,0,1,0,...,0,...) 

x 3 = ( 0 , 0 , 0 ,l, 0 ,..., 0 ,...) 


: d£i 


_3 tiall— .» 


Ijj _& t d _* bl 


. n * t JSl x* = (c' n ) ; c| = l,c' n = 0 

Construct the ring of polynomials JjJaJI CiIjjjS &la. f'U j (I) AJAjoa 

4 R AslxSI t _ 5 iC' Jj-laJI 4 jIjjj£ Afcj^au S t La Aal^. (R,+,.) (jful 
: jSLilL S Ac. ja^aII (jiiajjw jjlutjj (jjljjja. (jAuioc. A ,★ dijlS lijj 


(a n ) ^(bn) (a n + b n ) 


‘ S <> (b n ),(a n ) J£1 


(a n ) A (b n ) = (r n ) ; r n = Ja^ , n = 0,1,2,... 

i+j=n 

: La fjfia. 2> ij-ljc. 

(S,-*,A) AiLJI u.b ^ (R,+,.) yiaJI bjj 4 ^ (S,^,A) (1 

, LuisJ A3 

. Ljaji A^olj AaLk. (S,^,A) L)p ‘ 4-®1 j 4£b- (R>+,») til (2 

: OlajJl 

0 j..V, .-vll jA -uIaaII 4 Aallijl e_jA_j (S, - ^) (jl ^aa»Ij!I t> ( 1 ) 

j-a -a n <j' ^ (-an) j* (a n ) S (Jja _jA-aic (^1 ^aj ^v» . A j 4 (_gi «-»tl 

. ("I") ^AaJI AjIax] AxuiiStj R a n (Jjij^xa 

. S jA^tic. Jc AaxjAaj A 4 jSax. 1I ^jl 
: U*Ajaj lilj 4 S t> >-3Uc 4 jX (c n ),(b n ),(a n ) lil 
(an) A [(b n ) A (c„)] = [(a n ) A (b n )] A (c n ) 

(an) A (c n ) = (w„) & (a n ) A (w„) = (u n ) 

: lijal (j jSj 4 n > 0 ^rj*v>«*» .lie (J£ (J^l L>^ * ijAic. 












Jj oUii-l 3u Jai j JUJi> 


u n = = Z a rf I b r c kl 

i+q=n i+q=n \J+k=q y 

= I Za j .(b j .c k )= X Z a i- b j- c k 

i+q=n j+k=q i+q«n j+k=q 

= Z a i-bj .c k 

i+j+k=n 




(r n ) A (c n ) = (v n ) , (a n ) A (b„) = (r n ) 

; Ijjj] oj£j 4 n > 0 .xie tJS a^l (j-« 4 lA^ic. 

/ \ 

v „ = Z r h- C k = £ Z a i- b i - c k 

h+k=n h+k=n \y+j»h y 

= I K^.b^-Ck = £ Z a i-bj.c k 

h+k=n i+j=h h+k=n j+j=h 

= Za.-bj-Ck (2) 

i+j+k=n 

jli 4 n = 0,1,2,... JS 1 4 u n = v n : o' ^ (2)j (1) ujjSXJ' o- 

• i) l/| ‘(u n ) — (v n ) 


(a n ) A (w n ) = (r n ) A (c n ) 


• Ojfe 4jaj 


(a n ) A [(b n ) A (c n )] = [(a n ) A (b n )] A (c n ) 

• yr^ (5*^ ‘ tfl ' (j*j^ 

_jl£ til : 4_ 'H 4 liltij 4 £jjjjlt La^JuJ Lua jUaiJ JJ A, ^ (jt 1jlaa . l t 

: I jx ja j lit j 4 S (ja OL (c n ),(b n ),(a n ) 
(a„) A [(b n ) A (c n )] = (a n ) A (b n + c n ) = (S n ) 

(a n ) A (b n ) = (r„) , (an) A (c n ) = (t n ) 

: <jj£j ( II — 0 up J.SE. JS jJ (ja (jjfkJ 
s „ = + Ka^+a.-Cj) 







=== Ring of polynomials - ot ji£ «Jb- - £il j!l J-aiJl ■ .. 5 1 5 

= Z a i- b j+ IXs =r n +t n 

i+j=n i+j=n 

(Sn) ~ 0 "n "*■ tn) : OJ^i 

(Sn) = (r n )^(t n ) -3J 

: jjSj Ai«j 

(a n ) A [(b n ) *(c n )] = [(a n ) A (b n )] ★ [(a n ) A (c n )] 

• lM j£Loj ‘ 

[(bn)^(Cn)] A (a n ) = [(b n ) A (a„)]*[(c n ) A (a n )] 

. (S,*-,A) : (_jl LfeO ^SJlI UjU 

6 1 —J ljj-cj lijj 4 Jjla-aJ iila. (R,+,.) <jl (2) 

^n ^ 0 , Io = 1 , I n = 0 : 3 (In) jp 

. (S,*,A) aiaJ 

. A-Jj Asia. (R,+,.) 3 l-dc ‘ ala, (S,^,A) jl i jVI (3) 

. jA^iilj 4 A?' ^ A ! (S,"fc,A) 3 •" Ija jj 

: i (S,^,A) akil j* U (b n ),(a n ) jSJ 

(a n ) A (b„) = (r n ) , (b„) A (a n ) = (r'n) 

I Il> 0 .lie. J£] 4 jj£j lAiie 

r n = I a i-bj= Ibj.a^r' 
i+j=n i+j=n 

■ 3 <3 ‘ ( r n) = (r'n) Up t^L, 

(a n ) A (b n ) = (b„) A (a n ) 

. jLflll fJjS Lfj* V (S,*,A) akJI J jVl jA>1 
' jjj ‘(S,^,A) aLJI j-* L> jjj*-oie P = (d n ) ^ 0 , q = (h n ) * 0 jl u^ajiu 

: jl liUajj 


jj_Sj Uoie 4(h n ) A (d n ) = (gn) ijj j *deg P = m 2 , deg q = m. 







: liiol 


d m 2 ^ 0 , h mi ^ 0 


: (j_& gr^Pj 

h m ,- d m 2 ^0 =>gm 1+ m 2 ^0 

P A q 5* 0 : (jpi 

. 4-#Ij (S,*,A) tjl Ljaui La-a gjjjiuj 

: (2) ilAjf- 

g = (v n ) ^ 0,f = (u n ) 9^ 0 (jL£ lijj iALLall 4jA_)fdl (JjLfUajS <j* SjliifcuVlj 
4 deg u n = ni , deg v n = n 2 J >^]j ‘ R J* Aj^ 

: up 

: (j jSj <jl ji t 4j jii-a J j.la. » jjj£ j j£j (ji Lai f A g -1 
deg(f A g) < ri! + n 2 

J j-a ‘ deg(f A g) = ni + n 2 : oj -& ^ f j^ 1 -^u^' -2 

• u n] .v n2 *0 j_& 

; 01*jJ' 

: M u_& (u n ) A (v n ) = (w n ) (1) 

W n 1 + n 2 =U n,-V n2 ( 1 ) 

: jU 4 n > ni + n 2 jt£ Iijj 

W n = 0 (2) 

: J o=U ojjLUI (jiiaOUJI j-9 u n) . v n2 * 0 0^ li P 


deg(f A g) = ni + n 2 

I (jjSL (j! Lai 4jl t ivj (2)j (1) (jJjSLdl (j-aS ( VI ,V n = 0 (jt£ lit Lai 
f A g = 0 ji deg(f A g) < ni + n 2 







‘ w n,+n 2 * 0 : 4-4* ‘ deg(f A g) = ni + n 2 J ( 2 ) 


J ^ (1) a£U1I <> 


V V n 2 *° 


:J (2)j (1) y* 4jli t u nj .v n2 =£ 0 jt£ lit Cj 2& <j&^ 


deg(f A g) = ni + n 2 


: (3) AaAjfa 


CjI \ j£ JS ^ K iijj 4 aajLuJI dj\_Xija^a ^j-o fu mV\j 

i tJSLitll (3 -0 ^ 

(a,0,0,.--,0,...) ; aeR 

. (S,^,A) AikJ (j4 Ajj ja. Aik. (]£.,★,A) (1) : jli 

(R,+,.) = (K,^,A) (2) 

: OlajJ\ 

: Uaic 4 (R,+,.) AikJ) yo U b,a (1) 

(a,0,...,0,...)A(b,0,...,0,...) = (a.b,0,0,...A...)eK 
(aA...A...)^[<b, 0 ,..., 0 ,...)]=(a, 0 ,..., 0 ,...)^(-b, 0 ,..., 0 ,...) 

= (a-b, 0 , 0 ,---A*--) e K 

A__ikJl j—a A— ±ijs. Aik. (]£.,★,A) 3 ^ ji (j) ^ K C S j 4-kOLuj 

• (S,^,A) 

J£J < <p(x) = (x,0,..,0,..) : JkilL q>: R->K : (2) 

: R i> y,x ‘ ^ u_& <^Wj ‘Ri> x 

cp(x + y) = (x + y, 0 ,.. ., 0 ,...) = (x, 0 ,-A..)^(y, 0 ,..,O v -) 

= q>(x)^cp(y) 

cp(x.y) = (x.y,0,...,0,...) = (x, 0 ,.., 0 v -) A (y, 0 ,.., 0 ,..) 

= cp(x) A tp(y) 











„ JOliii-' <U Jaj (J 2j»Jjb> ... . 5 aB55S 

; IjjliLo (p (jjJaal! (ji (jVI JA jjjl 

: jli 4 (p(x) = (p(y) : jjSj Jjjsu R <> U y,x !i ] 


(x, 0 ,.., 0 ,..) = (y, 0 ,.., 0 ,..) 


• x = y : 


<J—11 z (jli K (ja U I J^ai iC (z,0,...,0,...) <jt£ iij 4 ^ J) LjLa»yb 

cp t 5 _ukill cp(z) = (z, 0 ,..., 0 ,...) : <j) ‘ LuIj ‘ t> R 

. (JaLa 

. (R,+,.) = (K, ★, A) jl J#M. t*a gLiiuU 

R ^^Ic. X i=vl J (Jj^daj JjiaJI dll 4jilaJ ILL, Sijl jll (S,+,«) ^IlaJI 

. R[x] -jS J 
: ( 2 ) 

JS_ilL 4 (S,*,A) AiLJI Je. jLaj*all *-,A jtySliB jlLj^l jtula*ll 

. 4 _i_ijJill iS — 1 c. (+)j (.) jjJajlL U$J Jaji*» 4 aLLJI <ja jiall ijljll 

J_a lilli_£ 4 'Unis Jajlb la$l bjaj jl ^Jia. +,★ J njLwl I jaj JjxojII 1 -isuj 

. 4_iaij Jajlll lagJ lijaj jl (JSsk (•)J A (J jSjL a *! ! (jJJ j n a 'il l (_£jjjdall 

: Evaluation of polynomial 5 jjS' i*J (3) <Jbj»s 

f(x) = ao + aix + a 2 x 2 + ... + a n x n : lijj 4 L> <ak (R,+,.) jSsl 

: i_Siic. Z(R) * _aLJI jSja ja L Ia jfLlj 4 R[x] ^ 0 

I _jiniwll 

f(a) = ao + aja + a 2 a 2 + ... + a n a n 

ijiail S JpS, L«jL 4 f(x) a —j X <j£ Jjiiij 4ilc ( J » <-tVl (Jill J R Ja 

. a <LL1I ^ f(x) 
: (2-4) 

: oi* ‘ g( x ) = b 0 + bix , f(x) = ao + ajx + a 2 x 2 j 1 * J. 








ss=^= Ring of polynomials - «i»l jp Ub- — £jljll - 1 

f(x).g(x) = aobo + (aob| + aib 0 ) x + (a,bi + a 2 b 0 ) x 2 + a 2 bj x 3 

• ao,ai,a 2 ,bo,b] GR J 

. (Z[x],+,.) Cj! jjj£ Aik. L* £jU -2 

(1 - 2x + x 3 ).(2 - x + x 2 ) 

. (Z 3 [x],+,0 iSLJ ^ (x + l) 3 saa ^ 
: Uul (jjlj Z[x] AikJI 

(1 - 2x + x 3 ).(2 - x + x 2 ) = 2 - 5x + 3x 2 - x 4 + x 5 

: jli Z 3 [x] aSLJI ^ U 

(x + l) 3 = x 3 + 3x 2 + 3x + 1 = x 3 + 1 

• Z 3 ^ 3 = 0 uV 

oj— jj£ Lajjj t Ajllill qa f(x) — X — X 2 + 2x 3 Ae jjlS (jj -3 
h(x) = -5 a«J- 2^ boi 4 JjVt g(x) = X + 2 JjAaJ 

• *?• 

(Z 4 [x],+,.) ^L-Skli v —s f 2 (x)^j tf(x) = 1 + 2x U z4 

• deg f(x) + deg f(x)_? deg[f(x).f(x)]j 

(f(x)) 2 = (1 + 2x) (1 + 2x) = 1 + (2+2) x + 2 2 .x = 1 

• Z 4 ^ 4 = 0 jV 

: \jjjJ 

deg [f(x).f(x)] = deg 1 = 0 


deg f(x) + deg f(x) = 1 + 1=2 












deg [f(x).f(x)] * deg f(x) + deg f(x) 

. Aik C i^ul (Z,4[x],+,») jl ( ' lit till j 
4- SlaJl 1^-aaC- 3 til tA jSaS?» 11 jljC-Vl (R, - !",*) (j£i3 

<p a [f(x)] = f(a) .-JiilU i-i j*^\ cp a :R[x]->R J CuSl tZ(R) 

. Uk bl£Ui5 

•' 

f(x) = ao + aix+ .... , g(x) = b 0 + b|X + .... : cM 

: ij-lic. . R[x] (JA J, j^a. ^jjjS 

f(x) + g(x) = (ao + bo) + (ai + bi) x + .... 

: jjSj Ai* 3 

(Pa[f(x) + g(x)] = (ao + b 0 ) + (ai + b,) a + .... 

= (ao + aia+ ...) + (bo + bia+ ....) 

= 9a[f(x)] + cp a [g(x)] 

: J IS 

f(x).g(x) = C() + CjX + C 2 X 2 + C 3 X 3 + .... 

; (JSJJU ^ krj i X k —1 Aiuiilb C k k > Oj C k J£1 J djoa. 


Ck = aob k + ajbk-i + a 2 b k . 2 +.+ a k b 0 

: Uj.il (jjfUs 1 R Alkl! ji a ^jwrm II (jl 

(p a [f(x)].cp a [g(x)] = (ao + aia+a 2 a 2 + ....)• (bo+ b,a+ b 2 a 2 + ....) 

= aob 0 + (aobia + aiabo) + (aoba 2 + aiaba + a 2 a 2 bo) +. 

= aob 0 + (aobj + a ( b 0 ) a + (aob 2 + ajbj + a 2 b 0 ) a 2 +. 

= Co + Ci a + c 2 a 2 + . 

= Cp a [f(x).g(x)] 













Ring of polynomials — a>^-' 0\ji& tel*- — g \jll - ju-; 

. ^Sla. (JSLij (p a (Jjjlaj]! (jl La-a ^rVn.n'i 

g(x) = (x - 1) (x 2 + x + 1) , f(x) = 5 + 4x - 2x 2 + x 3 j£il 4> 

. g(3), f(3) W 1 <■ (Z[x],+,.) S 

f(3) = 5 + 4.3 - 2(3) 2 + (3) 3 = 26 
g(3) = (3 - 1) (3 2 + 3 + 1) = 26 
a JS1 f(a) = 0 J c4 * (Z 6 [x],+,.) iikll ^ f(x) = x 3 - x jSil £7 

. f(a) = a 3 - a = 0 : j_& 4 Z 6 j- a J£1 a 3 = a jl V J 

: ( 1 ) 

* 

.cp a (jj'K'ill oljj jjoic. t l$-La Ij^-ajc a jl£ Ijjj 1 AjJI-ijj <SLa (R,+ ? .) j£j] 

* 

f 

: (jl dua. 


->R 


: aJIjJI <& jo> a l l (3sj ( j.Jr'i cp a :R[x] - 
Ker <p a = {f(x)€R[x]: f(a) - 0} 

: (Division algorithm) A A^JJja. ( 3 - 4 ) 

m n 

g(x) = X b i* x ' . f ( x ) = Z a i- x ' 

i=0 i=0 

(R[x],+,.) a_j \a i j a —JIa/^I a —ilaJI R Jjla bj jl (_pajailj 

•R[x] j-» r(x),q(x) ajia. IjjjjS a^kjj ijaic t 0_j 


• •• *! i* j. 

: (jAaJJ uaj 


f(x) = g(x).q(x) + r(x) 


• deg r < deg g J r = 0 j 













J j Jaj (J 4jaJU^> 


: 

r(x) = f(x)j q(x) = 0 i-^Lj <deg f = n < deg g = m j iV J ^ 

. U^aJ! W ‘'i 

. (ilij (jA n (_^ c - < ^J-‘aL)_)ll jaluVI ^I.^Vwnljj n > IT1 (jl (jVI (_><ajSi 

a_l«j r = 0 , f(x) = a , g(x) = J3 GR <j]—a ‘n = m = 0 

. 4-Ma-o 4jAjfall i f = (0C.(3 *).g + 0 

i R[x] (j—a f(x) ^jAaJl a JjuS <JaJ (ja ( A 4jA jaaII (jl t <jVI (jiajijl 

<deg f = n <J^l t>a (jA jiilj t deg f < n-1 l$lxl £y* (jj£j (^1 j 

. b m ^ 0 , a n =£ 0 <jl Laic. 

: j jA-d) a jjj£ i—s^jo till j (JaJ (ja 


f 1 (x) = f(x)-^Jx n - m .g(x) (1) 

j-A f,(x) ^-s x" J-aU-a (jl-9 -jlbj <(R[x],+,*) A -skll ^-3 

al j3i_^VI v—«c».j . deg fi < n jli < ^lULj t a n - (a n b m - l).b m = 0 
: jjSa L_u=o g(x),r(x)GR[x] g^bjll 

• r = 0 J deg r < deg g j fi(x) = g(x) q(x) + r(x) 

0)^(2) (j -0 fl(x) "taja (jJaljxlj 


f (x)~ rf- x n ' m .g(x) = g(x).q(x) + r(x) 
b m 


: jj£j <U*j 


f(x)= -^x n - m +q(x) .g(x) + r(x) 
l b„ 


: J ^ p(x) = - JL x n_m +q(x) 

b m 










Ring of polynomials - ot jjiT til*- - g \jjt J /»'i 


f(x) = p(x) .g(x) + r(x) ; p(x), r(x)GR[x] 

• nGZ + J£1 ,<% > <-> iiA jjJI 4 deg r < deg g jt r = 0 j 

• R[x] </ r(x),q(x) J* 


: oSj3 


f(x) = q 2 (x) g(x) + r 2 (x) , f(x) - qi (x). g(x) + r^x) 
deg f!, deg r 2 < deg g , r, = r 2 = 0 


[qi(x) - q 2 (x)] g(x) = r 2 (x) - r,(x) 




: jjSj Aio j 


deg(r 2 - r,) = deg(q, - q 2 ) + deg g 
‘deg i - ! j deg r 2 < deg g jjS iiAj t deg(r 2 - n) > deg g : J 

• qi = <\2J i"i = r 2 

: (8) Jfcu 

AiLJI ^ g(x) = x 2 + 1 J f(x) = x 4 + 3x 3 + x + 1 :<j£J 

• r ( x ) 5 q(x) JjJaJI .iLajy jJyL <j£l> .(R[x],+,.) 

! >l£kJ AijjLdl »j ■ Ajl&c . ■ ' ' 

f(x) = (x 2 + 1) (x 2 + 3x - 1) + (-2x + 2) 

: 

deg r < deg g = 2 , q(x) = x 2 + 3x - 1 , r(x) = -2x + 2 

Factor theorem 4 Ja : (4) j±a (4-4) 
—3 JjAa. a j±£. f(x) (jSuJj ( S^jJI juVir. Cjl j AjJSaj] <ik (R,+,.) jj£al 
J—Ia o —J UjL-al 4 R Q* IJj-euc a (jlS jjjj 4 R[x] 

(j-- 4 f(x) = (x - a).q(x) ul£ 4 lj] Lii j 4 Ijj 4 f(a) = 0 : j&iic 4 1 _j 












• ( R[x] f(x) —1 ^13 (x - a) <jt£ lS 1 ) q(x)£R[x] lM 

: OIajJ' 

• R[x] f( x ) — 1 H' 3 x - a J a* ‘ f(a) = 0 : J Vj 

JlLajI (jS-aJ i ^ajjl jaJ ^AmiSIII 4jAjxa t,—i »i^ Aj]i i deg(x — a) = 1 ! <jt LaJ 

: (jj- Sj 4j -R (j-a b J-L<aj&j R[x] (j-a q(x) OjO-=a oj- jj£ 

. f(a) = b : uAj ‘ f(x) = q(x) (x - a) + b 
I x-Aj t f(x) = q(x) (x - a) jLi * b = 0 jli <■ f(a) = 0 J Ujj 

• R[x] if* f(x) x - a J yj*j 
f(x) f .—uij (x - a) J 1—ale t f(a) = 0j l >>l(il : <_>a£*ll o&jajI 
qi(x) j j-x* SjjIS jUJ c£*i <jji < R[x] ^ f(x) x - a j lo iR[x] 
. f(a) = 0 <i»j f(x) = qi(x) (x - a) : CtA R[x] <> 
: Remainder theorem 4iA jt* (5-4) 

0>-4j ji-iie. ix-a f*-L f(x)€R[x] a 15 (R,+,*)u^ 

* 

•f(a) > 

• 

jj^jc t a = 2 i}$> 1 ij j * Zg[x] ^ j s jii£ f(x) = 2x 3 + x + 1 o£] 

• Z 6 [x] ^x-2 = x + 4 : Ly.il uj^ 
f(x) = (x — 2) (2x 2 + 4x + 3) + 1 : JSJJU 4-*^ jjy*- cs^uo 

: jV 















Ring of polynomials — oljcS" Wj>- - J\ 


. f(2) 1 jA ^JUl (ji Jaa»V 

: Root of polynomial ij£> (Ju(4) Ukj*> 

R j«a t 5iia. (R[x],+,.) tf(x)GR[x] (jSJ 

. f(a) = 0 jlS I j] tf(x) _i ji?. 

o'— £ lil t m ^ 1 A A_ —»1 1 ^ ^ 4-SC.LjaJ 4 i 6 <^.t > ^jA«v ^ ^ > .> \ 3 \ \ 

. g(a) * 0 J t f(x) = (x - a) m . g(x) 

: ( 9 ) Jb. 

a f(x) = x 4 + 5x 3 + 3x 2 + 4 : —I i-icba* ji?. ja 2 jj-JI J 

• Z 8 [x] 


• J^' 

• Z 8 [x] ^ f(x) -J ja 2 jjJ <ji] ‘ f(2) = 0 jb 

g,(x) = x 3 - x 2 + x + 2 J t f(x) = (x - 2) gi(x) o' ^ 

* e 

: n^’i t LuojI gi(2) = 0 0*2 • 

‘g 2 (x)^0 jbj <g 2 (x) = x 2 + x + 3 ji t gj(x) = (x-2) .g 2 (x) 

: u^j 

f(x) = (x - 2) 2 (x 2 + x + 3) 

• 2 j^A 4ic.l*JaJ 4_a»j.3j f(x) —5 (AcLuOlo jia» d = 2 <jij 

: (10) Jb# 

Igj&l t (R,+,.) ajSjLJ) jIocV' <sb, t lilLaj V x 2 + 9 jjasJI 3 

\ aAj (C,+,») a—£ o-»II —frVl A—aL*. ^—9 Oj— afc-v a qjj S -> ad Lu 

. Xi = +3i, x 2 = -3i 

: (11) Jb> 

1_gj O-Si Aj5l.ijl Alla. A_)l —1 J +1 bkA (jjjjak X — 1 Jjibi! 3jJj£l oj 

. (Z 8 ,+,.) 7,5,3,1 jjh* 
















(JUuUrl aj JSJ ^ <UJUto 



: Fundamental theorem of Algebra jj*J kuitu&l iifc jx*21 

(C[x],+,.) —aJI tliljjjS Alia, (jjs SjjIj jjc. JjAa. SjjjS f(x) clul£ lil 

•ilj—cVi J—to. C C jk f(x) -J -ia-jJ Uk < (C,+,.) Jkll (jlc. 


n - Root theorem jjk-ll 40kjx» : (6) 4i* j±a 
kj.llt (jja AjjSu^a JJC. Sjj!i£ f(x) U 1 * 'ijj 1 <5k (R,+,») (jSil 

t * 

jj-k u' c^jjj—* kl o—» oul) R ^ I jk n oLu f(x) iik R[x] ^ n 

. ^4 oV~lA ^ 

: 01*jJl 

• n = deg f(x) n ^jlc. *1 jSkV) ^IkkU 

V 4—5k]| si* ^3j i (<*jAiua jjc) Ajjlfi -Jj-ia, f(x) (jji i I) = 0 (jlS I jj 

. I jjk f(x) uiiLu 

_J b,a oSulj * ai * 0 J kia f(x) = ao + aj.x oj* « n = 1 <jk Ijj 
t ai (b - a) = 0 » ao + a t .a = 0 = ao + ai.b uj% kk * f(x) 

. 4-oIj Aik R jV b — a = 0 k«j 

• n > 1 jVI (_>ajij] 

. (jU^JI cUS! jS <jji * r I jjk olLu V f(x) Oik 1 jj 

tkkll AjA^i* i_bjCk. Aj\j£ ^kiwij ji.k t R O'® a J O' *•—ua. f(a) = 0 (jlS I jj 
jW J* b O' • deg g(x) = n - 1 o' ^ ‘ f(x) = (x - a).g(a) 

; jjSj Iajuc ( a (j& <—dkxj f(x)-J 


0 = f(b) = (b - a) g(b) 

{jk (n-1) olLu g(x) j jJaJ s jj!& j£l. ku Aik R jV < g(b) = 0 lil 
{ ji-* (n-1) jk&l ^le. f(x) —i o_& dBil (^Ujll pi jikVI R 
. R I jk n oiLaj f(x) -ij-ki ojjjS jli a j-k' o^ 













■.— 1 .,„ Ring of polynomials - o' ji£ J\ J-Aaii S 

: (12) JL* 

: ^]'u]| Sjjj£ jjLa.j 

f(x) = (x 2 - 4) 2 (x 2 - 5x + 6) 

JjSj ^ (jjlc jjia. Aiioi f(x) —1 4 6 f(x) <?*jJ <J Laj 

. ^OO^Lo Ig-lo LuaxJ 

f(x) = (x 2 - 4) 2 (x 2 - 5x + 6) 

= (x - 2) 2 (x + 2) 2 (x - 2) (x + 3) 

= (x - 2) 3 (x + 2) 2 (x + 3) 

. {2,2,2,-2,-2,-3} : ^ f(x) jji* j] 

Rational roots theorem (4 j>^) Ajf mtt l AJAjx# 

<ak ^ j s jjjS f(x) = ao + aix + ... + a n x n o^ 
f(x) —1 'ji> c/dGQ <J jsjj 4 a n ^ Oj ao ^ 0 o' < (Z[x],+,.) 

•d/a n j c/ao ^ic- ‘ gcd (c,d) = 1 ‘Ajju-uII <c.>*3wo Q 

0 

: OlAjJ' 

0 = f(c/d) = ao + aic/d + ... + a n c n /d n : Ly-d 

: ^Jc- (J- —I*' d n _J AijLuJI ^ijia (-Jjaiai 

0 = ao d n + a^d"' 1 + ... + a n .ic n ''.d + a n .c n 

jj £j lil l^La JjS/i La 2 JLjL2I i_uSI jj 5I o* 4_uS jj JS JikO c j' ^ 

.d/a n ojSj <jLLa c/ao u.Ai *iaj ‘ gcd (c,d n ) =1 o' Wi • c/aod n 

: (3) ^Jia^La 


: A-U^iLjqII AijAaJI JjjLJ olA jJI liaikluil 

* * ^ 

: oP ‘ (m,n) = 1 ls' 4 Lu-j o^j' o'- 3 ^ n,m 'ij 







m.n/k : jU 4 joc. k JSl 4 n/k, m/k -1 
. m/k : ij\i t ajc. k <JS1 4 m/k.n ol£ ^ -2 

'. Ajjluill JliJI 

: (13) JU» 

^ f(x) -J J-U ^ ‘ QM ^ f(x) = 3x 3 - x 2 - x - 4 <jSJ 

. Q[x] 

:J* 

5_i&jaJI l_i—M ia. d/3 j c/(-4) jli t f(x) —5 (La-a Ijjc.) c/d 

. aLUI 

c/d_5 Uti-M a li d = ±1,±3 j c = ±1,±2,±4 J L* 

c = ±1 , ±2 , ±4 , ±1/3 , ±2/3 , ±4/3 

• QM ur-* f( x ) — 1 cW*i' x - — ‘ (JaLj ‘ f(x) —1 ji*. j* 4/3 a 1 

3 

4 ^>jjl j al l ^iMiaiill «ga^a<i QM lM* ja (3x — 4) (jl 1 -ojj 

c 

: (jl JaJ 

f(x) = (3x - 4) (x 2 + x ± 1) 

* QM (X 2 + X + 1 ) —1 <il ^tMialjll qaj 

: (4) 

. F[x] (F,+,«) Jicdl < _ y ic- ijiail till jjjS Aila] 

jC jI jjaSi |da&VI 4lIjluuvll ( 6 - 4 ) 


Greatest common divisor of polynomails 

; ijji-l jiiil ^wUll cAtyu 

jl (jisjLj 4 (F,±,.) cja^JI (jie Jj-iaJI Cat jjjS 5iia (F[x],±,«) CulS lj| 
Sj_uS jc. Jjaj . F[x] (jJJJji^ jjc. JjOa. g(x)j f(x) 









Ring of polynomials — ajJi-t otjsiT «Jb- - £jl J>\ g 

U (Jaaj 1 j| g(x)j f(x) JjiiJI ^jiiil jJati jli-o Igjl F(x) t>i d(x) 

d(x)/g(x), d(x)/f(x) -1 
h(x)/f(x) di —th(x)€F(x) o 3 j__nS iij -2 

h(x)/d(x) a 1 ® ‘h(x)/g(x)j 

>J4 F[x] gi g(x)j f(x) JjisJl yJjiSJ ^UU 

.(f(x),g(x)) 

■ d(x) jdaC-SH fj jj jl Ajj|^3i,jj 111 (JJJJ 4 4jJl2ll AJAjuaII 

: (7) 

f(x) lijj 4 (F,+,.) JL^S Jc <ik (F[x],+,.) <£Sl 

^—«>15 L*J jjiie. .F[X] ^ JJC- g(x)j 

: AiiUJU d(x) ^hc-t 

d(x) = a(x).f(x) + P(x).g(x) ; V a(x),p(x)GF[x] 

: din jJ» 


Aaj jsaxuSjll 'UAjxo 


f(x) = q,(x).g(x) + ri(x) ; deg r,(x) < deg g(x) 
g(x) = q 2 (x).ri(x) + r 2 (x) ; deg r 2 (x) < deg rj(x) 


r k . 2 (x) = q k (x).r k .i(x) + r k (x) ; deg r k (x) < deg r k .,(x) 
r k -i(x) = q k (x).r k (x) + 0 

U<«Jakj uil lilj 4 g(x)j f(x) Jj- — aJI t'k(x) jl '-o-“ gVvi . /i 

JjJ aJ ^ jjjjS — jkJ — u>u u — icVI JLjV' qa ojp^\ ils'i-iLt-dl 

: jjS j dipj F[x] (> a(x),P(x) 


d(x) = a(x).f(x) + p(x).g(x) 














—.= - —. j oUUi-l 3 j jai (J iuJju — gg 

J—ai jj— lio j>—uili .3_jaj (jiajsj 4 c£ib <Jai j* . Aajlia.jll j'Vt Cmal 

L(x)/f(x) : o>-^ ‘ L(x) g(x)j f(x) ^j^-alt 

L(x) = d(x).n(x) jit ^ L(x)/d(x) j d(x)/L(x) : j_& a^j t L(x)/f(x)j 
5ila. F(x) J Iwj . d(x) = d(x).m(x).n(x) : jij < d(x) = L(x).m(x) j 
n(x)j m(x) jj^_aJt ji jiS j* J£ jti *m(x).n(x) = 1 jit ;a*U 

. d(x) = L(x) : jij tCijij oic. 

: ( 8 ) 

4—iilajl ai—& j]i 4 F (JiaJI Jj^aJt dltjjji Alia (F[x],+,») tlulS til 

• 4 y\ Ao\ A q \- v , 

: OUjJt 

d(f) = deg f: ^till JLiL d:F*[x]->N : aIIJ jLii 

; Jaj jjilt j-o (jiaaj i 


• F*[x] f J£id(f)>0 (1) 
deg f < deg(f.g) : jj£j F*[x] j- g(x)j f(x) Jal j- (2) 
JjO—a. L-jjjdS J—ajJ 4 f(x),g(x)€F [x] gr-oj^S J—^ (3) 

: jjSa jiwu q(x),r(x)eF*[x] 
f(x) = g(x).q(x) + r(x) , r = 0 , degr<degg 

. Aj-iJal Alla. (JSjjj (F[x],+,«) jit 4 ^jj \jaJI ^uuljl l Aj& jxa i —Lwa (illij 

: (14) Jtu 

I Jj^aJI ^j_jjj£ 1 ^Ja&Vt iiljaluull ^juilalt .iajl 

f(x) = x 3 + 2x 2 + 3x + 6 , g(x) = x 2 + 5x + 6 

* (Q[ X ]>“tv) ll J4& Alla ^jlc 

: bjj 4 ^h&Vl 4iljiiiuJt ^1111 uua 

f(x) = (x 2 + 3) (x + 2) , g(x) = (x + 3) (x + 2) 
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d(x) = (f(x),g(x)) = x + 2 

: (15) JU* 

Aikll ^3 d(x) idjJLidl ^ujilall ,1a, jl i JjS \ qa 

f(x) = x 5 + 2 , g(x) = 2(x 4 + 1) : (Z 3 [x],+,.) 

: OjSj uaj a(x) , P(x) ^jjjS JajjI < o jAV) Jj5 <ia jj«J 
d(x) = a(x).f(x) + P(x).g(x) JS1 a(x), p(x) <> Z 3 [x] 

: (_U^j 4 ^a jjljiil AiA ja^s ^1.1'v‘LmU 

x 5 + 2 = 2x (2x 4 + 2) + (2x + 2) 

2x 4 + 2 = (x 3 + 2x 2 + x + 2) (2x + 2) + 1 
2x + 2 = (2x + 2).l + 0 

d(x) = (f(x),g(x)) =1 : 

! AzkJ <SjLmo1I CjV ^ uJ J 

1 = 2x 4 + 2 - (x 3 + 2x 2 + x + 2) (2x + 2) 

= 2x 4 + 2 - (x 3 + 2x 2 + x + 2) [(x 5 + 2 - 2x) (2x 4 + 2)] 

= (2x 4 + x 3 + 2x 2 + 1) (2x 4 + 2) + (2x 3 + x 2 + 2x + 1) (x 5 + 2) 

: isj 

a(x) = 2x 4 + x 3 + 2x 2 + 1 , P(x) = 2x 3 + x 2 + 2x + 1 

: Least common multiple jL-aVl (.ic-Ukd! (7-4) 

4 f(x) * 0 * g(x)€K[x] dul£ Ijjj 4 u idldj ^ (F,+,.) jSJ 
JljA_all oj_u£ l$Jj g(x) J f(x) j 

: ^ lo (jsauj du*J (K[x],+,») di! jiS Aik <> C(X) (jSjIj 











4j J2J ^3 



g(x)/c(x) j f(x)/c(x) (1) 

uj-^i g(x)/ci(x) j f(x)/ci(x) Ci(x)GK[x] ^3 (2) 

c(x)/c,(x) 

: j-ajll_J g(x) J f(x) _1 ji _~aV) tiijj_1*1! i_icl-Ja*B Sal-c. j-ojj 

. c(x)=&m(f,g) 

: L» ^^ic. mj (j£*j 

. •n-»- j ( _K,*■ i ja . ^11 ajOai! t^aVl t^ljSujLall i—tcLjaoJl 

: (9) ^Ajx. 

l 50 _ 1 I c(x).K[x] aJUJI oi.U]j < f(x) * 0 * g(x)EK[x] o£l 

: ^ U o’til j_£jLuj 

4 g(x) j f(x) —j jikdljl! omillJi f(x).K[x] n g(x).K[x] 

_1 J*_i*aVl tiljH *H 1—ic.Lja*]! C(x) <jj& IaOoC. 4 ajOa^ 0JJjS c(x) 

. g(x) j f(x) 
: dJlAjJl 

c(x).K[x] = f(x).K[x] n g(x).K[x] : l±J M 

Oa.jj Ajl (_^1 c(x)ef(x)K[x] jjj 4 JjOa. bjjjS c(x) j' 

J if -J 4 c(x) = f(x).g(x) : uj& 2 JJ 3 U K[x] t> q(x) ajoa. 7,J£ 
J o_=j —1* b 4 4__Loj 4 c(x)Gg(x)K[x] tilloSj . f(x)/c(x) 

• g(x)/c(x) 

f(x)/cj(x) : Oj—^ ' ■ >1 j- > : ‘ c t (x)GK[x] ui_Jl£ la] 4 5 _u\j 3__i*L j> 
ill j-vj 4 ^(xjj cp(x) J—^jiLajaa. ^jjj£ a^.jj Uaic. 4 g(x)Gci(x)j 

: <5*=A2 


Ci(x) = f(x).cp(x)Gf(x).K[x] 

Ci(x) = g(x). v F (x) G gx).K[x] 

: j jSj du^j 'F(x) ajo^. Sjjj£ aa.jj (jal 4 Ci(x)Ec(x).K[x] J iaAj 
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. c(x)/ci(x) J ^ Ikj « c,(x) = c^.^x) 

jjjjjJ aJI ^ JjJjSL] ii3 jjukll 1—icl ^A c(x) jl La-a g tAUuij 

• g(x) J m 

: (10 ) <UAjja 

. AjoUJJ A-atj Aik (F,+,.) dikJI (jic. (F[X],+,.) Jj-IaJ! elll JJj£ Aik j] 

: OUbjdl 

I = < O > jjllS ‘I = {o} jk lilj l (F[x],+,.) Aikll ^5 Ajllla I dul£ ! jj 

. (f[x],+,.) ^kii ^ <jh» 

I 9 JJC JjAa. o jjj£ f(x) tluk lit j 4 I ^ {o} d jVl 

a jl—i 4 f(x) = aGF jl_i 4 deg f = 0 jl—£ liij 4 jkj La ji*k l*kj.i 

: aJIaJI aJA ^ jjSLj 4 

f(x) = < a> GF[x] 

. AuUJj A-dlk 1 jil 

-j ■ -■fill a— jAjj* 4 _a— g(x) GI jl—£ tijj ‘ deg f > 1 jl jVl (_paj—ail 
f(x) = g(x).q(x) + r(x) 

: kJ j4 deg r < deg g j r = 0 j 

r(x) = g(x) - f(x).q(x) 

j. y~\ ~'t~- j^.>» j^.aJ La J* > «->l Aja>jJ 4 g(x) ^ 0 j**/ J 4 F[x] Ajlka 1 jV 

. I = < f > J <J\ 4 g(x) = f(x).q(x0 j)i ‘ ^1^4j ‘ r = 0 jij I aJLlJI 
. kkj kLj Aik. ^ (F[x],+,*) JjiaJI ejl jjjS Aik jl (3fm U» £Jikj 

: Irreducible polynomials J jkTtti AJbli21 jjc- Jj-iail kijjji (8-4) 

: (5) Jkj* 


F[X] yi P(X) AjjLkl jjc. Jjkll 6JJJ^ jC Jjij 4 La Jk (F,+,.) jSJ 

: ^ La jkj lit F[x] ^ J F Jc Jjkill aIjIS jjc l$j) 

deg P(x) > 1 (1) 












J deg f(x) = 0 M ‘ ‘F[x] P(x) = f(x).g(x) jli v 4 (2) 

.deg g(x) = 0 

jd til t (Reducible) Jj1=c 11 <Lla l$jl F[x] t> P(x) SjiiS o) 
lit 3JL15 Igj] P(x) (jc- Jjij 4 jaS 4 jjjuLJI jjlajdl -laJ 

: Cua. P(x) = f(x).g(x) Cut£ 

0 < deg g(x) < deg P(x) 

0 < deg f(x) < deg P(x) 

• F[x] <> g(x)j f(x) JS1 
: (16) JUw 

Jjlaull aL 15 jJC (jj£i AjJaa. .Ijia. o jjj£ (J£ jl Cuj! 4 L» ^L&a. (F,+,.) j£jl 

• FJc 

J ok> j —sjj 4 a ^ 0 J—>1 <j—« 4 P(x) = ax + b _skit Sj. 

: jli 4 Aik F jlu(F[x]^i P(x) = f(x).g(x) 

deg f(x) + deg g(x) = deg P(x) = 1 
4 Aaaa—.-a ij_cl ,j—c. 3jUc. Uaj 4 deg g(x) > Oj deg f(x) > 0 k-ilj 

. ^jLii t oA.wt AajJ jli 

vti—«i 4 ^jj jjXall <JiaJI ^^ic. .laTmj Jj-la. a jju£ i]jk") AjLIS jl (jjfwi k* JsuOLj 

(R,+,.) (Jiail Jjkjll 5Jbt3 jjc. X 2 + 1 Jj^aJI a jjj£ jl (jjjkJt JUUll ^3 
: jjljj . (C,+,.) aj £jJI i^Vt Jk Jjkjll aLU l*kl 

x 2 + 1 = (x + i) (x - i) 

:(l)4lu 

aLH jjc. F[x] jx P(x) Jj.iaJI a jjj£ c Cul£ lit j 4 L !>lia. (F,+,.) jSul 

4 F Uiajt (JjiajU aL15 jjc SjjjS a.P(x) jli 4 F JkJI (_yk jJjkMl 











: OUjJl 

•P(x) = [a 1 f(x)].g(x) u_& * F[x] a.P(x) = f(x).g(x) m 

: 4 J l‘ F[x] ^ Jjlaail < 1 j 11 JJC P(x) ojjj£ jjS i-iuajj 

deg(a’ f(x)) = degf(x) = 0 J\ degg(x) = 0 
• F[ X 1 ^ JjkjU aL\S jjc. JjJa. a jjj£ a.P(x) (j ^ O^ '^AJ 

: ( 11 ) AIAj+a 

Sj£S f(x)GE[x] uSSlJ 4 (F,+,.) 6 - iALEulS 13 

oj—a t f(x) jji_aJI oj__u£3 aGF (jl£» lijj i E jjWMl iUAs ^yc, 
a 03 — J jA f(x) —1 UclOax tjia. aGF J JajiiJi 

• ( f(x) Jj-ia-ll a jjj£ AShiutj f '(x) Jj-laJ a j-u£J I jia. 

: 

* 9 

22c - 4 f(x) aJ;u£l lic-lOa* Ijia. aGF (jlS lj) 

4 g(x)€E[x] J f(x) = (x - a) n . g(x) t> ojSj n > 1 

: tb.il JjSj ^dblLj 

f'(x)= n (x - a)"* 1 . g(x) + (x - a) n . g'(x) 
jjo_aJI oj-J£i a oS ^ 4 (x - a)/ f'(x) <jl* ‘ (n - 1 ) > 0 J U>j 

. f'(x) 

. f(x) Bjjjll 4 _iclOxa jia. a <j 1 jjVi (j&jjjl 

*j— /ftl jiak a (J Iajj 4 f f (a) = 0 4 f (x) ejjSSl a 4 

: jjSJ 4 f(x) -5 jisJi 

( 1 ) 

• (ji iaj ajj^V! (jliLib 


f(x) = (x - a) g(x) ; g(x)GE[x] 











(J Jeti jj 


f'(x)=g(x) + (x-a)g'(x) 

: ijjfe 

o = f '(a) = g(a) + (a - a) g'(a) 

: j J‘(x- a)/g(x) (jj^j * gJt&jj ‘ g(a) = 0 : u^l 

g(x) = (x - a). h(x) ; h(x) G E(x) 

: ( 1 ) SiOUll J, g(x) 

f(x) = (X - a) 2 . h(x) 

. f(x) SjjuSJ ji^. a (ji) 

: ( 12 ) 

uj—F[ x] P(x) o(jSilj 4 L» OH*. (F,+,.) (jSJ 

: U ijaa-u iiiic. i deg P(x) > 2 

.F Iji* ^ V P(x) ali 4 F (JjkalS P(x) lit ( 1 ) 

4 —LIS j jc. P(x) (jj —£j ij-iic- 4 3 jt 2 (_sjL-u P(x) 4 a>-jj CulS lil (2) 

• F jia- l$J (jSj 4 lij iaSsj 4 til 4 F c _ s lt (JjLkjiS 

: 0 l»jJt 

ol3U 4 P(a) = 0 up ‘ a£F o^j »P(x) j.>*JI s.W (1) 
li—«i deg P(x) >2 j l—w j 4 (J-Uit sam*>) P(x) = (x - a) q(x) 

I gj Jjiol P(x) jj] 4 <_paSljj li& j 4 Jjlajll SAAS JjAsdt o J-u£ jjl 

. R ji> 

f(x) Aliic 4 F ^ Ijia. P(x) _s P(x) = f(x).g(x) j] 3 (2) 

4 (jSl . deg g(x) ?t 1 J deg f(x) * 1 : lil 4 F ^ ji> olSLa V g(x)j 

t 

: (J 1 *j 

deg f(x) + deg g(x) = deg P(x) 

J deg f(x) = 0 \—0 J 1—il (jj—y li_$A 43 jl 2 * P(x) 4 —^ j'j 












- Ring of polynomials - J-caJi 5..5 11 = 5 

. deg g(x) = 0 
. JjKMl aAAS jjL P(x) jjj 

. (1) jx ajiilJx jlfcjj 

: (17) JliA 

JjIajII aIAS jjc P(x) = x 2 + 3x 2 + x + 2 a jiiS eLul£ lil Lua jjj 

• Z 5 Jc. 

:J^' 

AaA_ix]I j _L-ral'mJI jx (_£I Aj.liJ ^IjIIjj 4 Z 5 = ^0,1,2,3,4} jl LxJ 

: P(x) —1 Ijisk. Jjxj 

P(0) = 2 , P(l) = 2 , P(2) = 4, P(3) = 4 , P(4) = 3 jl 

JJC P(x) jjSj AiLLxll A-iAjJxll 4 _n . i-k i Z 5 ^ (_s'l t$l (jxJ P(x) jl Ixj 

. Z 5 ^a JjL4U aLIS 
: (18) Jli* 

I-J_ Uisjj A_iV 4 R[x] ^—a JjK’ill aLUS jjc P(x) — X 2 + 9 AjA=JI ajJjSi 

. R I jia. lillxJ V (aLLJI Aj&jJxll 

: (5) 

AjLla jjc jl (JjIajII AjLIS j' jAl jl 4 aLLJI AjAjjxll jx ^jIj]| a j^JI jjjj 

(J 2 »aj l$j£J 3 jl 2 j^a deg P(x) <Il». ^ Jasa P(x) • i j’ i ^l«j2i£l J4a^ll 
: CiilS I j] 4 Jlldl Jjfu • jaSI jl ajojI deg P(x) aJLx 

P(x) = x 4 + 3x 2 + 2 = (x 2 + 1) (x 2 + 2) 

, R 1^1 jSl 4 R[x] ^ JjLkjil aLU l$jl ^aljil jx 

: (13) 44a jjx 

: lx jlxjj jjAic 4 deg f(x) = n > 1 J djj*. f(x)eC[x] j£J 

f(x) = u(x-U])(x-u 2 ).(x-U n ) (1) 















d <^jjj—^ ‘ (C ^ f(x) —! jj 3>) i — l,2,...,n * Uj o' ^ 

. f(x) —i lU^c- Uj • UjS jjSj 

aJ! ej Jl& ^—& C[x] ^ JjLaail Slalill jjc. a.}JA.ji' JjiaJ a jl j£ (2) 

. C[X] AakUl 

: OUjJ' 

: *^n ^' r - -'jj" grlVu^VI Ijj-o i. j i (^|) 

. u * 0 tlya- ‘ f(x) = ux + b j g-j*j 4 n = deg f(x) = 1 <j^ '■>] 

. ui = -u' ! .b 4 f(x) = ux + b = u (x + u''.b) o) 

jx>Jl ^3 AjjuiLuV' Ajjiajll *i.imat U) O^J j3^ f(x) —' UJ&i* ‘ II > 1 '^j 

• deg q(x) = n - 1 J f(x) = (x - u,).q(x) : Oj^ 111 

: c.1 jsIujV' ^l^ikj*a\jj 

q(x) = u(x - u 2 ) (x - u 3 ).(x - u n ) 

f(x) = u(x - U,) (x - U 2 ).(x - Un) 

• c[x] f(x) JJ^^ U] ,U 2 5. • • jUj) o^ 1 

. axilla (1) O' 0 g-HJ (2) 

: Gauss’s Lemma o°J & ® 

J_£ L-jI \j boc. P jl£ Ijjj t Z[x] ^ f(x) = g(x).h(x) *lul£ 13) 

Cj^LsIaa (J£ P jl g(x) —2 ib^LaLsca (JS ^m<1 P 3jAic if(x) —2 *—xLal«-o 

. h(x) -J 

Prmitive poly nomail (AJjV i) LuIjuJI S jjjS (9-4) 

. ejjii£ 4 j«-u V jl 

: Content ijA*- (6) U4 

(j_1c. JJC Jj^a. ajisS f(x)€(F[x] (jSiij ‘ b» (F,+,») <jM 
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SjjjS f(x) ^j-laJl a (JLOLoLlaS ^hc-Vl iiljJLi*]l ^aillll ^ < a .i u 4 F (JiaJl 

. C(f) _ J oJlc. IgJ 4 JjAaJI 

oj_ juSj f(x) _aJI SjjjS liiU 4 C(f) = 1 CLiilS lil 4 4aaaLi. SJLi. ^3j 

. Primitive polynomaila SjjIjJI jjAaJi 

: (19) Ju* 

: SailA j SaJlall JjJiaJ! CjIjxS ja (C1 j_jaa 

f(x) = 22x 3 + 10x 2 - 21x GQ[x] 
g(x) = 3x 4 + 18x 2 - 81x + 27eQ[x] 

: cM“’ 

r kr- VI 4JLUI ^ISil jV 4 SailAa f(x) Jj^JI S j££ jjj 4 c(f) = 1 J U, 
^JacVl 4>i-B ^Ull jV c(g) = 3 U! . jll J& -21,10,22 oX°U0] 
. Sjjlil dlaul g(x) Jj-iiOl $JJj£ U^j 4 3 J* 3,18,-8,27 OaLalx-oll 

Jjiv aji iS (jiLul^J Jjia. ^jjoS i-jjab (Jaala. jl 4 Sallall 4aA jxall 4 jyii 

. Sajlij 

: (14) 4iAjf4 

jU 4 (Z,+,.) Sikll Jc oAh'^ f(x),g(x)GZ[x] lit 

. Z SilaJI (jk. Sail^j ajx£ f(x).g(x) l-^Jaia Jjaalaw 

: OlAjJl 


n m 

f(x) = Ea i -x l eZ[x], g(x) = £b f .x' eZ[x] 

i=0 i=0 


oSl 


n+ra 

h(x) = f(x).g(x)=tc k .x 


c^j 


k=0 


(jlc Sauaill (JjSJ h(x) Jj-laJ! 0 JjSS CjaLaUal jl Iji^i 4 C(ll) ^ 0 klijtS Ijj 

a; CaXA _*-all (jiaaJ V P jji i Jji* «JjuS f(x) jl Uj . P ^jS?! 

4 P u _1c- Sai—ail! JjSj V f(x) ^ JjVl (J-al*-0i j* at jSJj 4 f(x) — 1 







JjJLA-1 j oUA^-i hJai (j ifiJjit 


V SI g(x) ^—a JjVt J*USI b s jSij 4 g(x) Jj^xll ojjj£i A-^uSb <il]j £j 

l {jl LaJ 4 P ^JjVS j^ylc. 4-<U‘ | Sll (JjSJ 

Ct+s = &o • t>t+s + &i • bt+s-i + ... + a t . 5 .b s+ i + at. b s + ... + at+ s . bo 
: ^1 — HW £• J- oa-al! ^ - uSJ V P i) 1 — aj ti < t J — SJ 4 &j f - utSJ V P j Iajj 

.ao.bt+s + ... +a t .i.b s+ ] 

: ^tjll £ jo-^al t ( i .i nLj V P (jji 4 4 j < S JSi bj j* m £j V P (jl LaJj 

a t+ i.b s -i + ... + a t+s . b 0 

V P j a t ^joiSj V P jV ‘ a t b s <*"*aj VP i c t + s V P o,'® <^^Wj 

. JjAa. a jjj£ h(x) (jl 4 Ct +S fjii V P (jj) 4 b s 

: ( 2 ) 4*ui 

Ijjj 4 F[x] (j_* F (Jiail ^^ic. Jjlajll aLU jjc j j.ia. SjjjS f(x) CijlS lit 

. AjjI-Ij .lj.ia. ajiS f(x) 4 deg f > 1 <j^ 

* 

; OlAjJl 

5__akil ^ 'a^j g(x) j c(f) Ula 4 4 f(x) = c(f).g(x) O^ 

J«<Vig . ^jjjS g(x) 0 ^J ‘F (^yic- (JjianSi aLIS jjc. f(x) 0 ^ 4 (f[x],+,.) 

. c(f) = l o' ^ j ‘ ».ia .j j^c- c(f) o\' ‘deg g(x) > 1 0 ^ ‘ 

: Unique Factorisation in F[x] JjlaiiS ^Ajjj* 

f(x) o^Jj ‘ (F,+,.) J-UI ^ is* (F[x],+,.) 0 ^ 

: ^ L» ; n = deg f(x) > 1 F[x] j-# 

f(x) = a P,(x).P 2 (x).P n (x) (*) 

F J—Sail ^_Sc. Jjiajii SiAS jjc. Aj-lalj Jj.ia cIjIjjjS Pj(x)j F ja Ct UJJJ^ 

. ujijjij Sale] SjjlfLa] !.}&) .jja.j (*) I a& o' 4 1 < i < nij 

: OlAjJl 

. n gjj^abjil (<il jSjjjVI) ^IjJAwiVI “LijjiaJ t >JjSloil AjA jxoil 0^JJJ 

(JaaJ! (^ic (Jjlaail aLIS JJC. f(x) j jAaJi a jA£ o' O*® * H = 1 0^ '^j 












:—■.= Ring of polynomials - Ci\j£ iiU> - J\ J^aJl = - ■■ 

: J dip. f(x) = g(x).h(x) uj^j ‘ n > 1 jV! j^jd!. F 
0 < deg h < n , 0 < deg g < n 

J£—i <_j—Sc (jliiSj g(x)j h(x) JjAaJI jdS (jli 4 t<? laLjil ^tuLoiVt d“J 
4 f(x) = qj(x).q 2 (x)....q m (x) di_5lS !ijj . JddlS Jjli jit 4_jjda J-atc. 
I jj j 4 1 < i < m (JpS d 4 ‘ F i^^Sc JjlaaiS <Lli jjc jjiv di! jjj£ qj(x) dip. 

. 1 < i < m , qs(x) j jioJt s jj&S jll Jd*JI a; 

f(x) J ^=ds a = ai.a 2 .a m j Pj(x) = oq ' .qj(x) jV' £^dS 

• d ‘ F (^fSc JJajdl ALli JJC. Jj.P. OJAi£ l_ljil» j£d ^jic. 

f(x) = a Pi(x).P 2 (x).... P m (x) 

: (*) JiidiS! iS k, jVI j* 

< 

: d' j-ajsi 


f(x) = a P 1 (x).P 2 (x) .... P m (x) 

= P qi(x)-q 2 (x).... q t (x) 

dj S 4 ^SjSSjJ 4 f(x) Jjld! O JJjSl ^*a±IJ (JaU- 0 L«$d> ^ 4 a = P jli 

oqi(x) j' S-ajj 4 qi(x) ‘ qj(x) jja^J! cJj±£. <ji=J ^dii P)(x) 

: j ‘ F (_jAc JddlS <Ll$ jic- Jjl* 
A***- Sjj 5£ qi(x)j P,(x) t> j' S-»jj ‘ Yi GF dip. 4 qi(x) = yj Pi(x) 
: j|i ^SdLj P,(x) = qi(x) J J 4 y, = 1 jli (L»js) 

Pi(x).p 2 (x)... P m (x) = Pi(x).q 2 (x).... q t (x) 

: ^c t P,(x) ^^ic 4iLJ! 4iDl*J! ^ijJa jLdi-fiL 

P 2 (x)... P m (x) = q 2 (x).... q t (x) 

: Jt SjSa j 4 q 2 (x) = P 2 (x) : id <LLJ ^JLjkSi ^IdLj 

. Jd jxll ipujiSI 4dl£J ^-ol<j<tjl<i<m(jSS Pj(x) = qj(x) j m = t 

: (20) Jli* 

0jd£ ji ddi 4 (Z5,+,«) Ji=Jl ^jSc (Z 5 [x],+,.) JjlaJI ditjd£ 3ila. j^SS 












: JjiaJSi 

Ju>U J\ Jj^j JSub 4 f(x) = X 4 - 2 x 3 + 2 x - 1 ez 5 [x] 

. Z 5 (J*sJI <jlc JjiajU aIAS jjc- J ji*. CjI jjj£ 

f(x) = x 4 - 2x 3 + 2x - 1 = (x + 1) (x - l) 3 j] 

4^5 CjuIj Jixj i_jj*jal! I.ic^ Z 5 Jiv]) jjlc. J j . lViH aLUUI jxb. Jxljjtl) ifbj 

: jjSj !>&a 3 

(x + 1 ) (x — 1 ) 3 = (x — 1 ) 2 ( 4 x — 4 ) ( 5 x + 5 ) 

aLIS jjc La (Jib. Jc JjJjk. 5 jjj£ ji CjLu'y (J jikl Ajjjia 4 4 JLLall 

. JjLLiJl 

: (21) JL* 

. JjI^jIS aLIS jjc Q[x] f(x) = x 5 + 2 x 2 + 1 -ij-iaJI 0 j 2 & ji iiixsi 

: Vj M 

f(x) = x 5 + 2x 2 + 1 = (x 2 + ax + b) (x 3 + cx 2 + dx + e) 

j ■ jV' 4_ijUl -LLU-iaJI ctj^j ^>J j-ajVl 4—ajUI UJJjJall AjLuC c.1 jaAj 

; CjV-^Li^I ^jJc (J»<tO 

a + c = 0 , d + ac + b = 0 , e + ad + be = 0 , a.e + b.d = 0 , b.e = 1 

jl jLi.'l jjjJjt *-a j__aJ jl 9 ^Jl jlbj tb = e = ±1 o jjbVI ALU-dl 

. a + d = 0 

Ij£jb j . -a - a 2 + b = 0 jSui]l ajjIjII aJjIjuJIs 4 Ljajl a + c = 0 u , \ i mu j 
jjiaJI AjAjJa . b — ±1 ji UJJ^ 4 X 2 + X — b —S £JXus jjtSk a 

. aLIS jjc f(x) jl (• < Uj*j£ 3 I) Ajfuij ll 

(Gauss’s Lemma) (<j«jb, SjjiL) <jajb. jL*-» 

Jajjili t jii t (Z,+,.) AaLkJI ^Ic AjjljU -ij-la* a jjjS f(x)^Z[x] >— ul£ Ijj 

2 —LIS f(x) jjSj ji jA.ZJt Jjkull *LIS f(x) jjS ^il£JI j 4 f j^UI 


















. (Q,+,.) 33U! 

: OlajJl 

3_LIS Igjli 4 Z[x] (JilauU 3113 jjAa. Zjx& f(x) dul£ 131 <j| < ^dal jll <ja 

: (_>-£*]! iJ ic. jVl <j*. Q[x] Jjlaall 

: j ^ ‘ f(x) = g(x).h(x) J c» 

g(x).h(x)€Q[x] , deg h(x) < deg f(x) , l<degg(x) 

AiJ jli. 1^.1 jibJ J j-l-kjl ddabua dlLalU tdjUaB l—t&LuaH jj] 

: J 

Z[x] a—. q(x),r(x)j 4 Z 0 —. b,a J dj-** f (x) = -^(q(x).r(x) ) 

b 

' , 

4 LJoj) AjjIoi SjjjS q(x).f(x) <jji ^blbj 4 (JjjjjIaj Jj-la. 

: Ijj^l 

b.f(x) = a (q(x).r(x)) 

. z ^ JJabll 3113 f(x) = q(x).h(x) j31 4 a = b jjSj 

dl131 4 jln.-yj/l 13& (jjjJaj i_i*j»<a31 4jl 4 (jjiijLa. ^)bxA ja Jaa^b 

, jjtHjl jldiJ Igda t dll jljji.'Vl o3& 4 (_]$-! dll jLn~J 

jl£j (1852-1823) (jiiijjl Oibj.2ji) jjbdiJ jUlaj ^amiaI Ij 4 ^bll jb*-dl 
(jlc L» jjia. SjjjS dul£ 13] Lojs a 'dV-iJj bl cJm 1-iJ-dj 

. (JjlViU 3113 jit- La Jit 


: (Eisenstein,s Criterion) jW*- 4 

lya. 4 Z[x] f(x) = ao + aix + a 2 X 2 +.... + a n x n Jj^Jl s ji£ jSil 

: ^ La d UaJ 4 ^jl P j! jlj 4 n > 1 

an -1 , • ai,ao -^Vl (1) 

a n Jd*Jl ^ V P (2) 













— ". . - ..., OliiJUl Sj Jai j ilsjULs a ~ — - ■ ■ . - 

ao^-LVP 2 (3) 

" Q[x] ^ JjlajU 4Lli JJC f( X ) Jj-SaJI ajjj£ 2lJjc. 
. jl_i*^3l 1-AgJ jjll -JliLJI |»lu jIjjiH li& jUb^j jl (Jj5 

: (22) Jli* 

: Jj-laJ! a jjj£ l1uI£ lil Lttjj jjj 1 jjUjill jUjtx U. Kti<a 

f(x) = 2x 5 + 27x 3 - 18x + 12 €Z[x] 

* Q[X] gi Jiaall 5 JjIS jjc. P = 3 ujjA 

ao = 12 , ai = -18 , a 2 = 27 , a 3 = a n = 2 , P = 3 : bjj] 


: (jjjluJI sj j*j]| oJ ji jl) JajjJJi (Jjlail 

27j-18j 12 ^P = 3 (1) 
a„ = 2^^3 (2) 

12 VP 2 = 9 (3) 

• Qjx] gj Jjlaall 5115 JJC. f(x) ji] 4 45ia-a Jajjiill jl Loj 
. 51LJI jjlliijji 4iAji* jVi jAjJil 
j—SLaj A —jl < ^j*J ii&j 4 (Z,+,.) AilaJI Jjla.113 5LU Jj-iaJI SjiiS tliilS til 

: ji 2 jj^ 4 Z[x] f(x) = g(x).h(x) 

g(x) = b 0 + b] x + b 2 x 2 +.+ b m x m 

h(x) = c 0 + Ci x + c 2 x 2 +.+ c t x l 

. l<j<t,I<i<mjZj->Cj,b;<j£3 

4 ^3jjj$ 4_jjU* i-ijj*j j«j 4 n = t + m jla 4 t,m > 0 ji Hj 

. Co ji bo b»] P jU 4 ao ^ P 2 j P/ao O' Hj ‘ ao = bo Co ji ^ 
Oj—J a. 4a n >aa. j V P jj—S j—«j Co fH V Pj P/bo ji jjajiilj 














. bo,bi,...,b m laaa^ail -il-icVl jo bl£ jl jlLu V P jli t a n — b m .c t 
: j! Lajj b s f-wiiLi V P 4* ij% -jjc s jl 

^ = b 0 c s * bi c s .j + .... + b s .i c t + b s c 0 
^sj V P jjS (>j t P/b s c 0 jij ‘ P/b s _i , ... , P/bj , P/b 0 , P/a s : Iblj 

^3 Jjiajil 51 IS JJC f(x) jli 4 (jJaSljj ii&j 4 b s P jl .i»j 4 Co 

•Q[X] 

: (6) AlsajU 

; ^J'ull JS2ilb jjlUjl jbi=J AtXjj^a jla.) 

t ¥ * t * 

f(x) = a n x +.... + ao o jj 5£ jl lh 3 ‘ IjIjI P*=Z j£2 

• Z[x] 

i < n J-jJ j— «4 aj s o (mod P) j—SI 4 a n ^o (mod P) jl—£ lilj 
. Q J jlViN Aljba jjc. 0 jjj£ f(x) ij.bc 1 ao^ o (mod P 2 )j 

: (23) Jl*. 

f(x) = 25x 5 - 9x 4 + 3x 2 - 12 : 3 j*Ji i J& jl 

: ^gJLj L# ^ 2 >j 4 P = 3 ilbj 

25 # o (mod 3) 

-9,3,-12 s o (mod 3) 

-12 # o (mod 9) 

. (Jjlf^TiU 5113 jjc 3jiv f(x) jil 

: (24) Jli* 

: jjAaJI 0 j2£ dijl£ lilj 4 Lljl 1 j3c P jl£ lit 

<b p (x) = x 15 ' 1 + x p ' 2 + .... + x + 1 eZ[x] 

• Q[x] JjkjB 5113 jjc (Dp(x) jli 












J j OliU-t 4 j Jaj (j 2UJIjU 




u—« —) Q[x] ^ JjLuII aL\1 jjc. O p (x+l) Jj-iaJl ajiiS Vj! o* jjjl 

: u. u ^p(x) = g(x).h(x) cbjlS iij <jV ‘O p (x) 
O p (x + 1) = g(x + l).h(x + 1) 

: 0^' 

(x - 1) O p (x) = (x - 1) (x p - 1 + x p " 2 + .... + X + 1) = x p - 1 

: ^ic J* ja 3LUI ^ 1 + x —j x J-iail 

X <I> p (x + 1) = (x + l) p - 1 

•' O' </' 

(x + l) p -l 


^ D (X) = 


O (x + 1) = x p + 


fpl 


r p ] 

u 

.x p +.+ 

.p-U 


t -ji Aaj Ajjjaj ^lAaOuib 

x + p 


.1 < i < p-1 J£J 


' P 1 

kP~K 


p • o' ^ 1 l (jjlaJjjJ jl_S*-o fUVuybj 


JjAxli jpl t (jjliiijjl jLutx ^2 eJjt_ylt Jaj^iill 4jib (j<o jjfLoJ LoS 

. Q[x] J JauJl 5 JjIS jjc. <D p (x + 1) 

: (7) <^U 


_ mi JjA_i. a j___u£j ( _ r *__uU d)p(x) Ait_uill JjJ aJI aj jj£ 

. Cyclotomic polynomial 

A _LIS1I j_ jc JjAaJI CjI j;u£J 4aajLu -ja liLi <_J5 j V t I jLua.1 <jVl 

. (_ s Ja« Jjl JAa 3jyA j tilljJ Z[x] <alaJI ^^la JjLoII 
: Jolaill 4 Jj 121) A^Ull JJ±vll Ct I jUil 

Modular Irreducibility test 

OjJaJj t ^ .l aa * ^jl JAa P jl (_pa jiij (Z[x] <j-« f(x) Jj-lsJ a jjjS j£i] 

: <^L U 














Ring of polynomials - crt j± S' iii*- — J\ J-tfiii 


. f(x) -J ^jB cW~B juiV P (1) 

: jl tlua. 4 Zp[x] AiiaJI ^ Jiaali JAS jjc f(x) (j) (2) 
f (x) = f(x).modP 

• Q[x] Jjlaall aLIs jjc f(x) AjAaJl a jjj& jjfu AjAjc 

: OUjJi 

f(x) = ao + aj x + ... + a n x n eZ[x] j£jl 

: d£ 


f(x) = a 0 +a, x+ .... +a n x n GZ p [x] 


. (( 1 ) 6 -)degf(x)= deg f(x) : uj£j * 
f(x) AjIjS ( jlSx > yij Aj! 4 Q[x] aSLJI JjiViU aAA5 f(x) CulS lit 

: JS2JU 


t f(x) = g(x).h(x) : UjxJ jj—S j . Z[x] ^ f(x) = g(x).h(x) 

: jjjS 4,,j u .L i j t ZP[xj J jWiU aLIS jjc- f(x) jj£ jAaaljj Ia&j 


deg g(x) < deg g(x) < deg f(x) = deg f(x) 

l LAjJI j jfLi Aj L q - a (J5> >*i )j 


deg h(x) < deg f(x) 


: (25) JU* 


^_a J.jla.j]3 jjc f(x) — x 3 + 4x 2 + 6x + 2 Jj-iaJ S jjj£ j! tiuji 

• (Q[x],+,.) tfLB 

ja_* dLj V f(x) J JiaSbj f(x)= x 3 + x 2 + 2 ujSj 4 P = 3 

• Q[x] ('f* JjlajlS aLIS JJC f(x) (jjSj (3A"*B jUla-V' (JJfkjjj 4 Z3[x] 












BS5 T'T 1 .... =-—SSSSSS JjiiA-tj iijoi (j i»ui» , . ., - 1 ". ■!!-!!—= '.■■=.= 

: J&* J a J&l 4-^1 Uk (10-4) 

Factor rings of polynomials over afield 

n > 0 J_£ 13]j i n > 0 <J t n.Z JSJiS' l$i Z —S aJU* J£ J 

jj .w' l cjljjji! A^uisll Aik (jVI (_>ujAi*u t Z/n.Z = Z n (jjSj a^^sI! Aik (jli 

. aajLJI S jSdl jlijc-Vt jjjk.1 4 (Jk ^^ic. 

: (15) 

ij£S j*.p jfcie « F[x] _J kllk 1^0 diilS lijj 4 L Slk (F,+,.) u^J 

: jjli f(x) ^ h(x) kia.1 j jjo*. 


A = < h(x) > = h(x) . F[x] 

R = R[x]/I = {a 0 + a,t +... + a m _,t m ~‘; a, eF} 


(3)4* 


: OLa jS\ 

kajjtji. {.\ia ZjA j i f(x)€F[x] (J v-ua. tf(x) 6R = R[x]/I (jlJ 

: jjSj 4 F[x] q(x) 

f(x) = q(x).h(x) + (ao + a] x + ... + a m .i x" 1 ' 1 ) ; a f eR 

: dJol« R h(x) = o Upi JjSj t h(x)el oj* 
f (x) = a 0 + a, x +.+ a.., x"” 1 = a 0 + a, t +... + t m '' 

: (8) AJaaSt# 


: j IS lil 

ao+a, t +.... + am., t 1 "' 1 = b 0 + bi t+ ... + b m _, t" 1 ' 1 
• i cM <> a; = b, i^uc. « I ^ 0 ajJ\U1 (j div?> t R[x]/I ^ 

: (4) 4£ 

: ,jlS 1 j] 4 I 0 i-ua. i Rjx]/I kuktt Aik. yi 



nv 
















-1 Ring of polynomials - ijJi-l jJt -= 

h(x) = Co + C! X + ... + C m _i x m_1 + x m 

• t = x +1 <J ilua. i h(t) = 0 dp 

: OlajJl 

h(x) = c 0 + Cj x + ... + c m .i x m " ! + x m : J Uj 

jj —£j t (Ja^. F) aeF ilua. a = a = a + I t_u£i3j 4 t = x + I j 

h(t) = Co + C] t + ... + c m _i t™" 1 + t m 

__ _ _ _ _m-l _ m 

= c 0 +c,.x +.+ c m _,.x + X 

= c 0 + c, X + .... + C m _| x™' 1 + X™ 

= h(x)= o 

. R[x]/I ^ h(t) = 0 JjSj 
: (16) 

(j* F[x] ^ o JX iS h(x) cfi&j ‘ La (F,+,.) (jSJ 

: JS-ilU F[x]/<h(x)> 4-u-all aIL*. t m > 1 

F[x]/<h(x)> = {a 0 +a,t + .... + a m _ 1 t m ' 1 : a ( EF ; h(t) = 0 } 

|j—A>J 4 O— JSk j JfLij t_u£j F[x]/<h(x)> t>* ‘ AiUia'yij 

ao + ai t + ... + a m _! t" 1 " 1 = b 0 + bj t + ... + b m .j t" 1 ' 1 o aj = bj 

. i j»j3 ^ . u^ (Ja.1 ^ 

: aajLuJI 4 aj1\j 1! AiLaVl 

: (26) Jls* 


: jjjSj iiiic. 4 h(x) — x 2 + 1 diiIS lj]j 4 L» ^iaa. (F,+,.) 
F[x]/<x 2 +1>= {a + b t : a,beF , t 2 + 1 = 0} 











Jjii-lj OUli-l ijJoj (J iaJjU 


I_I 

: UjSj (—j 11 Luc. (jl 

(a +b t) + (c + d t) = (a +c) + (b + d) t ; t 2 = -l 
(a + b t).(c + d t) = a c + (ad + be) t + bd t 2 
= (ac - bd) + (ad + be) t 

. C Aj£_yail .ll.lC.Vl Alia (jlc (J»1 t (jLS-a i l F = R (jlS lijj 

: (27) Jli* 

. La !Xia. F (jl L>, J^ « F[x] / X 2 > AauisII Alia. t. it <g 

= J* 

: (jjSj m-2 jh(x) = x 2 Ji dua < <LLall aia( j jJab 
F[x]/<x 2 >= {a + bt : a,bGF , t 2 = 0} 

: OJ^i R o' ^ 

(a + b t) +(c + d t) = (a + c) + (b + d) t 

: (J£ji31 (j- 0 4-l^>J^all AjLaC (jjSj t 2 — 0 l_uuuj i (illj J] AaLjaVL) 

(a + b t).(c + d t) = a c + (ad + be) t 

: '■> ' ( F = Z 2 = { 0,1 Ai-alaJI AjlaJl iaLj 

F[x]/<x 2 >= {0,1 ,t,t + 1} 

■ > jjli t t 2 = 0 J Z 2 1 + 1 = 0 (jl <—UuU . J j ^ alie Axj jL AaLa 


: (JLilU L_ljj^all J £_aall 


X 

0 

1 

t 

1 + t 

+ 

0 

1 

t 

1 + t 

0 

0 

0 

0 

0 

0 

0 

1 

t 

1 + t 

1 

0 

1 

t 

1 + t 

1 

1 

0 

1 + t 

t 

t 

0 

t 

0 

t 

t 

t 

1+t 

0 

1 

1 + t 

0 

1 + t 

t 

1 

1+t 

1 + t 

t 

1 

0 


: (17) 

(F,+,.) (ji dua F[x] ^3 m > 1 Ae J J J* Aj.lal j Ijia S jaS h(x) 








Ring of polynomials — Cj\j^ Wjt — J>\ .= 5 1 1 

: 5-JU1I UlSjj .Vi '.V- 4 Lo i(Jk 

* 

J^F[x]/<h(x)> (1) 
kU Aik F[x] / < h(x) > (2) 

F JaaJ Je. J*kall aLH joe h(x) (3) 

: 01 a jJl 


(2) <= (1) 

. A«alj Aik jA (Jk iJS jjV a\j 

(3) <= (2) 

: J F[x] ^ h = f.g li) . I = < h > j f(x) = f i-jL&iua 4 ZJ&\ aJ 

(f + 1 ) (g + 1 ) = f.g +1 = h +1 = o +1 

‘ g+I=o+I Jf+I = o + A ojfe (2) <>“J ‘ F[x]/I 

. gEl jl f€~I 

4 h = f.g = q.h.g liSAj . qeF[x] jJ q* 4 f = q.h ikic. 4 fel '^! 

* 

<JS— 4 deg g = 0 j *j iiAj 4 1 = q.g (k\j Aik F[x] 

• (3) (J! • deg f = 0 jli gEl uk til Ajtk 

(1)<= (3) 

. f V h (jji ljl 4 f£I ikjc. 4 feF[x] J ‘ f +1 ^ o uSil 

h,d j (J. _ jk'ill Jill jjc. h u-n^j I jl 4 d/h jjSji Ujjc. 4d = gcd (h,f) 

• h/f J <jl} Ji* j 4 h = d 0 ^ • h = d J h = 1 Ut 4 jjk 4 J 

jjjo& . 1 = uh + vf u_& F[x] ^ v,u ^IjIUj 4 d = 1 iiS* j 

: j & 

Ikj 4 F[x]/I ^ Aj.la.tj f + I (ji 1 jft J 4 (v + I) (f + I) = 1 + I 

• (1) 













: (28) Ju* 

. Jai3 ^waljc. 4 jujI ja *—ilja jjoul 

:J* 

4 _Jj 13 jjc. l*J LaS 4 Z2 ASlaJl jjia. V X^ + x + 1 aj.iaJI S jx& jl 
: (JS-uiIU F (JiaJI iil j£aj 4 • Z 2 ■4-slaJI i^i (JjlajlS 

F = —, Z ?I X ^ -= (a + b t : a,bGZ 2 , t 2 +1 + 1 = 0} 

<x 2 +x + l> 1 J 

• F —J 1j£a^ 

F={ 0 ,l,t,l+t} 

^ ^ V . jmU.ll ^Jji . t 2 = t + 1 j Z2 1 + 1 = 0 : (J Lajj 

: jU j£j 


X 0 1 t 1 + t 


0 0 0 0 0 

101 t 1+t 

t 0 t 1+t 1 

1 + t 0 1 + t 1 t 


+ 0 1 t 1+t 


001 t 1+t 
1 1 0 1+t t 

t t 1+t 0 1 

1+t 1+t t 1 0 

: ( 18 ) 


4 (F,+,.) J-JaJ! cr _lc (F[X],+,.) A_Jkll ^ <jHla I = < f > tlulS lil 
Sjjj£ j_ySu jl jA F[x] Alahc.' 4 j11ju I jj£j j^fil 4 

. (F,+,.) J*JI ^ ^ f(x) 3j^l\ 

: DUjJ' 

I jl \ _ ale. 4 F JiaJi (^jle Jilaal! <LU jjc JjJa ajl & f(x) jl 4 Vjl jAjjjl 

. 4-bnlic.l 4all_La 

I j—A j 4 < f > ^ F[x] (jli 4 F[x] ^ jahe l 4jlHa I = < f > { 0 } j£ji 

4 g(x),h(x)^F[x] J f(x) = g(x).h(x) j£_J 4 f(x) £F jl ^ 











Ring of polynomials - iyOi-S «is- — g\ jl\ 


4 g(x).h(x)G< f > : a_£>U 1 I j* 3 t AjlJ A^kr.j aJ\1» < f > J Ujj 
J—« lj*JI f(x) oj-Sjj <■ h(x)e< f> ji g(x)e< f > l —A aJ 

* deg f < deg h J deg f < deg g J g;i h(x) J g(x) j jx_aJ ij££1 

JJC- JjAs* SJJ-iS f(x) jij 4 JjXjt dll jjj£J Jjlaull AjLla ^j$ia £-0 (j^aSljj ti& j 

. F ^jJc. Jjlaull <L15 

aJjIs jJtL f(x) JjiaJI ojjj£ jl Laic, t Ajrthcl Ajlli* I = < f > jl qJ\ j& jjj] 

. JjlauII 

• <f>cJc F[x] L-lj-k 4 (F[x],+,.) AiLJI AjIIIo J j£i] 

f(x) = g(x).h(x) j g(x)el (j' LXa. I = < g > jjSJ 4 ^±>J Aj 111» J ji Uj 

. h(x)eF[x] Lui. 

4 deg h = 0 J deg g = 0 t»] (ji! iF JiaJI ^ JjLzII aJLAS jjc f(x) ji Ly 
j^=a c g(x) jli ^LilLj sCojli c t-u*. g(x) = cEF jli deg g = 0 jl£ lili 

: 4p[x] AiLdl aXxj 

d Ljoa. h(x) = dEF ji <^i t deg h = 0 jtS lit U . < g > = J = F [x] 


<■ J = < f > j' <jl 4 g(x) = — .f (x) E< f > : jj %3 4 Culj 

l d ; 

If —3 A — J-ahr.i Ajllia < f > jj] 4 jS-a- JJC lift J 4 < f > C J CZ F[X] jj£j 

. (F[x],+,.) aui 

I aJIjII A^elgJI A > Lull AiUJI AjAjjaII jx ^cjjj 

: (5)4xui 

iiiic 4 F ^^Ic J jKMl aJLIS jjc sjjjS f(x)j Lo (F,+,») jt£ lit 

• jj^J F[x]/<f > 

AilaJl jjSj I AjAjiall j<oj 4 AiLkjJl AjAjj<all j^ ^tlb A-aJjjll eift jLb jj jt 

. <^kci I Ajllall Zjjl£ lit 4 R/I A-atoll 













• y 9 X (jjjjilaj Ci! jjjS Aik i-jujxli ( J l «->lN Ik 

^_S R A _ik!) ^jlc. JjJiaJI dll jis£ Aik R[x] j i k Aik (R,+,.) (jSjl 

<y jjiial* R[x] AikJI Jic. ( (R[x])[y],+ ,*) ^ikil t x joikll 
■ijAaJ) Cl) jx & Aik l$jie Jjlkj • (R[x,y],+,«) —i ®- 5 '^ .» if&J 

■ y,X 

: tJiLiiL l_uSj R[x,y] o-* .ijia. s 

f(x,y) = EIa iJ x ( y J 

120 j >0 

= aoo + aiox + a,oy + a 2 o x2 + aiixy + ao2y 2 + .... 

J _»-* X a ij xi y j = E b ij x ‘ y J u-& f-P 01 J ^ 

•ij <3^ 4 ajj bjj uj&a 

: (29) JUu 


u’ 


f(x,y) = 2x - 3y + 3x 2 y - 4x y 4 + 1 €R[x,y] 


yj x LaA (jjijk a JX& 











(-suauil) A/i\ % H LijJl 

Modules 






(OUbJf) SLSbcJf OfpUafllf 
Modules 

( Aj^i^JI i<11 ^3 Lumj AjjAsJI (j<o ( La Aik. ^glc. ^Ik'l tLAafill AxJ 

4_ul_jA Ale. ^Ja A3j t (_£JLika3l jyi^C. ^mUIl .j^Ili L.LaUa Jl ojjg k II 

. La (_)»*>■ k. A g >ln,)l i-Jf.l. >»a'l 

? _j 4__jIkJI tills kail! (—Lljklll j ^a&iLa!l ^'-—» < (_L-aall Ik AjIaj ^_3 ^jAa_j»..‘i.m 

r ' ■ i 4 jol-vll Cilf-Ljaall ^Jjalkoll c- kt j t ^gJ^2kJI ^aKH r. 1 ^ujAj 

.... jail ^Skll a^LiUlj ^IkJI a^IJI 

_^a^ll£ oAjAE. Ajjii. £JjJal^4 Aik ^glc Ajjl-tll Olf-Ljaill (_ya oAlilujVI (jSuU 

. AjjL) jjill j Au^LjjIl (j<a Lb JJC. j dllija^-oll ^3j ^ ~ J^-3 4 A^l AJ^/I 

: AamiUu) ^jAlLaj uLjIju ( 1 - 5 ) 

Left module over a ring 4ik Jte (jLuuJI <>) t$ jLw*4I *Uail1 A 

AjLoC ★ c-V,K |j|j t Ajlk jjc. AjC. M tlljlii I a] tLo Aila. (R,+,.) (jSjl 

cp ; RxM-> M : Ji*i3L lankl q> (jlS III j t M ^^Ic- Ai^>*-» ajjLj ajja*. 

'. J5v, Jij IL l__3^)*-a (M A_ C. JO'SaII (J— 1c. A__3_ i )*ja Aj^jli> AjLoC. SaIc ^ 4.t, uj j 

4i? _ak si—jaa Ail M o& Jjaj Ujla t m€Mj rGR JS1 1 (p(r,m) = r.m 
: Aj 3U]1 Jaj^iJI i* Ikl IaI i (R,+,.) AlkJ] A Uiollj ^jLaU 

aJIajI Sj^j (M,*) (1) 

cp(r, x^y) = <p(r,x)*<p(r,y) (2) 

q>(r+-s,x) = cp(r,x)*(p(s,x) (3) 
cp(r.s , x) = cp(r,cp(s,x)) (4) 












ss — a a s — tssss s s JOUiiA-t 4 j j A»Jiu — ,— — .— — ; 

. M <> y,x jR(>s,r ^ <J>? 6- <^j 

: j£C]b A till, all JajjCll AjljS (jl£ Ail t ia^.V 

(iy 

r.(x + y) = r.x + r.y (2)' 

(r + s).x = r.x + s.x (3)' 
(r.s) x = r.(s.x) (4)' 

. M 1 >y,x jRi>s,r JSI 

^y]] AiLia^lj i (jiskJ lilj ( 1 4.1a .j j>.Vir. d j (R,+,.) AalaJi ClilS 13) -2 
c3—c^l ‘ xGM cJ^ cp (l,x) — x : ^lill 3aj23l ( aLIuJI a* jjVI 3ajjJ3l 
( A l£-^IJ <.UiaS Ail M (jC- (Jj4i ‘ l.X = X i 3aj33l 

. (R,+,.) aSUI J* 

Right module over aring &1*. ^ <_ ? ils3l -3 

★ Ci—ilS lijj i a _ilLi. J4& <£^>0 M Ciil£ 131 i L» a! 1^. (R,+,.) (jSil 

* 

: JS_3JL 1_ %yua (p (3,-JikiH j\—S 131 j l M ^yic- Aij« Ajili Ajjl> AjLoC 

< jc.J J 5ilijlitR ( >rjM t >xJS3 q>(x,r) = x.r <. cp : MxR-» M 

: AjIIjII 3ajjdl CimV) 131 (R,+,.) AilaJ] AJuClb ^iJuu eLiaS Ail M 

Ajll (1 

(x>y). r = x.r*y.r : J * (p(x*y , r) = cp(x,r)*(p(y,r) (2 
x .(r+s) = x.r^x.s : J ^ * cp(x , r+s) = (p(x,r)*(p(x,s) (3 
x.(a.b) = (x.a).b : J ^ * <p(x , r.s) = (p(cp(x,r), s) (4 

. M t> y,xj R t> s,r JSl 4il3j 

j3—Saj 131 j t (1 6.1 ,%j j > .-iic. Cil3) (R,+,») AiiaJI Ciil£ 131 -4 
{j—a X (J^ cp(x, 1 ) — X ! ^lill 3a_^u3l l a3jLm 3I AxJjVl 3aj jCll ^l ASlCa^/ll 
_a.lj) Jjla-aJ Ail M (jc. Jjij tiili I x.l — X jl c^l M 









Modules - (OL£U-l) JJiU-l olsjaaJ) — ,^$-1 J-ai5l 


. (R,+,.) ASkJt Jk. 


AilaJl ^lc \jjLoij Uak. f.Lsai M jl^j t (R,+,.) SiKlt iliilS 131 -5 

j' if — "4 li— Aj -R ts—^ Oi—^ O* tf^*- Jj=kjj <jli i (R,+,.) 

.R 1 >r J M l >x ( JSlix.r = r.x 


1_a£ ( 4j_ U LS J > --»1 y jjLall 


<—«J_)ju 1I e^lc. ^-amj 

. Cjl^AlaJ M frLjnAll j—aUc 


(jjt— sllj ‘ Ig- —aaij ^.3 •s'ull »' iriill Jajjji gJtl-JI {.Ljaill Jaj jai jl -6 
» Luai 1 <‘m t (R,+,.) La ^lli. 13 ^jl-o M al-^1' r- La-aill jl j& 1 *<j i Ai-i jjl 

.(F,+,.) j£alj lij*-a jjSj 


jjjj M 4ijx-all ★ AjjLuII 4uLajtil jjj jjA-ull (_g jjjaiall (j-a -7 

(jVl j-a 1 Vll Laic « (R,+,.) -UlaJ ^jlc 4ij*-all (+) Ajjljdll 4jla*JI 

* 

. -U-l&j j-ajllj IgJ ja^ja-l l^cLuoS 

(R,+,.) ' A —SLaJl ^—1c M gjl-tl l ftLwalSI Jjl ^ll JjVl Jajjill -8 

( 4_JU 0J—<0 3—J* ^ LaS jlj i ^LilljJ l 4-iIi-ij] 0>0j (M,+) jl lil jJJJ 

V <—jl 1-a£ l ja> all 13 a JjiaJl i—liijJJ (jl*JJ V 4j«JuSn ja J-iC- £- ja>a 

X] j£jlj J M Aa-jJ <^133 ^l 4iLa»yU i -US (jUjj 

<Xa-uijj 0 - J X[ 4. >*L al l j-aji-a t M j-a X X = X + Xj -UaJ j-a jjfL 

. M ^SlaJI fcLaaslI j^a -U a -,-L l jl M ^iUll pLi-ct&lt ^S ^ ja.^-ill a-»tl« 

-U^J j-a jj£j X2 j^J Ajaaj <• M ja X <ala ;_^1 Ja.1 ja <j) LaS 

• X (J^aj) (J-oj^*-a A, j a-ajj -X —J X 2 ^ >"ull j-a^>j l X + X2 = 0 
: jU t M j-a La jj^aJLa y,X jlS 131 « <LLJ1 -UaajLall ja ojliLa iVIj -9 

0 4-0 = 0, x + (-x) = 0 , (x + y) + (1 - x) + (-y) = 0 

: jli a ^ILHUj 


0 = -0 , x = -(-x) , -(x + y) = (-x) + (-y) 
















4JA>“'J 4j JQJ £ 



(-) AjjUjII 4_}Lu«JI c (R,+,.) 4i\-vti ^yic. La ebJaS M (j£2 *10 

: JLilUM Jc. 

x - y = x + (-y) 4 M t> y,x JS1 

. i "'I ^ 4jLa*j 4j\.aa '1 eAA ^ A t Jil j 

: 2&a\ (2-5) 

. l^mij ^c. Lais. #.Ljaa <j£^£j (R,+,.) o^llj ‘ <21»- (1) 

ykj R (> r,x JS1 cp(x,r) = x.r JlilU cp : RxR->R 

^_9 oJjl ^11 .iSfcll 4ijg **i.1 _5 R,M AjlaJI aAA 

. ij-ojtt j) jLjuI) cUiasll 

R (j—a 4 j‘j> AC. 3 -a^-a A dljl£ Ijjj l *4 .a. ) 4aia. (R,+,.) tlulS Ijj (2) 

: 4j31j 3I tliliuiadil JS 4C jo>o M (jt (J^ajialj ‘ 4j]Li. JJC-J 

(p : A->R 

: ( _K *.' li (+) 4ala,ta 4 jjI£ 4-jLaC. M (jlc- <—*j*jlj 

(9 + V P) (x) = (p(x) + v F(x) 

JSJ (r cp) (x) = r <p(x) : JS-i3b 4 j=>. jli. 4Juc jtM(> g,fj A <> x JS3 
4 aW\ l ^_1c AjbsMftJ frLjaa M <jl 4-J jUaxl l . M <J* (p,Xj R (j* X 

• (R>+ 5 *) 

. 4jllij %ja j (M,+) : j' ilM J "1 

: oi$ ‘ R <> ^ us,r jlS lij j v P,q> u^J -2 

(r (<p + 40) (x) = r. ((cp + 40 (x)) = r. (cp(x) + 4-(x)) 

= r.cp(x) + r.'F(x) = (r.cp) (x) + (r.T) (x) 

= (r.cp + r.'F) (x) 












Modules — (OLiU-i) 


: j • A(/X JS] 

r(<p + x ¥) = r.(p + r.'F 

((r + s)cp) (x) - (r+s).(p(x) = r.cp(x)+s.cp(x) = (r.q>) (x)+(s.(p)(x) -3 

= (r.<p) + sAP) (x) 

(r + s) 9 = r. cp + s. (p : jjj< Aj*x JS! 
((r.s) cp) (x) = (r.s) .<p(x) = r. (s.cp (x)) = r. ((s.cp) (x)) -4 

- (r.(s.(p)) (x) 

(r.s) (p = r.(s.cp) (ji) 4 A x JSl 
, Ajl -V Ail ljja .1 CLuijJ t(R,+,.) Aik)l ^k »k pLlJsiS M <jt ko 
: lipj <jj^- j t 1 (R,+,.) Aiki) 

(l.cp)(x)= l.cp(x) = cp(x) 

• 1 .cp = cp o' l?' ‘ cpGM j x€A JS 1 

_k (p ( 3 —iJaull <—ij—«j]j 4 Z jl.SC.Vl Aik (Z,+,.) (jSal (3) 

: tJfLilL M AJkJI jjc Ac. jASk-all 

cp : ZxM- > M 

• Zj«r jM^xJSli cp(r,x) = r.x 

. Z ^jk .Isk-oJ «.LjaS M (j) 

: 4j5\j 51 kjjjill (ja {jaajJ\ jkaJ LsS . Ajlljjl 4 jxj (M,+) 4 <j1 (J jj 4 A3j$*»u 

r (x+y) = rx + ry 
(r+s) x = r.x + s.y 
(r.s) (x) - r. (s.x) 

•Z <> r,s j M <> y,x <_£i. 1 .x = x jli 4 ( 1 ) jjU-u Aik (Z,+,.) cAS k) 












: ( 1 ) 

O' J O — J i R (J ^ b»b eLjak M (jlS lit t b <Sb. (R,+,.) jjSjJ 

: (jj£j Ujuc- i i_JUJjdJI (jic. M «.bibll (R,+,.) AlbJI 

Mj-xjil O.x = O' (1 
R t> r JS1 r.O' = O' (2 
(-r).x = r(-x) = -r.x : dp 4 r^R j xGM (3 

fs ) s 

s> 2 t ji ‘V ‘fiAv■ -.rsSRj M o- X JS11 £ r . .x = ^r jt x (4 

v i= > J 


i=l 


s A 


s>2 jXi,x 2 ,...,x s €M jR o-r JS1 * r.l £xjj = jr.Xj ( 5 


i =1 


: uji 4 M (> b l*a.lo x JSjI (1 


O.x + O.x = (O + 0).x = O.x = O.x + O' 

O.X = O jjSj Alaj 
• 4 R o* ^ r (j£jl (2 

a.O' = a (O' + O') = a O' = a O' + O' 

a O' = O' : uj^ 

! (jl bjj t R (j-o b I Jj-aic. r blj t M (j* b tg-^b X <j£jJ (3 
r.x + (-r).x = (r + (-r)).x = O.x = O' 


(-r).x = -(r.x) 


( 1 ) 

(J bjj 


r.x + r (-x) = r (x + (-x)) = r.O' = O' 











r (-x) = -(r.x) 


( 2 ) 

: J ^ (2)j (1) 5i jlio 

(-r).x = r (-x) = - (r.x) 

• op ‘ R o* r s ,...,r 2 ,ri <jlS lilj t M u-a La I x uSLl (4 


( s > 


( s > 


( s \ 

5>l 

v=> ) 

.X = 

fl+Z 1 ! 

^ i=2 ) 

.x = r,.x + 

(i = 2 J 


s 

= ... = ri.x + ... + r s .x =]Tr i .x 

i=i 


, * 

‘M <ja X s ,...,X2,Xi ji UOajS Ijjj <R <ja La Ijj- ta'i S. r (5 



( s > 


f s ^ 

s 

r. 

Z x , 

= r. 

x i+E x , 

= r.x, +r.£x 


V=> ) 


( i-2 J 

i = 2 


s 

= ... =rx! + ... + rx s =]Tr.x j 

i = l 


: (1) j 

i R (j— 1c- . 1 l._j Lxaj 1 jSIa. ploas M <jSJj 4 (R,+,.) dul£ I 11 

y,X (j' ^ Ij] J 4 R ^Ijls r Ja ^l'a 1 1 jlS lllj 4 R (j* f (jl (Jaa^>ij]j 

x = y : oP * r.x = r.y '^} ‘ ‘ M (jjj.nir- 

: OlAjJl 

• 1 _P(R,+,0 AilaJl S^skjll jajil 

: jp ‘ r.x = r.y <J L»j 


r' 1 . (r.x) = r' 1 . (r.y) 
(r* 1 . r) . x = (r" 1 . r). y 
1.x = l.y 


• x = y : (/SlWj 












- — 1—1 " — .. Jjili-lj CH&li-l Zlj£u (J <UjjL* 

:(2)^u 

Ijjxj ijjj 4 R ^Ic* Lila. $Lja3 M lijj 4 -Xj' ~wi} Ajila. (R,+,.) dul£ til 
. M t> X (J£l t (-1) X = -X : up ‘ 1 > JW R if* 

: 01*jJ\ 

R i> r jM(>X(JSl (-r) x = - (r.x) : J 1 *j 

M t>x l£1 (-1)x = -(1.x) : jli 

(-l)x = -x <3 jSj 

: Submodules 4,0jail 4jiiaJ <oJfL2aaJ) (3-5) 

: iib- L? lfc *■'0^' (11) 4jbj*J 

^ilaJI #.Ljasll 4 R Lo IjSla pU^aS M lijj 4 La Asia (R,+,.) (jSj] 

(jOajJill M ^jfta JJC Ajj ja <>r.yN^ 4 M (ja N ^jall 

x - y€N : (jli t N t> y,x (1 
r.xGN : jli t N U i j^-aic. x jlSj 4 R l» I j~aj& r jl£ tit (2 

c?j—^ ‘ (R,+,«) Ajiila ^tC. M ^ilall $.L^ai51 jl 4 ^LuJI t^JA ~ 'J 

O (jl Lolc- 4 <uij M cLjalllj {O } LaA (jJ^Lai»3 4 (J?^l ^^Ic. 

. M (JilaJl ^L-iaall y, 

: (1) 4Ja*5L» 

• Ja^iillj 4 (JjjLuiII (jj j\\ (2)J (1) ^jlsLaJ 

4 in 43 j I j| 4(R,+,«) Asl*>li jjic M (^ilaJI «.l*Jaa]l (j^o \jj_)a ^jSl^ f.L»^aS N (jj£j 

: (jjiiaj I j] 


V x,yGN , V r,s€R : r.x + s.y EN 


: (4) Jts» 


U 51 a cLiaS (JSuiu (A,+) jjji 4 (G,+) a J«ajll (j - (H,+) dul£ I jj 










^ Modules — (OLiU-t) o'sLiai)l — ^ 

4 reA j n£Z (jlS IjJ (jV 4 (Z,+,.) AilaJI ^jic. G eLuaill ^ 


n.r = + (a + a + ... + a) 

: (5) jLw 

dllij i t ^a o a^aljc, ^UjaS M2 <jl ‘ La (R,+,.) (j£jl 


p \.— > >a N (jl 4 N = 


x y 

-y x 


; x, yG R | Ci_jlS lilj t R ^c. ^.ia,iK 
. M 2 i> gH.> 

. (jl^Nc M 2 (jl ‘ £j-UaljJI (j-o 


op 4 N (j^Q La (jJjnVl& 


x y | ( z t 
-y xl’l-t z 


LA 


X y'j z t'j f x y') f-z — t 

-y xj {-X zj {-y x) { t -z 

( x-z y — t^ 

= ; eN 

l-y+t x-zi 


• Up ‘ N iy> 


x y 
-y x 


x y] [ r.x r.y 


r.x r.y 


lAj R ija r jA l^jj 


\-y x) ^r.(-y) r.xj 1^- (r.y) r.xj 

aWti (.U-iaall (jjJjljll (2)j (1) (jp 3 ^ (3f“ A* gm.ai 

. M 2 j- tlUaj N jij ^ jaJI 

. dlleLjaill jjJc. llAjl<a»Jl Q^a*J jVI Aj 

: £^oJl 4 oL»c : Vji 

N 2J Nj jSJj ‘ R La USA frlUaa M lA l^jj 4 1-° 4aA (R,+,.) (jSjl 

t oil 4 M (j-a (JjLaA. (jJeLUaS 












{xeM:x = xi+x 2 ; XiGNi,x 2 GN 2 } 


. N t + N 2 j * 4 N 2J N] ^ j*y A } 

f >\ ■ Qm Ajj_^ AjSk dll&l jJaS N3,N 2 ,N] ClljlS lil Ail i 3Jj$-uU -iStill 

: cP ‘ (R,+,0 AiLJ Jc. M ^ikfl 

N 1 +N 2 =N 2 +N, 

N!+(N 2 +N 3 ) = (N,+N 2 ) +n 3 

f. l tiai j_& (jjjjjai jyjak (jj$k<a3 <a (Jj^k, (jl ( AjIIjJI Ak_)Xall ^cjJajj 

. <^Sk eL^aS ^ja. yik 

: (2) 4k>* 

(jl (j-aj _SJJ 4 R (_jk k*k frkaS M (jk lilj i k Aik (R,+,.) Ojk I j] 

(c —Sk f \—^ N(+N 2 UJ^! ‘ M <j-» (jp Ui>Sk (jJ*kia3 N 2 j N] 

" * 

• M t> 

: ol»jJl 

. (}) ^ Nj+N 2 C M <j^ 4 N]+N 2 Ac^aa-*!! >—iij*j u.a 

: (JSJollj k^bljS <jSkj (^abj ( N,+N 2 Cy> k y,x <j£jl 

x = xi+x 2 ; VxiGNi,x 2 eN 2 
y = yi + y 2 ; Vy,eN,, y 2 eN 2 

: (jla t ^lalljj 

x - y = (xj + x 2 ) - (yi + y 2 ) = (xj - yO + (x 2 - y 2 ) GN!+N 2 

0 * _ 

1—uSlJ X J»«-ii»ll (jl 4 N,+N 2 iy> k I Ji~ai C . Xj R (> k I J ^OLiC . X (jVI (jSJ 

: JLilb 

x = xi+x 2 ; Xi€Ni,x 2 GN 2 

: Cp 

r.x = r (x! + x 2 ) = r Xi + r x 2 GNi+N 2 















• (jic. M qa fcL_^3 N1+N2 J (3^ La* ^rVnin' 

* ^1U! (JfLCllj AjlAj^aSI 4_iA^)Xa]| -j a»"i j^Ai 


{Nj } i=1 Clil£ litj 4 R ^gh. Lila. fflCaS M (jl£ Ijjj 4 La 4aia. (R,+,.) <j£il 

n 

^ —ILs. fflCaS : <j jSj iS-lic. 4 M Qa AjalaJI Clffl kAi\\ (j<a ff^dull 

i=l 

• M 

: ^laliSS <U1 aC' Ajjllll 4uLa*J| 

Nl (jl t>aJSJJ 4 R Llila. e-\jJaS M (jSLilj 4 La (R,+,.) Clil£ lil 

: 4c. a 31 4 M qa t j : yj ja. (jjjala> t jJcLiaa N 2 j 

1 gj j «JJjN 2 jNl ^ial—sii {xGN : XGN] , XGN 2 } 

. NiDN 2 

N 3 ,N 2 ,N I Clil£ I jl 4ji (3 jLJ 1 iwjjj*Hll (ja £ . >Uj 4 (_ 3 -iLmJI 4aLaC. ^3 Lo£ 

• ij|i ‘ M cja Aj.al'k Cilc.Lc»s 4jj|j 

Nif|N 2 = N 2 f|Ni 
N 1 n(N 2 nN 3 )=(N 1 nN 2 )nN3 

fflCaS jA M (j a (jjjjja. (jniil-s (jJffLjaS ^Jalsj (jl Cl.Ut 4 “LJLill 4jAjXa]l 

* ‘J'j* 

: (3) 

(j£j—lj 4 R . le . \ fflCaS M (j\£ I jjj 4 La 4ik (R,+,.) (jl 

(jA 4,^^. frLcia N] flN 2 juCc 4 M (j* jj jjJ^. jn^U (jjfflcaa N 2 ,Nj 

. M 


: OlfcjJt 

• (j) ^ N] Pi N 2 C M (jl -l>j (j Jj£la» (jjffL^aS £_Ll£i <jj jtLi qa 

4 x.y€N 2 , x.yGNj : j,—i <■ Nifl^ j—« U y,x J 1 












: a\* i^lLj 

■ x-yENiflN 2 : ‘ x-yENj , x-yEN 2 

d Jl ‘ Nif)N 2 i j A La ) J, ^Iir. Xj R Cy> La r (jVi (jSJ 

<j>_Su a —iaj t r.x€N] , r.xeN 2 : uM ‘ ‘ xGN 2J xENj 

. r.xENjf)N 2 

• NiflN 2 d 4 Jij, Lax 


! j AA.Axall 4_iA^jxii jSLaj 

ds — jl£ lit j 4 R q —a 1 a ^—£1^ M (jfulj 4 Lo <£1^ (R^-f,.) dul£ lil 

$1-a«a3 HN, jjJic. i M L>“ CjlleL-asli (jx 4j\\■*> jjfr a^uil |N. | 

i*=l 1 5 " " 1 i=l 

n f ■* 

: AC. Pj Nj —j j-o jj Aj] Lolc. ( M (jai (^'^ 


{xEM : xENj; i = l,2,..,n} 


(3) ^vuj 


•* Lo !^C. Al(jU L>^aJ 

Ci—il£ lijj a R ^— 1c ^—ila. c.\ —Ja3 M (j \—£ lijj a L» Alia. (R,+,.) (j£jl 

: jli < N 2 C N, jl Cjjaj < M j* <ala. CiUlCsi AjjHi N 3 ,N 2 ,Ni 
N, n(N 2 +N l ) = N 2 + (N 1 nN 3 ) 

. l a ig . Cur JJ jlltll >»iti ^iaij £a2»J! ‘ijlac. Jaljjjl til jjjj AajLall ol jL »a]l 

: (6) Jlu 

Ci__ri. a«. , .j— C Jill M,R j* (jCJU. jjc jCAj^ j^j^-a B,A j&J 

: j\£ Ijjj . clCaa M aU Aal^ (R,+,») 


AB = < ^a^Xj ; a t E A , x { EB , nEZ + 


j* j=k olCaS AB (jli a(R,+,.) AiiaJI ^ AjjLjJ ^Jlj-a A CliLS Ijij 











1 —„ (jjj n-u fc y,x . <)> ^ AB c M (J AB <c.L_fiJ JjcJ LIjA 

n m 

di—p. t x=^a j .x i , y =Z b j-yj : (jS-j Ajli , AB t> 

1=1 j=i 

: Oji ‘ u4=->“ u Ajtx-i o'-uc m,nj B <> yjj x;j A <> bjj a ; J 

n m 

x-y = Ia i .x,-£b j .y J 

i=! j=l 

n m 

=S a i- x , +S(-b J ).y J gab 

i=i j=i 

X jV ‘ AB O'# La Jj-caje. Xj R (JX La QtxalC. f o' 

, S 

‘ sj B c> x k j A (> c k o' x =X c k- x k : 

k=l 

: oli t 

r s \ s s 

a.x = a. £c k .x k = S a -( c k- x k) ~ X(a.c k ).x k E AB 

Vk = 1 / k=l k=l 

• M O - ^ e '- l ^ aa AB ji Ofua Lax gjnm'l 

: Finite generated modules AJtfaJ) Ci)*UbAfl (4-5) 


JJC Ajjja. <C.JX > X S O^J ‘ (R,+,.) La AaL*. La Lsla. e-LSai M 

(J£ M 0<a <uo^J! AjSlaJI cl)l«.Lxaall (_}£ ^j\ t]VI o-a A-Jli. 

^—ilaJI —i-iisll I. S ft ^ < wi . S c£j^j M O' 0 o^ 5 *- *'- k ^ aa J* S l^-ix 

—J ajlc *0 4 S ACjx^xlL iljxll ^Joail ^LjasJL M (jx ^jo^JI 

. < S > 

(j]— a S = ^Xi,...,X n ^ <jl ‘ A,. . ^Tlu S Ac. j x -sxl t klul£ |j| t Aj^aLk 5Jlaj 

: (J^JL i- _ jqSj < S > 


< S > = < xi,...,x n > 












_Jj 4 Le ^gic- LvaK e.\jJai M (jl£ I jj 4j\ 4 (jjlluiil qa gmui 

^ alsJI eLCaiJI jji i M ^ j® 4JLi. jic- Ajj _)a. Ac. j)*>® S CJS I jjj 4 (R,+,*) 

M gj—a gg—g^*^ » hCafl J » >< -< ' jA t S <&3 *^-o31j 4 M (j* 


• S c£_>=s 
: (4) 5jAj^ 

(R,+,.) AakJi ^jJb M g^aiaJl «.Liai]l (ja Ajlli. JJC. <JJj=4. kcjA^a S O^jJ 

n ra 

4 ^a^Xj + ^bj-Yj • <j* 4 _jj£ 1j5l) <J£ F —j j *jjlj 

i=! j=l 

jj-lic. 4 ijVi^ya jjlajauL-a (jl.i.}C. m,Ilj Z (j-» bjJ S <j-o y, , Xjj R gj-« £lj 
M <j—« g^^ frbjafi jAj 4 S M t>> g^jj*- gf^a- objaS F 

• S 

: ( 2 ) AJaa^U 

Cl—,,»l£ I jj j 4 (R,+,.) <j£i—S J 4 I « 4—ila. ^ —1c- U bila. d-CaS M 

L "m |§ J|A-kX>lll .il 4 M (j«® g^ilaJI » 1 ■ ^»^l l (jj 4 (J) S c M 

n m 

J 4*1 -TV 4 X a i- X . + X* 3 j-y j : 4> 4^' l> 

i -1 j=I 

. <jtf=k._j-o (jLjkja-iua (jljic m,nj Z t>® bj j R (j-® ajj S (j-® yj,Xj 

fr Ljaii l (jli 4 x (jSJj 4 -i=^ ±alj J^caic. <j< 4 _i]bj S Ac-'jjj 
(j* g^A ^lll jj^aUaJI jj-l-aa. (j«a 4_a]hj X Jjuaifclb jJj-J! 4M t>® gbgj^bJI 

. Z ;> n j R (> a dya. ax + bx JS-ill 

: (12) JoyC 

(jiaj Ijj Ljob Uak. VLaa (R,+,.) -ijb^j AilaJl ^ M gbbJ «.lCaill 

• M i >mJiliM = <m>: J 

: (4) Aaoii 

b-J ya JjSj V cLjasl! (jj 4 (F,+,.) JiaJi ^ W^ 1 * (V,+,-) tj^l 







^.g.ryLa pbJiaS V jlS 4 lit JaS3j 4 til 4 F (JiuJI ^jlc- »LjaiS ^jl^j (JSuloJ 

.dim V=1 J dim V = 0 jlS Ijj Jaasj Ijj uj^j *<«- li F LS 1& 

: (5) 

A _C.j«oa_a3Lj li_Jj-a (R,+,.) J_jLa-oJ A ■ SI'S II ^—lc Lila. pLjaS M (jlS Ijj 

: ol* ‘ {x b x 2 ,....,x n } 

M = £Rx f = { r, X| + r 2 x 2 + .... + r„x n ; neR } 

i=l 

: 01*jJl 

n 

: (jji « rGR <jl£ Ijjj X^- x i t> y»x jSJ 

i=l 

x-y e^Rx, , r.xG^ 

i = l i=l 

. (R,+, .) ilLJI bali. pldaS JSjij ^rRXj ji <j\ 

i=l 

n n ( 

. x ; e X Rx i dp ‘ l.Xj = XjGRXi c^Rx ( o' l^j 

i=l i=l 

ojj 4 Xj J—waUc. J—£ —aj 4 M O* eldS jijaol ^RXj o' taJj 

i=l 

• M=£Rx, 

i = l 

: (3) AJ6»SU 

t OlioS 4 oJUa-j QJ^"' o' *Q JQ‘ .' o^ AJiiaJI djlf.L-iasll d)l^3j-o AC- j-n-s-a oj 

(jSj_Jj I_a J (^gJc. Olio x JJ* iaj JjAaJI dljJoS <J£ ACj>.q->o S ClulS Ijl 

F (JsaJI di\$ ■>")<> sLjas (Jid S oji 4 n jt ji^-al jj (F,+,.) 

I ^A S^l^oJI Igjlc 

{1 ,x,x 2 , ...,x n } , {l,l+x,x 2 ,x\...,x n } 

: (5) 


(jj 4 L-j-aajI JyLa-aJ (^Ala. pi-aaS M <jl£ Ijjj 4 .Ijla-aJ Aslso. (R,+,.) ullilS Ijj 












M .. - 1 I ^ S c M ^c- jA-ynl l (jj£j i '^Sl (^ilillj ^ jLUl Jaj^ill 

n , 

S t> Xi J£S i S r i ,x i M t> x j~aic <J£ ajL& jl^yu ^jjSj jl 

i=l 

. i_ia_yi £jrmn JJC Ilj R <j-« Tjj 
: ^)\ ^jir\ ^A\ *Uill (13) Jn j* 
X (jSj—lj R u —Sc ^—11a. ftLjai M (jlS li]j 4 La Alla. (R,+,.) tlulS 11] 

9 9 

UHa e.Lja3 ^^-ajou 4 M tj* ^ja ^11^- ^S^i»3 jA R.X (j]l t M <j-a La 1 jja^uC 

« ... 

: (jl i*ua t X j>^u«llj liljA tuulj Luja 

R.x= { r.x : r€R } 

el__«aS M o^J ‘ y' ^ ■*.' Alla (R,+,.) ilulfl 11] Ajl 4 (JjjLuill qa 

. < x > = R.x j]i 4 M <> La 1 j^c x *i]j ‘ R cs^ t^Sla 

: (7) Jte* 

A «jja 11 4l)lijl i-txall A—cjAa-« M 2 4 Jjla-aj La Alla (R,+,.) j&Sl 

4.,i„ Si Jill ^jlc Ajajlallj Ajlaljll (jjjjjlull (j u i La all M 2 i _ f lc. L_ij*jlj 4 Ajsjlali 

: ^Ml jSLilL 

" x , y,W x 2 y 2 l r x ! + x 2 y.+y 2 " 

V Z 1 ^1 J ^ Z 2 ^2/ K Z \ + Z 2 ^2 / 


X 2 y 2 i f x , y, 


Z 2 tj ^Z, t, 


x . y.] f rx i ry, 


z, tj VrZ| rt, 


Vr € R 


Acjjia-al) (j) iJIijjI 4 R ^jlc ^lla *.Lja3 M 2 (jj 


1 (A (0 l] (0 0^ f 0 0 

0 oj’lo oj’li orto 1 


M 2 — 1 Sa]^>q ^CjA.'S.a ^A 












: (J£Ji3U A 4ijik-axJI <jUS (j£xj 4 M 2 ijx lx 1 j.^-i'ir- A = 


= J* 

fd, d 2 ") 

' H ^ 

V d 3 d 4 / 


d, d 2 Wd, 0) fO d, 

V d 3 d 4j _ ' + i 


V° 0 y 


v o o y 


+ 


"0 O' 

v d 3 


+ 


0 o' 

V 0 d 4s 


d,. 


"1 0^ 


r 0 

r 


"0 

0\ 

0 

0 


+ d,. 



+ d 3 . 

+ d 4- 

,0 0) 

l 

v0 

0y 


vl 

oj 4 

V 0 \) 


(8) Jlft* 


4 R 2 ={ (xi,yi) : Xi,y,GR } : R 2 


: 4 j*ll nil 4jlx*JI i 4 Jix .,1 lx 4aW (R ? + 5 .) 

(X!,y,) + (x 2 ,y 2 ) = (x, + x 2 , y, + y 2 ) 

: JlilL ajo. jUJI aJxJI t R jjx x t ,x 2 , y,,y 2 

r(xi,yi) = (r.x I ,r.y,) 

• R t> xj,yi j R t>r JS1 

*“y £ 

. R jj! •> x > £.Lx»a R (jl ^1! (jx 
AjlaJI jib^a jA 0 (jj) .R 2 —1 3^1 jx S ={ (1,0) , (0,1)} 4x-jx >xl l (jl CLujI 

• (UiUx 1 j 

•-J* 

jli t R (jx lx jj ji-aic b,a (jl^ IjJ (jV i R 2 _! 3J_^x S jx^xll jjj 


(a,b) = (a,0) + (0,b) = a (1,0) + b (0,1) 

: Direct sum of modules AjaKA Cilpldaiti j*iUdl (5-5) 

M <iljxaall (jx 4_ujaJ! dl'g.1 > (jx 3 _)jxI { Nj } (jSjl 

^ —Li.1 J _)*ilix ^j-sax 4j| iM (^alaJI t-LjoiSI (jc. (Jjii . (R,+,.) -Ijl.-s-a i ^SlsJl 
: (jUa_)Ji]! (3^J lj] 1 < i < II - 1 ’ 'Q*^ tNj 4xJjaJl 4xsiaJi 








oUii-t (j <U-Ui» - —= 

M = £n, (1) 

1=1 

l<i,j<nJSl.N,niN,= {0} (2) 

• JfLdlb ^iikl Alt jaibball £• j^o^ail 

M = N ( ©N 2 © .... ©N n = © £n, 

i = l 

1_C.4 La Aila. M »!•*■ s-L^aj tjjfb pLa 4 lil (jpj 4 Ajlbll AiA jJ-oll 

. (jjil l ^_bdm pill j 4 AjJpaJI Ajal-N.ll dlbbjaflll J l^iiLba 

: (6) ^Aja- 

M Qj £j 4 R a _aLsJI ^jlc. lja\~?k pL-ias M pi* l^j 4 L» Aali. (R,+,.) (j£jJ 

* * * 

Jaidj 4 1 il 1 < i < n Ni AafllaJl LjaSlll t^-u>lxo 

: ^jcwj (J^-^ M c>° m (j5Llj c^l <j£-ol « lil 


m= Z a i » a i GN i 

i=l 

: (7) 3-iAjf« 

4 Ni o_jl£ lilj <Rpiik M u IS Ijjj 4 la Aak (R,+,.) 6 ^ 

3 M pilaJI r1 1 -~ a l' Ap^jaJI Ajal-vll dll g. Id? ti l /y> o 4 1 < i < Jtl 4 *\p > 

: AJialSia Ajltill dil jLi»JI 

iE[l,t] 4 Ni djlgldaill s jJy Jiilj-a J-j-o=kX M = 2]Nj (1) 

i=l 

1 < i < t 4 rij = 0 jj* ‘ njENj J 4 £ 1^=0 ^ '^1 (2) 

i=l 

. lfiistja^nSN^W ( 3 ) 

i*j 

: OUjJl 

(1) => (2) 

4 Aa.l ...li Adb^all 4 _U*a.j 4 Ipilj 1 Jailie l& ja-\a M = ^Nj (jl (_h=jiil 

i=l 

A_JDU 1 I (j_—aj 4 a .1 ,-J-~ 4 j 9—k^oJ 4 - L 111 b&J—lj M (j ——» J— t -alc - ^I 












Modules — (OLaU-l) JLiU-) olftLfciJl — J-aih 


. 1 < i < t JSlni = 0 o'^ Sn, =0 = SO 

i=i 

(2) => (3) 

x = nj =X n j o!—meNjflENj <jl_£ b) 

»*j i*j 

: J liAj tm = fl o£i rij = 0 o- 3 « iij ~X n j = 0 


N i nZNj={0} 


(3) => (1) 


* 1 < i <t J-Sl t m ,n' GNj dui. i m = ]Tn' , m = ^n i jl£ 'ij 




■>,-n:=S(n J -n')eN i nSN ) = {0} 


I 

4 m jjSjj 4 rij - n' = 0 gji 

i=l 

0 0 0 

. Lkb 1^**1 !■» Ic. rt 

: (14) ciij*J 

<j! t_p3 jsuj 4 R ( _ y lc- Lali. elJaS M (jlS lilj 4 Jjbwu L« Aila. (R,+,.) jj£j] 

^_ilaJI eLiaslI ya 4jjalaJI ObLjasdl jjx o^il 4 1 < i < T L,lj^ 4 Nj 

. R 4ikJI Je. M 

(ni,n 2 ,....,n r ) viulS b)j 4 N]xN 2 x....xN r ^jISj J J-iaJl iaL 
. 1 < i < r J£3« rij GNj £ya. 4 r £ jjfl t> CjUS^ 

; (JfLilL ^ a-\W AjLac. 

(n,,n 2 ,....,n r ) + (m,,m 2 ,....,m r ) = (ni+m,,., n r +m r ) 

i jLilb 














a (ni,n 2 ,....,n r ) = (an h an 2 ,. > .. ! an r ) 

,J)\ —iJl j— JaUx I ) j-a^xll j oA—C. < X axjj t (J■ ' lA 

-J -a^all (j— j —ajjj . 1 < i < r t* n*> Nj Ol^Ljaill 

. Nj © N 2 ©.© N r 

: (9) Jut* 

i- ' l g > i« c.LJaa R 3 = (V,+,«) (jlS Ijjj 4 jIjcV! ijta. (R,+,.) (jSjl 

3 

* V = © ^] R 3; (Jj V = R ai + R a 2 + R a 3 : <ji ^—$ ‘R <^lc. 

i=i 

e 

: u' 

»! = (1,0,0), a 2 = (1,1,0), a 3 = (1,1,1) 

• ulA.ije ‘ V <jx (a,p,y) jl t_yaj!Li 

(a,p,y) = (a - p) a, + (p - y) a 2 + y a 3 
V = R aj + R a 2 + R a 3 : jjSj 4jxj 

. V = ©XRa, j jVl 

i = l 

: (JjSj «Ux j< aai + Pa 2 + ya 3 = 0 

a + p + y = 0 ,p + y = 0 , y = 0 

j4 R aj + R a 2 + R a 3 jjj ‘ cc — p = y = 0 <■ ^ s lc■ Jj-aau 

. V = ©^Ra f 

i=i 

: Quotient module 4-*u»i2t ^jLLl *L2aa3) (6-5) 

Uali, <>Lja3 N jl£ 131 j t (R,+,.) tjSilj t lx Alia. u Ic. Lila, $L^a M jful 
N cji) (M,*-) 4 — e j — a jli j — a 4ai »JX j (N,+) j] (M t> ^ j* 

*>»j 6JAJ o* 4JJojxj y J laJj . (M (j - 














Modules — JLiU-t ol*Usi)l — J-AflJ' — 

• (M,+) 0 _>o _)2I <j-« AjxJalj Ay js* aj *a j (N,+) (jji 4 Ig-La Aialalj Au j*. 

• 4_i3Lili Ad/N Ac * a!1 ■ >~>\ ^ i] 

M/N={m + N : m€M } 

: J^L (+) kkh ajJI£ aJac 

(m + N) + (m'+ N') = (m + m') + N 

• M t> m',m (J^ 

4 4 —jla. AjIaC M/N ( _ 5 ic- Us JC I 4 A^lk} a Jaj (M/N,+) (jj$J Lfcjjfi. 

: JS^JU 

r (m + N) = r.m + N 

. t_■* ■ m-v Aj1a*JI oii .V iVie. 

e 

. (R,+,«) Aikll { Jic. ^ik M/N (jl bl £it\\ c aJIjII a&jjaII j 

: (8) <Jj> 1 / 4k jo- 

iLka N (jl£ Ijjj 4 R bak ibJoa M jl£ lilj 4 La Aiik (R,+,.) ^jSul 

: 5aJl3l! M/N Ac ja^aI' bjjc lit 4 M b£k 

M/N = { m + N : mEM} 

: Jkilb (+) A_jkta Ayl_y AjIaC 

(m + N) + (m'+ N) = (m + m') + N 

: (JiiSL (.) Aaa.jU. ajLc.j . M t> in', m 


r.(m + N) = r.m + N 

j ; nU».U Ay—^alb R ^^^Ik eka3 M/N ij-iic . M <>» Hlj Rj>r J£J 

• M/N Ac ja^kiI I ^lc (JJdSjJtAll 
M — 1 A AiuSIl £■ jk. c-l^ki t tjj'u.jUMI jjkktll £a M/N •«■■■< 

.N^Jc 













. ajSajI s j-oj (M/N,+) cj t Vji ij* jjd 

• (jV t M/N Jj-aliC. (+) (j! — t 

: uli < M/N <> m + N , m' + N , m" + N JS1 
[(m + N) + (m' + N)] + (m" + N) = [(m + m') + N)] + (m" + N) 

= [(m + m' + m")] + N = [m + (m' + m")] + N 
= (m + N) + [(m' + m") + N] = (m + N) + [(m' + N) + (m" + N)] 

: 4-iV O + N = N jA M/N — *—l 

(m + N) + (O + N) = (m + O) + N = m + N = (O + m) + N 
= (O + N) + (m + N) 

. M/N c> m +N JS1 

: (-ni) + N jAj M/N <> m + N > 

(m + N) + [(-m) + N] = [m + (-m)] + N = O + N 

= [(-m) + m] + N = [(-m) + N] + (m + N) 

: jjSj * m + N , m' +NEM/N JS1 * U\±\ (+) jl -a 

(m + N) + (m' + N) = (m + m') + N = (m' + m) + N 
= (m' + N) + (m + N) 

. 4 nn*\ AjUxJl ^jl iHl/ni 

: jj—Su dj—Jao tM (j—* ijljjuajc. m , ,ITI (j^J ‘R U - ^ T 

t r (in - m')€N J ^ 4 m - m' EN j]—a an + N = m'+ N 

r.m - r.m' EN : jj£> 

r.m + N = r.m' + N : Vj) 

ij o*j"S 



















1) r [(m + N) + (m' + N)] = r (m + N) + r (m' + N) 

2) (r + s) (m + N) = r (m + N) + s (m + N) 

3) (r.s) (m + N) = r (s (m + N)) 


. M o- m', mj R s,r JS1 

1) r [(m + N) + (m' + N)] = r [(m + m') + N)] = r (m + m') + N 
= (r.m + r.m') + N = (r.m + N) + (r.m' + N) 

= r (m + N) + r (m' + N) 

. M (> m', mj R (> r (Jil 

2) (r + s) (m + N) = (r + s) m + N = (r.m + s.m) + N 

= (r.m + N) + (s.m + N) = r (m + N) + s (m + N) 

. M c> m j R s,r JSl 

3) (r.s) (m + N) = (r.s) m + N = r.(s.m) + N = r (s.m + N) 

= r [s (m + N)] 

. M mj R <> s,r JSJ 

_1c. jjjajata]! (jiuLuJl M M/N (jl ^ 

. M/N 
: (4) iJaaSL. 

i R _lc Lila. *Lua3 M jl£ Ijjj 4 Jjla-aJ Aila. (R,+,.) clulS lil 

jr j\ —a. M/N <. M ija N Ijjj 

: AjV t AamiSJI 


1. (m + N)= l.x + N = x + N 

• M(>x JSlj 4 (R,+,.) yiaJI iila-ttSl jA 1 ilua. 

: Homomorphism of modules AjilaJ) cjl*LiiaJ} jSLij (7-5) 

Jj— aj . R ^glc. og al*. jjfrUiaa Mjj M <jl£ Ijjj 4 L» Asia. (R,+,.) <jSj1 














: jc- 

lj] t M] * 1 —iill ^ M ^SLJ «L^iU JSLii <il <p;M->1^ 

: Aallull i *<«»■■>.* 

cp(x + y) = cp(x) + <p(y) : o] * M <> y,x JS1 (1 

(p(r.x) = r.(p(x) : jjli t R rj N x JS1 (2 

jS.ni 1 U (JSL m uJI ■—s^tj /ji (jSLajj 

( (R,+,.) <aLaJl (jjjSK (jjpLisi iLSLjj (p:M->-N (jj±ki]l (jjSj 

: (jiikJ 4lij ias j 4 I j] 

: R ( > s,rj M t> m',m <J£3 

(p(r.m + s.m') = r (p(m) + s (p(m') 

4 (jj—jila. (jjf.LjaaS JjLulij 4 jSLiillj 4 (J^Ljull 4 . I 

(j—jJadll —<Lj 4 _«a 4 dll JLlaJt j «jJI 4 j^Jaj ^ S LUj IaS 

IjJ 4 (R,+,.) a —5LJI ^Jc. N,M (j mUH (jjj MjIaj (p:M- >N 

^— 3 cfcPji j^l uA*j"JI (3^JJ • lW 2 »j ijjLlL 0 tp J ^ 1 j jlSLij tp jlS 

. ( 3 jLoJI JiLuu]| 

: CiUaa£L» 

t - 1 %j 4 [j/iiL'irfi. a (jjjaia. ^jjc. jjjila. (jj«. Ljail (jSL2u3l <_ij j*j (jSwu V (1) 

• (R,+,*) 4ilaJI jjdS jaa N,M (jlpLjoail <jj£j j)l 

^a —mj Iaj _ic. 44 Ai.nSlI 4lla. jl F (JS2jj (R,+,.) <5LJI Cul£ Ijj (2) 

pi wad (j —a 1—jJ-TV F (JSaJI N,M (jjjSl.T4.il (jJpL-aill ,jjj (JSLuull 

N ^o'io (J! M ^ >"' * 

• Horn (M,N) — j N J] M <3-0 cj!>tSlL£i]l <J£ <&_ ; . «>aJ sjIc j *jj (3) 
j <1 jajjj ^1^.1 j]I J£Liall_i ojlc ^ <1 mj = N (jl5 I jl 4 <> <•>! t <51^ 

. End R (M) 












L-—---I 

<jji 4 M = N <jl lijJajj lilj 4 N,M (jJjaiaJI (jjf .1 <jjj jljLoj (p jjl£ IjJj 

. Aut R (M) Ju'uojj ^xi.o 

• = —J (j jjSK (jJfcL^aS clyj Jjl-ojll a-ilfi. j-ajj (4) 

: Kern , Image module frUaill 3 jj-?j 5!jJl Juju 
O' -j (R,+,*) u&Sj ‘ ^ Aila. (jlc. tjjjak (j^Uai M',M (j£jJ 

C.1-kJalll ^—8 M ^yliajl dLjaaU (p (jl£ Ijlj i ^4 f ^HaJ! f. l x>>«H j'a . ^ 

: <c.jAa^all (jji 4 M' II 

{ xeM : cp(x) = O' } 

A — C^aa^Jt ^ UOJ . Ker (p -J ajl— C. I—gj j—a jjj t (p ol j_j ^^ 

. Im (p —j j-jjj M oLiai]! s{cp(m) ; meM } 


Ker cp = { xGM : <p(x) = O' } 
Im tp = { cp(m) ; meM } 


• M^ pLuiaall j9h-i O' L *"-»■ 
: (9) AiAjf* 

j4 R ^ylc (jJJaia. (jJclJaS M', M (j£4j 4 L® Aala. (R,+,.) CLulS Ijl 

‘ys\ —(p jlS |jl 4_UjJiil ^ylc. M',M jntUll (JjL^al O'j O _j 

: (jji « M' M <4jJaiU 


9(0) = O' (1 
M o- m ‘ cp(-m) = -cp(m) (2 

M t> m,n JS1 4 cp(m - n) = (p(m) - (p(n) (3 


neZ + jM t >m iJ R o-n JS1 * <p X^.m, =£r r q>(m i ) (4 

J ‘=1 


i = l 


. (. •*)lH lg.mai SJLs^laSVj 









J j6^-\ J Olili-t 4J Jai ij AjtjJi* ■’ 1 1 1 1 II ■ -I mmgm 

: ( 10 ) 

o'—^ I^Jj ‘(R,+,*) —ij 4 L Alia, Jb ijJJila. jJ^lUaS M'j M (J& lij 

: Ujjc. i M 7 , M (jjuiiisJ! (j^Ljasl! l jii cp;M->M' 

M (j* kiik. «.L^aS JSLiii Ker (p (1 
* • 

• N (j<« Lu^a. (JSJsS Im cp (2 

: OlAjJi 

(j]— 9 <^SS—jSSjj 4 (aLI - m i l 4iA jxail tp(O) = O' A-iV t Ker Cp k <|) tjj 

. Ker cp <> m\ m J£S 4 m -m' GKer (p : J jVi {j» jjjI . OGKer <p 
cp(m - m') = <p[m + (-m')] = <p(m) + cp(-m') 

= cp(m) - cp(m') = o-o = o 

. m-m'GKer cp j3l 

. r.mGKer cp Jp 1 Ker cp t> mj R <> r ^ *jj ^ o* 

. r.mGKer cp : j]i 4 cp (r.m) = r.cp (m) = r.o = o J Uj 

j— (R,+,.) 3 — ikil u — Sc 4 ^®^ pL -<33 Ker cp : 4 ^ ±ui Lu> gjuiuj 

. M ^1=JI *Lail! 

J Im cp 4-rboCL 4 IJAj 4 cp (o) = o' ‘ Im cp * cj> g) (2) 

. o'Glm cp 

: <j >_£j dc-jikj t M o — 6 m,m' A—jli 4 Im cp j—<> n,n' <jL-£ Ijj 

cp(m') = n',cp(m) = n 

: jjli Aj-j 


n - n' = cp(m) - cp(m') = cp(m) + cp(- m') 
= cp[m + (- m')] = cp(m - m') 


. n-n'elm cp J 












Modules - (OLiU-i) 4 - 5 JU-t otsUaill — 


: ‘ Im 9 i> nj R <> r ^jj 

r.n = r.cp(m) = cp(r.m) 

. Mi>m t r.mElm 9 J 

(j* i (R,+,.) <ilaj ^£. Ljija. UiLa. #,L^aS Im 9 u' ‘ (3Am Ias gjjjmU 

. N ^SUfl 
: ( 11 ) 

3 3-* WslJ 9 : M->N J£L-iSll jj_£j ^ .^ilSSj f jiUI I>jJJI 

• (R,+,») u^alj ^Jtc. ojjsla. jy^Ljai N,M tlna. tKer 9 = 

. M s-Ljaall jA o j 

: OU^Jl 

• Ker 9 = {0} J o* j^j ‘ LjIa.1 9 (JSL 3 S 11 3 V jl (jiijiil 

9 t3_j iki . l l 3 '—ajj < 9(m) = 9(0) = o' <J i y*j liAj t mSKer 9 
3 Luj i Ker 9 c{ 0 } 3 '-“>j ‘ m - 0 JS 1 mEKer 9 jli < ^jUI 

. Ker9={0} uij » {0}cKer9 
< 9(m) = 9(111') oSj_J «, Ker 9 ={o} 3 Laic. t ^[3 9 3 jVl o*j*il 
t9(m - m') = o' J 9(m) - 9(m') = o' :a& ^Lj ‘M 0- m'.m JS 1 
(jj—Sj ^LilUj (m-m' = 0 jjjim - m'EKer 9 ={ 0 } J iy*3 ^ 3 

. ^jLJ 9 (JSLiall . m = m' Uj^I 
: (8-5) 

: (10) jLu 

jjjLoII (ji <Sj^oij (jS-aj i(R,+,.) SilaJI ^jic- Lila. M jl£ list 

cLiaill ^Jc. JSLij ja M t> m JS 1 « I(m) = m —j <-ij*Al! I:M->M 

. (M Jc ^UaJI ^lill JSUialL JSUioll lift Lit . M ^Slail 
cJ^Lia rn E M ^ ij-> O(rn) = O —j i-j_>*-a 3 ! O ; M-> M (jj.Jaill (jl L»S 
















ouu>-i <ujjaj 



jj$\ , joilSI 1 th a-ltc. ^An.ij^ . f' ■ ‘-»aU _jSl*ti jA O ( M j^iikJI &1 ji^isli (S lc. 

. ^lill JSLSlL 

: (11) Jk» 


(j jjWlll (jl di— jjI « (R,+,.) 4_AakJl ^ic. L ak «.Lja2 M (jl£ I jl 

^Ij >Mi>mi!^ cp(m) = 7m JS-illj uj cp : M->M 

; (jj£j M c> m',m JS3 

cp(m + m') = 7(m + m') = 7m + 7m' 

= <p(m) + cp(m') 

. M t> m J£1 cp(7m) = 7cp(m) : J AaJ <illj£j 

: (12) Jtu 

jjl—jak {jlpLiia L,N (jk I jjj t (R,+,.) L» Aak. ^^k Lak c-L-ha M {j£J 

• N = M/L (jl cluj! M = L © N {jl Ljjsj M o-a (jk> J=». 

•N {> m cji! t cp(m) = m + L : Jlulb cp : N->• M/L (jjikiSI 'j*d 

. M/L ^^k N —1 (J£L£5 cp <ji Vji (jA jLlj 

: jli t R ja r (jLS lilj iNj*L (jj j ^ Vic . m',m (jSJ 


<p(m + m') = (m + m') + L = (m + L) + (m' + L) 

= cp(m) + cp(m') 

(p(r.m) = r.m + L = r(m + L) = r cp(m) 

* < * 

. ((_LLij (jjblo) jLUj (p (jl (j& jij] ( jsl£Lij cp {jil 
m',m (jl 1—aj .cp(m) = cp(m') : jjSj L-uaj N (> La jjj*-aj£ m',m (j£J 












Modules — (OliLU-l) LiU-l o'aUaiJl — J^aiJi ■ 1 — ——- 

jl_i cp(m) = (p(m') J '—m - m' EN jli (^>■ *Ljsi) N t> 

. m - m'EL J j liAj m + L = m' + L 

. m-m'ELnN <ji m-m'eL jm-m'eN : 

f Liail! jL*a ja 0 L f"l N = {0} : (jli i M — L © N J Laj j 
. m = m' jj£j ‘ m - m' = 0 ail . M 

. J-aLi cp (jt I jaa.1 (jAjiil 
ill Ja u = Uj + U 2 ! lI^ ■*" J A JjlTiS <jfLaJ 4jji l M iyi La l^ojc. U (jful 

: i Ui EL , U 2 ^L 

cp(u 2 ) = U 2 + L = (ui + L) + (U 2 + L) = (u t + u 2 ) + L = u + L 

. N = M/L (jl t M/L N —1 JjLoj cp La* ^ V i L . i i 

: >»iS! Jjflaj (12) AlAji* 

jjJic. i (R,+,.) ■‘LaliJI Jb. M frUjaall ;j* Ljj 3^ *L-ia3 N (jSJ 
qa m J£J (p(m) = m + N : ‘ 9 ; M->M/N 

. ^jjiItTu JSLuull 11 a sole. . !iLoLai ^ISUiu M 

: 0L»jJl 

: jjSj t M t> m',m JSJ 


(p(m + m') = (m + m') + N = (m + N) + (m' + N) 

= <P(m) + <p(m') 

: uji ‘ M (> mj R c> r '^jj 

(p(r.m) = (r.m) + N = r. (m + N) = r.cp(m) 

* 1 

. S^pjiLxo <j* i (J*Li Cp (jl {jjj 

. M = M/N j ij 

: iuSiaJ (jSUiuU hJuA\ oU jiA (9-5) 

i La a»U ^Ic. AjSiaJI iIjlfLjaslI (JSLuuil AjjuiLoiVl v^ j liA^Xal) 

















. 



y _clj V lil 4 CjtalaJ )j jxjll <f* jJSLoLill Llllj^Jaill l^jlA jj <^11 Sijjiall 

. ojx l$-i\AjjJ 

: (First isomorphism's theorem) ^Ji\ JiUiit AiA (13) 


^^ic. N.M ( jjjliaJ I jj^LjaslI (jjj !)1 &LSj (p M->N jl (jiajij 

: (jjSj ilijc. i (R,+,.) aIL=>J 

M/Ker (p = Im cp 

: (2 nd Isomorphism’s theorem) <uUJI JjUill Aifcj*-* (14) AiAj** 

A _iLJI _lc M tf _SlaJI aL^aail jj-a jJJJja. j uSl^ <jJc.Lia2 L,N jH lit 

: iiiic. i (R,+,.) 

(N + L)/N=L/(N D L) 

: (3 nd Isomorphism’s theorem) c£lxLuil Allil) AjAjxxll (15) 

A , .SL.II ts _ic. M ^_51aJl frljJaill jx (jjjjja. (jjjala. jjpLxaa L,N 

:jlitLcN Jlya t (R,+,.) 

M/NsM/l/n/L 

: ( 6 ) 

I 0_i& iijj I R Uak ^Ujaa M ‘ ^ (R,+,.) j£Sl 

• M = R/I jH « )jj iaaij I Ijl bjjb M f-Ljaili jjSx t R ^3 4-ijLoJ 4x11* 

: OUjJt 

M = R.x u%-Jj . R ^ AxjUj Axilla I = {r€R : r.x = 0} j^ 1 

: <J£_Hlx (p : R->Rx : ^-*j*xl . x j uVmi U 11 jx UjjIj bat*. 

. R t> r JS1 tp(r) = r.x 

: jSUiu (p jl jV) jA jjol 


tp(r + s) = (r + s) x = rx + sx 
(p(s.r) = (s.r).x = s.(r.x) = s.cp(r) 












===== Modules - (OLaU-t) i-iU-t oltUiail - ■- - = 

. r,s,xeR JS1 

3 b i -jt > 4 reR ajj Ua_ic 4 r.xeRx <J — SJ 4 4 — iV J-at cp 3 U£ 

. cp(r) = r.x 

• (p ^jaJ-ull el fj\ LaS 

Ker (p = {r£R : rx = 0} = I 

R/I = R.X I Aaj AjA^A<JI ^lAaJjmb 

: u*j3 

• 1 /j^b R/I 3 t>jfjl 

4 ^Ldbj 1 1 + I €:R/I R JSjLxoj AliaJI ^£. R/I ^al-vll eluail) 

. c^jib R/I 4 J J 4 R (1 + 1) = R/I : 

: $ jaJ, AjilaJI oJ*Uaifl (10-5) 

. (jlaLaJI Jvl£uuY! j JatiijVI <—ij*j aJ-Jj 
: (Linearly independnt) <J*A£=—>*sM (15) tii yO 

4 —C-j^a-all o-X. Jj—aj . (R,+,.) . 1 j ' % 0 .) A—slaJI ^ylc. (<? aia. ebia3 M tjlSal 
bl 4 ULiw a I S. ")^ Ijj] M eLiaill <>• aJIjJI jjc. A = {aj,a 2 ,...,a n } 

: U bxaj rj j&iSj R {j* duaj 

n 

. r, = r 2 = .... = r n jli 4 = 0jlS b! 

i=l 

(Linearly dependnt) L -tka. aJojj i>a 1 * 3 ] A ax >a>JI ^c. J jSi 4 dll j ji 

* 4 < • ^ * 

(jj — Su <L —Ji-J 4 1 jli —aol 1 —g-a-bia. 4 R <j-o fj diAe.j bl -_^l 

• 1^=0 

i=l 

(j—« j — L ^a llxJ A— -JfriLall JJC AXjAe-ajl 4 (Jia. ( _ ? lc AjfraJLall CjULiaill LaS 
A, C ^ava (J—£ Cul£ bl 4 Lila'S. Alaluix <jj£j R AalaJI M f 1 ■ >»att 


0 









— ■ —- a JoUU^l jlai J — — -- 

4_kjj^4 A *^*V» <ftl t ir~ 4 « .... ..\ 1 j X”i t-^W \ ^ 'f~- ( ^ .1.^ 4 \q*a • 11 1 ^ \ 4 .a ~*'.... 4 . ~*v 


. lilai. 


(7)4^ 


<J <_>ia_>_Jjj t R L ^C. Uik. otJaS M (j^ '^jj ‘ “^ia. (R,+,.) jjSa] 

Ijlj . M (3 -0 _jm\ ic- o_>*J |uaj4^i^ua jjc n) i = 1,2,...,n <■ *ua . }xj} 

a; , bi JSl < X a i- X , = Z b ,- x i 1 R (J* ^ { x i} ^ 

i = l i=l 

. i = 1,2,...,n lM t> a; = bj : jli R 

: OUjJ' 

O _J (R,+,.) 4al~vl) jL^alj ( R ^jlc. M pLjoall j L<nl c/ —J Jy >jjl 

• kjuc 

X(a, -bj^Xj = o' => t a rXi=t b r x i 

i=l i=l i=l 

ai-bi = o ;=> aj = bi ; i=l,2,...,n : 

: (13) JUu 

c3—c£-s • (R>+»*) JjIa aJ AilaJl ^jlc> U&l a . *Ljaa M — R n <jl <jia ^)Li 

l ^ (jl A-!j)g **u 

S = {e, = (1,0,...,0), e 2 = (0,1,0,...,0),...., e, = (0,0,...,0,1)} 

* e * 

(Lojiluil) SaclS ^Auo R n r-i qa AiLJI S <c .M Ulak. <laiut4 

. R n _J LjU- 

: (16) cA> j*> 

<ji i_ya j— SJj 4 R ^Ic. Lila. o\jJa3 M jk I j] j i JjlaxJ <sk (R,+,.) (jSjl 
—! ojc.ll (JSJ 2 {xj} u! dj*j • i = l,2,..,n 2jja M <>» _> k . ic s{ x i} 

: Jjkj lit R |^lc M 

M = (X!,X 2 ,...,X n ) (1 

. R j^lc. Uki. 2J3kui i = l,2,..,n {xj} ac j4>^\ I (2 








: (17) uijj*J 

|j]j 4 R u —lc l ab e.Ljs»a M <jb lijj 4 .^b^i 3iib (R,+,.) (jSlil 

((jAjuil) ajcli l$j) N (jc. (Jjij IjjU 4 M (j-a 4-Jb J4C Aja ja. <£. ya^jt, N Ciib 

: U (jbj Ijj R Jb M —3 

. N *C>a^]U Jjj M ^ilaj *b»a3! J J M = (N) (1 
. R ^^^b 3 j3-v*> <Q£1um N Ac^aa-all (2 
: Free module ^ j-Uaii' (18) u »*yd 
4 R < _ s _lc Jub-aj Lib »Lja3 M jjlS Ijjj 4 Aibaj <sb (R,+,.) dljb lil 
J—& M (jl—£ tj] j! R ^^b o^clS M —3 (jt£ lij cbai 4jj M (jt 

. »b\l f \ ■ >.a\t 

: (5) 4lbSU 

4 !Slla LuoLuil (R,+,.) <ib3) ^^b M ,^lb cLjaa <J£3 (jjSL (jl Ljj^ia (_>ul 
3—iibll (_ 5 —b G ^—ab t.\ —moS Ujliici bjjta oj*j (G,^) Cul£ 3i] 

. A — x'm * j—JC. G dulS 4 I j] JaSSj 4 t jj LuLul lilLoJ G Sjj jit <ji . ( (Z,+,.) 

. (;__yajail jjJaaj 4ij^j3aj tiljj (j* j£L3l (jib)) 

: (14) Jb> 

. e-lclS ti lL a j 4jV i^ja. Lab e b a3 (j£b F (jb ^jb V tbaS J£ 

: (16) 4-SAjfa 

a —abJI w —b M j—bl ^—ibil eboill Socli N = {ei,e 2 ,_,e n } jfu3 

M = R": ijbc 4 (R,+,.) 

: Dl»jJl 

r n An 

cp X a i- e i = 2 a i- t i :j£blb(p:M->R n : cp bj»jl 

G=i ) i=i 

. ti = (0,0,.. .,0,1,0,.. ., 0 ) 3 ^ 










« i J—£1 a.{ =a' (jj—^) * X! a i- e i = •$ ^ 

i=i i=i 

. <—juj*j]( (p (jl 

n n 

. a; ,a' 6R JS1 m = ^a j .e j , m' = X a i- e i ‘ M 6- m,m' o^J 

i=l i=l 

: AiV JSLij (p (j j . Jn’l . B (jl 

(p(m + m') = (p(m) + cp(m') 

(p(r.m) = r.cp(m) 

. (jjljio (p c) u* 

<(a l5 a 2 ,...,a n ) = 0jj^ ^jZM, = 0 J ^ IV *<p(m) = 0 jlS lit 

i =1 

q\ IjJa-jl iaJ (p (jjJaall 4_juj*j Uiutuj • (p tjl li^j 3j = 0 i) L$\ 

. (JkttLi Cp 

. R n j M (JjLoJ (p (jl ji*, Lilo 

: (5) ^»5L* 

N = {ni,n 2 ,...,n t } ^ lijj ‘ F J_i=JI U-^> *1^ V <jl£ lit 

4 N AC- j,..ol,v& (j-» Jioic jla 4 U3o a. iLja ja V ^3 Ajjja. Ac.J- 1 ^ 

Clip! * -«1 XT% . i jJ)3 I (j£l <N QA JkuaU*] i-_uS Jp (JSL»i (^jlc l-i & j 

. 4 jqI-vII 

^j yl . >.a'\ al-s.l l {JS\__iioSl 4JV-iJ pL-aS JjTkj C&P AjIIjII AjA^ipJI 

. M',M 4 &kfl 
: (17) 

U_1c jj.ljla-<U (jjjsla. <jJplk^a3 M^M (jl£ li)j 4 ^^Al Asia. (R,+,.) (jSil 

( M* o _* jj-alic SjjjI |x[ }._j O^J ‘ 4^j-« I ^j=> t ^i t-i-ic- n <jt£ litj t R 

pi _ Jaill Sisua cp li)j iR^M'J SJeUi Jlkio {x' }" =1 0 j£ ^ 


T »A 







Modules — (CaLaU-I) iiJLi-l oteUaiJl — J~aiS' 


(j—a F (jSa]j ^al'X Aik jj AaAaC. i M' ^ilaJI pL-jaill M -«WI 1 

M = F © Ker cp : Ala.1 q* oj^j M 

: OLajJl 

Ia$J 4 M' »L<atll jjlc. M el-> >^ 1 1 i (JSLuU jA (p (jjilajll (jl Loj 

(j£d — ij j—k-alic. A_ ik ja —jILjj 4 (JoLi (p:M-(J JjIajM (jl t 

• i = 1,2,...,n JS1 cp(Xj) = x[ ciA t> xi,x 2 ,...,x n 

IaI 4—iV ‘ R (J—1c- I—4jsiij« i=l, 2 ,...,n > * - >,'*> {x,} j^*ali*JI S(jl 

n 

y> o £a,.x = o uj£a dm .j j i=l,2,...,n R (j- aj (jl lj*jaji 


jA o' tiya. cp ^,-Xj =o' (jla <M (^51aJl «.Laall jL-a 


J—J (j—o ar=o" J ^1 ‘X a r x . = ° ,; Oj—^ yJI—: jIIjj < M' ILJI 

i=i 

. R AiiaJl jiu-a jA O" tlua, i i = 1,2,... ,11 

A C A —1ja 5I M (j—-o ^—SjaJI ( t, ■ < l l 2l el—i^aall j—A F (jVl (_>a_>4 a1 

•* J t#> {x,,x 2 ,...,x n } 

{x, }" =1 uM » R ^ IM {x, J ‘ F = (x,,x 2 ,...,x n ) 
. M (j» j a. (^jj^ j* F (jl c^l • R (^it F —l oac.15 

(jl —fLa^L <ii IaAj (p(x)SM' (jj&i (^l^ljj • M (> l* i y* ale - X (jSjl 
: UjaI (jjli ^IaIIaj . R (> bj cp (x) =^b,.x' : JSuillA cp(x) <jIjS 

i = l 

cp(x)-X b i-x'=o' 


<P( X )-<P Z b i- X i =o' 


9 X-X b r x i = 0 ' 












n 

M = F + Ker cp J ^ ‘ x b^Xj EKer (p : j i Iaaj 

i = l 

\ —kiSlj y j —^Vi*11 ajIjS ijS-ftj 4^51 j]Uj ^Fp) K.cr (p La y 

n 

. R o- q JS1 y =X c r x . 

i = 1 

</' ‘ 9| S c i* x il = °' : ^ u_& u^j ‘ tp(y) - o' 4 t> 


n 

•y = 0 ji] -i= 1,2,...,n J dua *Cj =o"u> ^ liA J ‘E c i- X i = 0 ' J 

i=l 

A. ...lal (j_—a jjfL) M jx F ^>a ^ja pUjaS .iajj 4jl ‘g^tluU 

M = F © Ker cp 

: Simple module Ja^ w aM <i ^ilaJI *l*aill ( 11 - 5 ) 

J .—Ic.) jl JaJ-uU Ajl Ajla-aj (R,+,.) Aalall ^Ic. M ^iilaJI e-Ljasil jc. (JjSa 

: i^L L* lj] (Jji-dll (Jjla 

.JaSS R < _yiC' M ^yilall C-1» >iq\ 1 jLuja]! jLiiall jlf-dasll La& Mj (o) (1) 


: ji dua R.M ^ (o) (2) 


RM = i X a i- ra i » a i € R’ ni, E M 


. I jajjoU LSla (J£du <JIa JS jl i (JjjImJI cJujxjJI jx Jaa!)lj 

: ( 18 ) 

Jaj_)dll l&Aic. (R dila e-L^aS M jl£ Ijlj 4-ljla-ttJ Alla (R,+,.) j£jJ 

: AlilSlo aJIjJI 

• R ■ia .Vm.) ^jjila eLiai M (1) 
.m^oua.m£M ja-aic M j M * (o) (2) 

. R Aalall Ajjduj Aaaiaci Aallda I jl dua t M ~ R/I (3) 











Modules - (OLiJli-l) 2 UU -1 olcLaiil - J^ail l 


: OlfejJt 


( 1 ) => ( 2 ) 

i.L_jaa J£—ij < m > = RM (jli j < m ^ o ika.; i m£M o^ 

• JV± ^ m ol t m p^^a i»Uj IjI i ^1 ^a Luja. \ aak 

( 2 ) => ( 1 ) 

n€N oL-S lilj «R^M L> iL^aS N ^ O (j\£ lij 

M o' <^4 '^j ‘M = N j^i(M = <m>cN : o_& -uli t n ^ o 


Jajjoij ^k eXjuai 


(1) => (3) 

‘Rm & o <—y^jj o m€M a^.jj 4jt Ikj 4 RM — M ^ (o) LjjjJ 
lP] ly—^ ^ <>k frloaa Mj 4 R ^ M (> ^^Jik c.Ui»s Rm i) Uu 

. R.m = M 

4 R <> r <_& cp(r) = r.m <JJS^SU cp : R-> Rm jjJ-iMI ki>j] 

4 __iA jiJI yi 4 I = Ker (p jSJ . J*Li JSLii tp J j* jSbll 
■ 4 —jJU* 1I oj—s ‘ Jaj —mu R/I o' ^}j ‘ R/I = R.m oi 4 Aaj dDljUuU ^jVI 

4—juJaC.1 4-dlk I o' '•** J • JaiS 4lkJI ^ I <_$paj ^ill 4 jjLuu1I oJja. p]l 

. R 4_a kll 4 jjLuU 


(3) => (1) 

«.\ - Zalil o—«• kp?- Ljal^ cLjaS N (jlS Ijj : 4ylUll 4aSjkJt QA ep*ika 

clJ—kVt kikj Jjlij Aa.Jj iliic 4 (R,+,.) Ajk-aJ 4aU' l ^Jc. M ^Iki l 

CjI«. 1-*Zaal! 4—(pAJj 4 M/N O-o 4jjpaJI 4j£k]l CjIcLjaalt 4r_ ^ 

• Nczl_.cz M 4 * iiak M io« L 4 jjoaJI 4 jikll 

* 

: Completely reducible Ul£ J-UcdJ JjlaJl ^^LU-I *Uai)\ (19) Jbyd 
J jUMl J—j '-2 4j) 4 (R,+,.) AjU-aJ 4akj! ^C. M cLjalll pc. Jjii 









M (j^s a 3Jik Cjlckaa Nj i} 1 *y*- « M = ^N f '^j ‘ kLu 

. (R,+,.) Aikll «> 

: (Torsion element) Jail' (20) ubj*J 

mjR i>r iV (p(r) = r.m jSuilU t_ij*xll cp : R->Rm (3^^' 

i^jtfrljJaall (JSLiS (_K.*j 1 ^R Jjk^aj A tlajt ^Ac ^ak Mj M qa 

: j^a <j|jj (jl t Mj R 

Ker cp = {reR : r.m = 0 } 

m Aalkaj AjJlkll oAa ^jAtuJ i R Aiikl! 4 _)jLujj Ayllk JSJjj 

: ujfe <^!Lj ‘ 0(m) —) 1*1 j -»jjj 

Rm = R/0(m) 

1 jl _ t-all j_^jl _ uU V j..Vir. lAI (JjA .« > meM ^auO « jVI 

. r.m = 0 R (> r jSJj 

jA i M cLjoall l ya (Jj 3 m (jjSij ^S1 i ^jilll -Ja^ill (jl 

. > 41II j^jLuu V ^jxVmH till A] cjujjoII Ajllk OJ^ ij' 

* • 

^ _1 1A] J Aftll Jc. Ijflk fUiafl R Ajl -toj 4lklt v _ r lc- ^ikll «.kasll Sole. ^^1 

. 4-ojAim jjc. (Jj 3 jay 

: Rank of module *Ua» AJj (21) 
i (o^lA) (jjluibj (R,+,.) Aylldjyi Ajikll iJ lc. Liik c.L-eaS M (jl£ lAj 

. c-1 ■ ^aill IJyA ^uLuil y**alAc ^A M ^ikll p\ jJaall 4 _jjj (ji 

<jjj (jli t ((jjLtuli t_iuj*jll (Jk ^A (R,+,») Aikl! tlul£ I A! <Ul Jaa.Y 

. dim R M j* ^>lb <1 j* jjj » >»^1 1 tillA a»j ^a t M ^ikl l cLjasll 

; <LJd-JLkt Ol»i.|i9fltl Ob>-Qj d ' (22) cAJ j*J 

N jL_£ 'jjj < R ^ k Lak **L*a M jt£ 1A}j t U Al k (R,+,.) oSAl 
jA M ^A N ^ j^l' ^ikll ^Uiaill fAiA j]A i M (jx bsk «.Lja3 









N © F = M 


Mj {o} jyjjj—jjUalaJI Qie \ > ^raM qa !>l£ t (jjjLJI c_Lj*j]| qa » ■ u'j 

• M ^alla jA 

: ( 15 ) Jls* 

Mi J o^j^j ‘ R t ^ c ’M jlS Ijjj t La < 11 ^. (R,+,.) j£j] 
O^J—‘ Ml C M2 jj£j LLuaj 4 M (> 4 jak. ClULiaS Nj M2J 
• M] — M2 (jl 4 M N —i ^-ala jA 4M2J M] (j-a !)l£ (jl Liajl 

:J* 

^—aLJI $.1 -Jaall ^ala jA M2J M] (jJJjjaJI (jJjSLJI (JjfrLuaill qa !>IS (jl LaJ 

: (jli iM ^ N 

M = N©M, =N 0 M 2 

: 4pl U-& yy^J 

M = N + M] = N + M 2 

NnM,=NnM 2 ={0} J 

• UJ-^J 1 M pL^aall jA 0 

M 2 = M 2 flM = M 2 fl(N +M,) = M, + (NflM 2 ) 

= M,n{0}=M, 










Jfrdajl A jitt'i 

Fields Extension 





JO JwCO 

Fields Extension 

^L-jILj 4 <la <J^ *\±} ‘ J-oaJt lift i_yj^i 

. 4ia i^j^- (jit l-iLaJcl 4 (JiaJ 4 -uSj5 (Jc. t- jj^ului 

« * , 
l)- > ' Cj—* Galois theory Aj^lajl U . J 4 jfLSj <JijS^Ji .^i ..v \0 

. La 4 _JS^ ^jic. J j3aJt CjI^jjS] jlik^al jUJ 

o—» * j—?■ 4^—A 4 ^’j jUajuL^n (Jj&a. J-Ljaji [Ja^ii'I ILa 

A^aa-all 4lllf.liJaall 4jljJI IjL <jl ^JjfLSI 4_l]UaJI £u-eaijj .JjiaJI jl^Lal 4 jjlVi 

. (JSj.^1 

: <JbJju (1-6) 

: Field extension JjisJ) Ai-lO -1 

F —uu 4 E —1 ajj ja. Aila. F ji vlu^. 4 (jiSLa. EdF <jl£ lij 

. F Jiai! extension <^***1 Ej E 4 > ^ 

. F cJiiaJI (^ylc. pLiaS (JSdij E (Jii^ (jji 4 F (JiaJl bljlal E (jLft IjJ 

: Degree of extension Jl Jl»l 4-a.jj -2 
(jlc E -si Jj-al <a. jOj F (_yl& E elOaall 3xJ ^ . a .uj 4 F (Jibd] Ijtjia! E 4 jl£ I j] 

• [E : F] —j j-ojj j ‘ F 

: 3—llait 9J—ft —3 1 —uSjj 4<!iia jljlaVl (j! JjSj tftdic. 4[E I F] — n (jlS lil 

.(Infinite extension) <iu j±. jl^iaVI j) Jjii jjc. 4 dim F E = [E:F] 

: Algebraic element j-aIxII -3 
U —It c£jf^ <i) ‘ F (JSail IjIjIbI E 4_JiaJl ji dlUk UEE Jj^aixll (jt Jjlj 







(jjfLs t * ij*w j f(x)€F[x] (j5u3j i AjyL-*a jac. ojjjS C-i-ia .j Ij] t F JSaJI 

. f(ll) — 0 (jjSaj Ijj lS^ ‘ F (JaaJl LS lc- tgJ 1 jja. u 

(jj Jjii lijli i E (JSaJI U I jik Jja Jlajj U^°VW j&J Ijj 

. F JseJ tjc. (Transcendental) J u 

iJiaJI (j jSj F (JisJI u ijl <jl i (3jLuJI jj-o 

. x — u 6 jj^- A.SV ‘ F 

: Algebraic extension <| Jl Jl«VI -4 

qa j‘ (JS (jl£ Ijj t j|ji*l <ij t F E -iIjiLttVI (jC’ <Jjsj 

* # 

lijfa. jjc IjIjiLal F (JSa.Il E -ilouJ t iilij jjfc . F (JSaJI ^^ic. (_£^>fi. E 

. F J***-" ^.lc. Ij^Lmux EIjaoI jl 

. aLUI aIJ Jj\ 

: 4&»i (2-6) 

: (1) Jit* 

{ l,i} jo> « i ll (jV 4 [C : R] = 2 j j* C 3 R ij] 

. C l_(JLsJ] Aiuolb R __J Sjcli 

A jj ml iII X-VI (J__SaJ A V'a Jjc .B jjxl yk (R,+,.) Ajajixll jl-JC-Vl cJii. (jj 

• (Q»+»*) 
: (2) Jtft* 

Uj-laJI o^yjSJ (jljja. LafrjV Q AjUu'll jl.lC.VI (JSa (jljyia. ij V2" (jljA*JI 

. ujjj jolt jjlfr x 2 + 1 j x 3 — 2 
: (3) Jls* 

. Q JSaJI ^ jia. u = V2 — V3 j5 (jjj 

u = V2-V3 => u 2 =(V2-V3) 2 =2-2V6+3 = 5-2V6 M 












l .h.i j 


= =-■ - = Fields Extension - 

u 2 -5 = -2-n/6 => (u 2 -5) 2 = 24 
u 4 - 10 u 2 + 1 = 0 

: (1) <Ua*iL* 

4 juiiiB (Jbafc 4 j^i-v IjI^c- 1 jA~% j 4 jLirv II i^Vl 

e ai_*JI (J Hermit ejx «jja t/ Cabjll CluI t 1873 fit ^ i Q 

CjujI LaS « (Hilbert) ^iLJVI ,^-iabjll lilli jj tiljLij * ^bA# 
jbi_c. v,u j 1 —£ bl 4_J Schneider j-^bCj Gelfond iiUk jbcabjl 

b 

. Q (Jsadl ^jic. j»LAa ^JK: a (jli (^JjoU JJC- J-iC- V (jl£j 4<jbjfi. 

^ dlj (jl£j 4 ^LA* 7t ji Lindemann <jb».n] ^tJVl t^-b J> o* jjj 

. 1882 ? lc 

: (1) <4ja4 

- « < 

<j_«IjuVir. u <j%l j t [E : F] = n jl t b $ A * IjIAJ EdF Ijj 

(jj—Sij L> ' O ^ f(x)eF[x] jA .Ij-la. »jjj£ •&* 3 c- ‘ E cJx^kll 

. f(u) = o j deg f < n 

: 01a jJl 

4J&_uu> Ci_u 4 E JSaJl (j* l,u,u 2 ,_,u n <JIj 3 I (n+ 1 ) Ujjc ^1 jj«aU 4 l 

: 31 il* 4 l jli t gJblbj dim F E = n jV 4 bi=A 

ao + aj u + a2 u 2 +.... + a n u n = 0 

. ji*-o JJC 4 F t>0 a j J»4 L >“4 4 ^iiiiawa 

(j-— 1 c- J — ^= 4 j f(x) = ao + aj x + .... + a n x n jj.i_aJI 3 _>_ jaS bkLj jVl 

. >■—ajU*>4l 

: ( 2 ) 

4 F J Jail blj_iol E 4 *ij-> 4 E (j -4 J^iaJI A jf£il 











A Jj jaJI (JjASkJ) 4 -C. j .a. v .a (j\ ( al*j . F (JlaJlj Q 

j —* A <j-« JjSaJI ^j-oy ^Jalsii jji] 4 E LubJ t^jy- 3* E (ji 

<j—«b!—£ jSaii Ija j! 4 F(a) j-»j 5 L) <1 S-ile. j *jj 4 E Ji^. 

J—Sa. J*—*-al jA F(a) i) U£ 4 A <JA Jsa> <0^ 4 F JiaJlj a 

. F J*^3 a jwml l Lpy*^ E £y> 

: Simple extension h ~~J \ jUat^jl (5) u>jj*3 

4F (JSikil Jaojy i u jI^os! E (j] (Jj£i 4 aeE <jt£ !i]j 4 F I-sSjoaI E (j£J 

. E = F(a) '■>] 

: (4) JU* 

. <4 jA JkC 4 V‘C = R(i) J 


: lt ' 

i j —i-caixil J R (JaaJI Jx^a lie. £4^*. ^320 R(i) JiaJI q) 1 i C CZ R(i) (jl 

y,x J ^.j> z = x + i y J&ill <> 5 jS jJI i^&Vl ^ 3 ^ 

(jj| 4 i j—k-ai*Alj R —aj (J F 4iV 4 R(i) Cl C LoJj . R j-« 

. C = R(i) 
: (5) J^ 

Q(V 2 ) = { a + bV 2 :a,beQj <jS £*d 

E = {a + bV 2 :a,beQ} :Vj 

Q ^3 — (J — t-i . ® —Aa-a E **—C.ja.’n (jt 4 £ jJa'jll qa 

• E C Q( V2 ) (jj£j ^lalbj V2 Jj-ajjtil J 

jj— £4 <iib —S 4 V 2 3 Q —1c. (^3 —laj 4ila. E <c. 3 ^->all -LulS 5aa.lj (j-« 

■ R tjA Jia> E tnijl lj] 4 i 1 4 (illi 5^-? ‘ Q(V 2 )cE 












: lip] jjSp i u = a + b V2 ^ <J) iJS. lil 

u (a - b V2 ) = a 2 - 2b 2 * 0 

u' 1 = ————— (a - b V 2 )g E 
a -2b 2 ' ! 

: (6) Ju* 

131 Ja—Sij !jj F(u) = F i-jak. 4 E t> u jl£j ‘ *-» oJaa. EdF ^ 'ij 

. uGF 

: (3) AJaa^L. 

4 E 3 F(u) iulic 4 E t> V,U >-aU*JI jSj]j 4 F (Ja^U iijCUl E 

* 

E JaaJ] (j-« Ipja* ^a^ O^J F(ll).V jIjILoVI <—*jj*j 
4 F(u,v) c F(u).F(v) Up! ujSj ^UIUj 4 F Ja=Jj v,u Od^- 3 ^' i> ^ 
i— JaJij U-a Fj U *jSf 4 F(u) JifcU' F(u, v ) ,Ji jaJI (Ja^J tiUjiS 
. F(u) (v) e F(u,v) Uj^I jjSj ^UILj 4 v j*]l c?jp 

F(u) (v) = F(u,v) : J (3f“ b»- ^iijbuu 

: Generated field uJjil (6) cA^aJ 

ij „»*>]' . E Ip Ui,U2,<. .,U n ‘ F iJa^J] E (j£j] 

j K-ilju-llj 21_j-oll (JS^JU 4 F Ja^JI Jj Uj,U 2 ,...,U n (ja jjjS-iJI 

. F jy J* u,,u 2v ..,u n 

: Minimal polynomial <S JjUJ-l 3 (7) cp f& 

* * * 

SjjjS 4 F ^jlc. Ljp. I uGE u^J ‘ F Ja^I! lol^lal E (jlS lit 

m(u) — 0 (j] u.ip. 4 (jS^u La ji—al ipa,jj ^p]lj m = m(x) 3p^l jll 

jjiaJI ejiS SajJj 4 F JSaJI U J nai« I] (4jji-uaY!) <J J^- 3 *Jd^d 

• degp (u)_ j u!3i] Jpjjjj 4 F (^ic- u jjp m ij 






: ( 2 ) 

‘ F J—Sail ^—lc. Lja*. iuGE (jSJj ‘ F cJSl=>JL1 E iJS 13) 

: U (jaaLj < <j J^a «jjjS m - m(x) <j o^j^j 

s 

. F c&d' (^ylc Joia-jil Ali\l jjc. m (1 

4 f(u) = 0 (jj—!S tF JSaJI Jic- Jjia. 9j2S f = f(x)£F[x] Ljjl£ 13) (2 

•m/f jl£ 13) JaSij 1 13) 

. u J^-ajxJL 9.11a. j -ij-la SjjjS m(x) (3 

: LUjJl 

deg f < deg m J di_ia t F[x] ^-1 m(x) = f(x).g(x) 3 (1 

J <_s— 1 J cp>-d '3*j f(u) g(u) = m(u) = 0 uA> 3Va& -deg g<deg mj 
‘ • lS>~=> sj±S m(x) OjS 13a j g(u) = 0 J f(u) = 0 

• F JsaJI JJajll ^Lli jic. m(x) (jti 

f — q.m + r : 4_uSj c ja ^h-vLLj t f(u) = 0 cP '31 (2 

: 3jj^. . deg r < deg m j\ r = 0 J 4 F[x] ^ 

r(u) = f(u) - q(u) m(a) - 0 

4 in(x) -ij-laJl 9 jjjS (j-aiLjJ T ^ 0 jliia! <J cA' ' 3 * J 

. m/f g-k-o I3 aj i r = 0 j3) 

. (jjAxll (jlftjJ ^jJal jll qa 

o*j ‘ m'(u) = 0 oPi ^Luajj i (j jii (j 3 jjii 9 j±£. m' jSj] (3 
oV) m — m' ^LiLj t m'/m ji o=u Lai (2) u-u^uj 4 m/m' <J ■*»(2) 

. (4j.lat j JjAa 9 JJJ£ La j la JS 

: (7) Jlu 

• (Q,"l~,«) <j3e. U = -J 1 + -^3” jj^aixU Jj-lajl 9 jjj£ .lajt 












* (u 2 - \f= 3 j u 2 -l = u 2 =\ + j3 UjjI 

^ gi 4 Q[x] ^ Jjkail 3iA3 JJC. e jjjS u 4 — 2u“ — 2 (ji 

• degQ (u) = 4 : <Uj t Q LS k. u t 5 j s jj!& 

<x^a l^aAaauilm ‘ AjLiUJ t5J jK<i' i ^jjjLul! ( WS ^ jA jfUi 

I bojlfill AjA^xoIl 

4<p u ; F->E ijUfr 4 E (j-a U (jU lj]j 4 F J kB UI.&J E <j\S li] 

: jji 4(p u (f(x)) = f(u) : JSjillj 4_ij*-all j 

. E <_M J\ F[x] tfLJ <> bkLS OjSj 4 f (x) = X^.x 1 G F[x] 

i=0 

: (3) aJAjj* 

F J SUJI (_s—b. IjJ-tajc. UGE J ‘ F Jikil bljlol E jk Ijj 

: U Uuc. 4 n AkjJ 

F(u)= {ao + aiu+ ....4-anU 11 ' 1 : ajGF} -(1) 

= {f(u) :f(x)GF[x]} 

Jc. F(u) Jbs-3U (Si&ts) Lu JLij {l,u,u 2 ,....,u n '’} -(2) 

: (jjSj tluaj 4 F 

deg F (u) = [F(u): F] = n 

u j^u»H <j>^» ij±& m ji ika. 4 F(u) = F[x]/<m> -(3) 

.F JtsJ Jb 

: OlajJl 


j__ ^Sk JSIUj (Jkiu (p u (jjfkill ij] 4 4jA jloI 1 ak Ok- ^ AJuiaJ c-bo i a. 

: J US *E Jkl JI F[x] *ikB 

Ker cp = {f(x) : f(u) = 0} = < m > 














JClUli-t ijJaj <UJUU 


aj__uiLuiS/1 uuaj tF ^^Jc. u j > rfVm . U jj j* ‘ -s> SjjjS m (jV 

: U.& gj JjVl 

F[x]/<m> = Imcp ={ f(u) :f(x)GF[x]} 


F j u ^ '$1*. F(u) jV 4 Im cp e F(u) 4 <j^' 
m J 4 *>-j* ‘ i>LJa. F[x]/< m > J ‘ f(x)GF[x] JS1 * f(u) 

j F Ja=d' SlL». Im cp L^aJ uj% 4 JjLall PLla jjc. j jja. SjjoS 

: oj£j '^a j • F(u) c Im cp j 4 u 

F(u) = Im cp = {f(u): f(x)eF[x]} 

. AjA JJ-alt (_yaj yt (3)j (1) <jji»Oull ^ kl " l ° -iS (jj£j ojjuall oi$jj 
F(u) oli—Xa!)U L u ll m l (j£uJ B = ^ 1 ,U,U^,.. ..,U n ' j" Ac. «11 o' U^' L - i 'A' 1 ' 

. F <_M 

I (jSuJ . 1 jli% A Kamk» B Ac ^o2uall o' V jl ' 'V'l 

ao + ai u + a 2 u 2 +.+ a„ u n "' = 0 

: J ‘ g(u) = 0 . 0 < i < n - 1 j ajGF l&I 

g(x) = ao + ai x + a 2 x 2 +.+ ^ x "' 1 

lP] • l5j*—»-» Jj- 1 —=*■ oj_ jS£ m o' 0 ^ 4 * '^aj 4 0 ^ g(x)GF[x]j 
* 

• LJai. Ai laluo B A^j^auJI op' • 1 {£ l4' 0 » a, = 0 I il 4 g(x) = 0 

<iL_li Jakl o* . F (JiaJl tjJ Jci F(u) JjJ B o' IjAai 0 * 0 ^ 

; <auj]S u.i*\ i_u£i!j f(u)GF(u) o' o^ 3 ^^ 

4 r,qGF[x] j deg r < deg m = n jt r = 0 j F[x] ^—a f = q.m + r 

; UJ& 

r(x) = ao + aj x +.+ a n _! x n_I ; ajGF 

: (jit ( Juaaj 4 m(u) = 0 C-JfuJ j 

f(u) = q(u) m(u) + r(u) = r(u) = ao + ai u +.+ a n .j u"' 1 

(^flc F(u) (Jixll LuLul Jluj B Ac j*a > oi l <jP' • F(u) -iljj B Pc-jAa-ttll o' 

• Luaji oj^» J F 

















Fields Extension - J -boi - LaiJt 

1_ I 

deg F (u) = [F(u) : F] = n 

: (4) 

L$jh J-all Jj.laJ! ajJ&j F jl (3) 2 iLj]| AuAjaaII j<a JaajLj 

jt_£ I j_ i 4 4 F(u) IsV! UUi jb.laj 4 u m 

• F(u) = F(v) jli ‘ F JiaJI ^ tj ji—J JjiaJI S jj& V,u jJj«ai*ll 

^—A l —,jaj 4 F(u) jb_XaVI jl—ajl AjillS (1) A <jj L,a l l AjAjaall jjjj La£ 

. La jljixal ^3 L_jjjJa!l AjLaC. 4 A> si jj . F Jaall IfraiJa jbo-J ^uaLiaJl 

. jLa AjlljJI AJaaVlj 
: 4J1»! (3-6) 

: (8) Jbw 

[Q(V5i):Q] = 4 jQ[V5i]=Q[x]/<x 4 -5> J Cm 

4 Q ^—le J—jlV-ll aLU jjC. ^A j X 4 -5 .}j.la)l o jjoSI jia jA V5 i ji Laj 

: ji Jaj AjbLiJI <iA^>ia]l 

Q[V5i]=Q[x]/<x 4 -5> 

: (9) jLu 

R JtoJl E JteJI iJlal ^ f(x) = X 2 + 1 €F[x] Jj-iall o jjjSJ Ijia U jSol 
^jaj R(u) = {a + b.u : a,bER} : lW' J OuSJ 4 ( 4 jLiall iocSn Jia.) 

. f(x) jlL-asi ^aaa 

:J* 

! jli 4 11,U | AjjAjJ 4 R (Jiall ^jlc. ^ 3 - a j.e e.\jJa3 R(ll) tJiaJI 

-u jli 4 f(x) j jAaJl s j±£l \jia u J Lajj 4 R(u) = {a + b.u : a,beR} 

* 

blliSj 4 f(x) j j-lall e jjjS jjia £j^a <_£ jaj R(u) jli ^IjJIjj 4 l jia jjSj 

. u = V-T 

. C _j IgJ j-ojJj ‘ SjSjxII jlicVt (Jiiaj R(u) gj<a>i>> ejlc. 











: ( 10 ) JU* 

. Q JiLaJ] Q (1 + i) -il-iioVI AjUC. i. 

uj— 4 — (u — l) 2 — i" — — 1 : tip—1 oj^i ‘U = 1 + i ^Pail 

. u 2 - 2u + 2 = 0 

aLIS jjc. s jj 2S m(x) J ^ ‘ m(x) = x 2 - 2x + 2 i»L 

tij*—*-» s j^ m(x) ^liitjj i (Q jjjp. V <iV) Q 

. u 

: tip] <jjSj 

Q(u) = {a + b.u : a,bGQ} 

• UJ^! U = 2u — 2 j AijLuJI AiA^uJI j 
(a + bu) (a' + b'u) = aa' + (ab' + ba') u + bb' u 2 

= (aa' - 2bb') + (ab' + ba' + 2bb') u 

: Multiplication theorem <p1 AiA ja» (4) aJa jx» 

ii_iol (jj—jjaic. 4 F Jiail bljial E <jl£j t E JKl! bljial K <jlS Ijl 
4 L*iP [E : F]j [K : E] jjtS 4 Ijl 4 Ijl L*Si» F ^11 K JLJI 

: (j'i-yjj aJUJI oj\A 

[K : F] = [K : E]. [E : F] 

F E JiaJl LmiLuiI {ei,...,e m } ac.C ut£ til 4 tdlil AiUiayij 
a — jl — a t E (j— lc. K J — a=il 1 — Jj {ki,...,k n } a — cj 
• F (jlc. K —J iwiluii J^2u B={ejkj : l<i<m,l<j<n} 

: oIa jJl 

e-\—^ E (ji 4 _u—uu 4 tPaji U^iia [E : F] (jji 4 U^iia [K : F] jtS til 
UJ—F (jJc K —! (_>uLu! (Ja.1 (jx 4 AjjIj A^a. (jx . F j^Ic. K <j-o 












Fields Extension - J-yji — ^iLJl 


• ^ [K : E] 

(jl j jgl 4 4_iA^)X<J1 ^aj ^ a-ijljl! ^EVunL 4 (jji£xSl ^k (jA^jjl 

. F ^k K. (J&a-li l.mlml Jkk B * r -<«J 

A -C-J)a.% a\\ (jj £ 4 CGK (J^l (3“® * F (_jk K B o' Vjl wilful 

: c_iiSj 4 E ^^k K. —1 L«Lj 1 (jSjiu {ei,e 2 ,...,e m } 

c = ib,.K, (*) 

j«I 

m 

4 b- = a i j * e i 'AP—' oj —4 j t>» o^ • j * bj ^ E. J dip. 

i=I 

: (*) ojbc. ^5 4 j,i (JS] ay GF <—ya. 


n ( m n m 

C = Z I a u* e i kj^SZau-ei-kj 

j=i \\=\ y j=i i=i 

. F (jlc. K. (JSikiU o^I^o B Ac. oil (jl lilji (ja ^cjjj 
. F JkJl yk. Lki 3J3luu> B A£. jA^-all jl 4 1 Jji.1 ujxul 

n m 

oj— 4) j—k*j,i J—SlaijGF 4^ Z a ij- e i-kj = 0 jS!—J 

j=i i=l 


( 


\ 


<lal_ -UU3 {ki,k 2 ,...,k n } A_x.>^l (ji (^uu Ikj 4 Z Z a ij- e i 

h v i=i y 


kj=0 


oV j,i J_£l 4 ay = 0 j-Sl. j fj-i Z a ij- e i = 0 <E Je. lykk 

i=l 

A lo* . ■>« B AC. j.A34o]l o' 6" 5 % • F tjk Eki. aIsW {ei,e 2 ,...,e m } 

. F JtaJI Jc. Lki 

La^o IjjJ ‘. 4 <iljoVl (jAJ AjJixll A3^l*Jt aLUI k—ljOalt Aj&_}i« ^ gjaau 

* * 

UAof*" jli 4 (JljlUj 4 (JjkJI AJO^ 

• o*J>" ^yjkj gP gj' 










J y £-lj 4 j Jai j iUJA« 


: ( 1 ) 


. F J_*^-S! u _St Ljo^ 1 j>^V'C uEE o^J ‘ F (JaaJl 1-ll.lU E ol£ lil 

: (jj —£jj F (j—St j—^ j— i ^ c - v j—Si-iit t v E f(u) <j' ch 3 J— 

• deg F (v)/deg F (u) 

; 01a jJl 

>-ait veF(u)j 4 ^ F(u) 3 F 4^3 ‘ F(u) 3 F(v) 3 F : V j\ lial 

: (SjLLu 4iA jiM i -1. ■'*•>) 0 j.i 1 jjjSj iF ( _ f St 

deg F (v) = [F(v): F] , deg F (u) = [F(u): F] 

: (jl AaJ AiLaJI klAtj^a C-lua^j 

deg F (v)/deg F (u) 

: (11) JlftA 

. Q(u) = Q(u 2 ) Jc4, u = V2 jl£ I i] 

jja-iJI s ji£ jV [Q(u): Q] = deg Q (u) = 3,Qc Q(u) c Q(u 2 ) U*sl 
f(x)j 1*1I u o' Wj • Q[x] Jjknll <Lls jjt f(x) = x 3 - 2 E Q[x] 
jVI o^ofiS . Q (Jiadl ^jlt U ji«mii»lS Q q wjuh f(x) -lj-1^11 <_pj 4 


deg Q (u 2 ) = [Q(u 2 ): Q] = 3 

k*M\ (_^ao.j 4 deg Q (u 2 )/deg Q (u) = 3 o\* 4 u 2 EQ(u) J Uj 
AjjSill AJUJI oV 4 deg Q (u 2 ) ^ 1 jil. degQ(u 2 ) = 3 J deg Q (u 2 ) = 1 o]i 
. deg Q (u 2 ) = 3 jj) 4 4 u 2 EQ J J! 

: (5) iifcjju 

4 E = F(ui,u 2 ,...,u n ) o^ JaSij 4 Si] 4 F J**U L^jio UjU E o_& 











Fields Extension - J Jl>jJ - J.^aU ^^ ======= 

• F (_gic. Aj^ia. q ‘ *a\ V- Uj £ E 1 * ua 

: OUbjJl 

[E : F] t*— 1 c. 4 [E : F] J V J\ i 

t 

: <ji (>jaj 

• F ^Je J^alic. Uj E = F (Ui,U2,...,U n ) 

. E = F = F( 1 ) uji 4 [E : F] = 1 lil 
uj—■Sj Uj— ic. 4 u£Fj u£E j_. *i-\ i' j 4 E * F J </> 4 [E : F] > 1 o£J 

• 4. n;.ri^ 1 C-ljUal! 4iA jia ^I j-llui Lj I U^F <jj£ 4-UuU 4 [F(ll) ! F] > 1 

[E:F(u)] = J^] , <[E:F] 

[f(u);F] 1 J 

• <J> 1 i E D F(u) u ^. l l JjJxjI] ( j, 1 , 1 '*»*' 

E = F(u) (U|,u 2v ..,u n ) = F (u,,u 2 „..,u n ) 

. (aLIu, 4_U*a. ctllij) 4 F ijc. 4jJA3* U,U),...,U n o' Ulc. 

: o*^' ^ iftl o*>J 

dL_}a. F J—isJt ^jlc. 4 JJ& J^a lie Ui J E = F(U],U 2 ,.. .,U n ) o^ li] 
o^ lil 4 jl j^j 4 n jj*1I ^■lVn..iVI <LjJU ^tjaumil 'j 4 1 < i < n 

. 4 _jj 13 -i ^ 1 I ^jj jjiVl lM* AjAjxaJI 4. u.L^) Ajli 4 n = 1 

: Up! <jj^ Uj^ . L = F(ui,u 2 ,...,u n .|) si&lj 4 n > 1 j 44VI ^jail 
‘ 4^*^' yjoia 4 -Jaoia. 4 Lay! [L I F]j EdLdF 

• 5 jAjfJt L_i-»=k) 4 L$ji« [E : L] ‘ E = L(u n ) 

. L_)jUalI <i& JA* L.u^ i^iliJ Ij^lLa ojSj [E : F] (jil 


‘KdEdF j^i.F JiaJ ijljla! K o^j 4 K Ja=Jl bljlal E tij 

E OJjljo-aV' (j-0 (JS (jU 4 lil Jaia j 4 lil F (_'»■*■ H E jljlaVl O J^ ' jjJic. 







. L F Kj K 

: 01a jJ' 

. j t£l& <_>^c Lot i Lijfi. F <JstaJl E jl j*j^l 

u j k^ai*JI jl Cmj3juGE jSJ j s (jjjjfi. E D FjK d E j£2 

• F 15^ J#* 

K 3 E ji t/;■■■; . F JSaJl Aj 1 « .il-ilol ^ ^ii U jx^ai*]l (jl Vjl j^ 

. 0 * f(x) G E[x] J ^ f(u) = 0 <j£j 
U^ic t L = F(eo,....,e n ) iaLj 4 f(x) = eo + eix + .... + e n x n jl£ li) 
gjl—i li* j L(u) dLdF iilljS . yi&A L(u) d Fj uSL(u) jj£j 

.^j^Sfl AjAjcall 4 lugj j|j!Lal KdL iii!i£ 4 o jp>.V I Jj 3 AjA Jf^ j* 

. ^ jjo. K 3 F j i] 

: algebraic closure (Sjjji-I 25LoUl) d >jJrl i3“^l (8) ^j*J 
: Ajllall Ac 4 _ij*-»ll F) cJiaJI ^j 4 F IjIjIoI E (j£J 

Fi={uGE : F u} 

. E F —1 csjcdl jl 4 E ^ F —1 4jjf?JI AiU-allU 

: Field of algebraic numbers kjJrl ilap^' J*>- (9) 

: JSJJU i_i jx^oll (JS^JI 

A— {uEC : >^ajc u} 

. AjjjaJI -Sl-iC-VI Jiso 

(J*J 1 (J-1—£*Ji (j—£1 4 (J J—J2k jljlol jA ^gVu jIjIoI JS jl U1 jJJJ A JiaJI 

* * « t * 

. IjjTiA j fa. (JS <jjfu ul C>° C-H^ 

: Splitting Fields jLkuJVl <Jj*a. (4-6) 
I1_a J j—a J jl Kronecker (1891-1823) **i 

. JjjuC £*jljll j Jill 4 «■ ^lljj 4 j|ji«VI 

: jl ^i*j 4 F (JScJl jIjIoI E jl 4 > n-> F Ljjj?* 1 j ^ lC - uGE jlS lil 








■■ = Fields Extension - J-b»u — J-gah ^ == =-_ ! __jj = 

F[x]/<m> s F(u) = {ao + aiu+ ... +a n .iu n '' : ^GF} 

F <^lc u j ti'ull (Jjl a . 'ill aLLs jjc.) -ij-ic. ojl'£ m = m(x) o' 

u F JaaJI F(u) ijlaVI jji tdeg m = nj 

^—ik. A—ijS (j - JP^' (3**^ F(ll) JiaJI (_>uj-lil . E JScJU iLijjl a] (jAilj tF 

• E JikJ 0““ 'A 

4 Luc . 4 f(x) JjAaJI i jjj£] I jia. j_£jao F -itHoi ikO jA 4 <— 

• j Vj' AUi <_!?>■' o - 4 -f(x)GF[x] 

: Kronecker theorem ^SojjjS 4j* jx» (6) AjA jf» 

‘ F[x] 0 —« aHjIj jjc SjjjS f(x) CiilS lj]j 4 L» !>lLo. (F,+,.) oAj' 

. f(ll) = 0 OjSj Lu^ . i E O-o U j ^’ic j 4 F tJiAU E JiJla! A^.jj iliac 

: 01*jJl 

4 f(x) = g(x) h(x) : t F[x] Aikil f(x) aSjIS a_sL& j&u 

^-A g(x) J jJcJI 0 jjjS o' '-*£ • aLIS jjc Jj-is. iS h,g LLua. 

. F (_jlc Jjk'i.13 aLAS jaC j f(x) (J-ol jC 

• g(u) = 0 LIucjj u j uVul l <^ja, j F (Jixil E jIjIoI Jc. o* 

4<Jsev F[x]/<g> : Oj^ ‘F[x] AikJ! AxaJici 4jlic JSOS g(x) o] 

. F[x]/< g > JiicJI O" (J* 3, £-° Jw'-Al F JiAll o' 

: JUJL cp:F->F[x]/<g> <—sj*H 4iilli (J?-*' O - 


9 (u) = u + <g> ; u€F 

(JjLoJ A^JJ Ail 4 Ljaj 4 4 (jiulAI lift J 4 U Jg nl o'- 4 0 ^' 

ia_lol ja F[x]/< g > Js=J 4 {u + <g> ; uGF} : £* F Ja=J] 

. F JacOi 

lij 4 illli (Jc.i 0 -0 • g(x) AjAcJ! o jjjSJ !jlL-al jIjlLoVI Iaa O' 0^' 

OaJ (j) u : F[x]->E jSUall 4-i-iC.j 4 U€E (U = X + <g>0^ 












J h jai (j itJJLt 


g(x) = ao + ajx + .... + a n x n ; a ; EF 


: JjAaJI o^jjS (jl 


: Oi* 


<Pu(g(x)) = ao + aj(x + <g>) +.... + a n (x + <g>) n 

: uA ‘ E = F[x]/<g> ^ 
g(u) = (ao + a t x + .... + a n x n ) + < g > = g(x) +<g>=<g>=0 
g(u) = 0 UEE J >^»IC. Aa.Jj 4-Laj . E = F[x]/<g> JSaJI 

. f(a) = 0 

. 4jLLai]l jfLlj jjS £tdajJ ^JUll (JliaJI 

: (12) JU* 

f(x) = X 2 + 1 ER[x] a j 1 jjla. R Jiail bl :nJ ±±.J\ 

• R^ 


jb_cVl (J—^ ,'c. (Jjlaall <Lli jjc X 2 + 1 AjAaJI ajjSS (ji t Vjt ' 

<JS—>iu < f > JjAaJI ajjiS (jU t i <JS IjjAa. J Vj t R 4jlsiaJt 

<J£ R[x]/< f > UJ$iJ ‘ R[x] 4ilaJI A j ^ hc i aJIjx> 

J—Sa. R jl <llaJI aAA ^ R[x] <alaJI (j* U + < f > R (j* U 

• ( R[x]/< f > JiaJI (>a ^ ja. 
: jji t i u = x + < f > I il 

u 2 + 1 = (x + < x 2 +l >) 2 + (1 + < x 2 +l >) = (x 2 +l) + (x 2 +l) = 0 

• f(x) J jAaJI a j±& jA*. U <J J 


JUJ j . Ajjj dll A J ji'- ■*"! « Aijluill AIAjia (ja aI&LuiJ 

. lilli ^uJajJ ^Jtll 

: (13) Jt* 

# 9 

. 8 AAaJI ^ jLd 4 'yj (JS ■ * 







Fields Extension - J-b-u: - ^aUJl J-oaJ' 


Jjkull 5Jb\3 jjC f(x) J Vjt 4 f(x) = X 3 + X + 1 JjtoJI S <j£] 

■*"' < f > ^jU t . (Z 2 jjia- V) Z 2 ( _ s Ic- 
i Z 2 (Jtoil talils! E — Z2[x]/< f > UJ^J 1 Z2[x] SilaJl 4jjdaC.i 
JML, [E : Z 2 ] = 3 oj&ij ‘ E Ji=JI ^ t f(x) ijiaJI ® jjj£ 1 <jt l-«£ 

: Ly.il (jjSj 

E = Z 2 (u) = {ao + aiu + a 2 u 2 ; ajGZ 2 , f(u) = 0} 

= {0,1 , u, u 2 ,1+u , 1+u 2 , u+u 2 , 1+u+u 2 , u 3 = u+1} 

• j E j = 8 Ij^ajl 
. Splitting field jlkiJiM J&a. <jV' 

: (9) <Jiyo 

.n > 1 djja. n 5 j> jJI o*j i F JiaJI Ji& F[x] SjjjS f(x) o£l 

lil t F Jitoll ^le f(x) ijiaJl ftjjuSl j Ua JjjV) JLkJ F Jivll E ilii-Vl 


1 (jlJlall 

f(x) = a (x - Ui) (x - u 2 ).... (x - u n ) (1) 

. i ^ JS1 1 E Cy> Ujj F(>a j <^jj^ 

E = F (ui,u 2 ,.,u n ) (2) 


jL —lij f(x) JjJ—aJI ® J—JjS (J (3 jUJ 1 ^ -ij'jN JjSd -Lj^ill 

JiaJI Jc f(x) -1 Ljlkiil btf* E 13 * ^ US . E JtoJI (Split) 
ajiaJl SjjjS <js F jao (^illj 4 E ^ jta t F 

. <U-i3 E Jtoil jA f(x) 

: ^JUI JSjilU j UaJji V) Jto <—<«jj*j 0^^ 

f(x) iji-toll 6 JX )S jjto £Jjto ‘ F Jtoil Lp Jto ji—al j] 

. F ijto.ll t _ f lc f(x) ^ jtoil 0 jjj^I Lj U-i Ji i l JULa. ls a^j F[x] Cy 




















oj__jjfU Ijj\ jtia. t F j^blj <• .Jaa. J£ jl Aai t (JjjLjJI t_ibj*j]l (jx 


. F JbJ Jc. f(x)GF[x] A^iJI AjAaJI 

: (14) Jb. 

. Q ^ C. X^ + 1 JjAail a jajSJ L$ jQa*li! (Jia. jA Q(i) (JiaJI jl jb 

: tM"' 

j* Q(i) JiaJI jU ‘ Q(i,-i) - Q(i) J X 2 + 1 = (x + i) (x - i) J Uj 

. Q (^le. X 2 + 1 —1 iS j UaJ j j l 

(jl l_ aIc. t F[x] (j_« f(x) AjAaJI ajjiiSkJ jjAail AAC. i 4jAjAalt ^Jaxj 

. EdF 

: (7) 

A a.Jj AjAic t F (Jia. (^jic. n > 1 Mia. l fl 4a. jAll j* AjAa. a jJ-i£ f j£jJ 

ijjSjj « f(x) —11 ja—». n (^j— mF (_j—1c. f —!E d F ^jlLuijl <Jsa 

. [E : F] = n! 
: OlajJ' 

• n > 1 MJ 2 >. n (jlc- ^IaiLuVI <SJjl»J o*JAJ 

. ^ga ja#]I (jj)Su<i i E = F Aa.U i n “ 1 jlSi IaI 

(_JA—at (^J JaIaaI] <LU jjc AjAa a jjj£ g(x) jSulj til > 1 (j* O* 3 

(^jA-i E aIaIoI Aa.jj j£uj jj£ 4iA jja i. _ ima. tf(x) J_j-A=aJl a jja£ (JaIjC 

■ g( x ) F JtoJI 

t deg g = (E : F] < n : > t E] — F(ui) ^-Gajaj tUi EE jl u^aj^j 

•deg q = n-1 jl dna. <Ei[x] 2ikJI f(x) = (x-Ui) q(x) : jj£j ^JUlbj 

E 2 j^J 1J AlA_Aal Aajj Ajl Aaj t AajIj a ja ^jJaUjll ^liTuuVI AibjJa j_nl-vn 

tEj (J—Sail (_j_1c- q(x) AjAaJI ajii£ jUajijt (JSa. jc. ajLc. 4 E] (Jiail 














: [E 2 :Hi] < (n— 1)! :LJaJ <jj^j 

g(x) = a(x-u 2 )....(x-u n ) ; aGE] , UjGE 

: OJ&i ‘ 2<i<n JS1 

E 2 = E, (u 2 ,....,u n ) = F (u],u 2 ,....,u n ) 

: (jl i F f(x) ^J-iaJ a JJjSl jUajlil JLv E 2 i) liAj 

[E 2 : F] = [E 2 : Ej] [E, : F] = (n- 1)!. n = n! 

. <, n>i-\ iiiljj 

: (15) Jlia 

jjjSj cluaJj tf(x) = X 4 — 2x — 3 G Q[x] Jjia-SI 3j2i£ jl k » ?u l JLa. 

.[E:Q]=4 

± a /3 C ^ f(x) jji?. jli t f(x) = (x 2 - 3) (x 2 + 1 ) J U) 
lM Je. f(x) JJ^ll 3 J& jU^I JS^ E = Q( V 3 ,i) jU 4 ± i_, 
: * K = Q( V3 )J E = Q(i) ^ t Q 

[E:Q] = [E:K] [K:Q] = 2.2 = 4 

: ( 16 ) Jb* 

A. .>jJill (Jji Jjivlt ojUaiij! <Jia. (jl CujI i U !5Ubk (F,+,.) jSjl 

. F Jtobl F(u) IUj UjSJ J1A; F Ji=Jl f(x)GF[x] ^ 

: JS IjJj . f(x) j3 J& jU^I E 2 F 
: ijiic- E J* f -J v,u ‘ f(x) = ax 2 + bx + c ; a * 0 

f(x) = a (x - u) (x - v) 

b = -a (u + v) : J (jjffibJI x iiDLU- jjj <jJUbj i E[x] ^ 













: (jjj 4 v = - u - a' ! b EF(u) : 

E = F(u,v) = F(u) 


: Algebraically closed field kjr? <3^' (10) 

AjlUll Jatj] 4 jj C JiaJI (jc. (Jjli 

• C ^ILj C[x] jjc- $ jjjS JS (1) 

• 1 C[x] (Jjlaall <Lla jjc. ojjjS <J£ ( 2 ) 

• C[x) ^3 jh£Z C[x] ^ ^Li JJC ojjoS JS (3) 

. E = C jjS j U-iic. t E 2 C 'jj ( 4 ) 

: (17) Jl£* 

. U^ja. C -il-lc-Vt Jia. (jj 

Jj-i— aJI Sj—JjS (jV ( 3 ^*-* P 2 lua. t(Zp,®,<8)) (JiaJI <j) 

. (Zp,©,<8>) JiaJl i jjj> ttlLaj V f(x) = X 2 + 1 EZp[x] 

: Conjugates elements ^LaJ' (11) 

» * 

'—*$jj ‘ E o—• v,u (jjj (jc JjSj 4 F Lj^ja. E 0%^ 

1$ mil Jjiv Sj/^1 Ijja^ V,U (ja jJ£ jl£ tjj 4 F [jtSst ji« 

. F (Jia-ll (JjLsall iLla jjc. 

: (18) J Is* 

(JsaJl ^c. ^jjasl C jI^c-VI 3 ^ Cy* a — ib js+ib <*«<'» It 
is— 1 c- f(x) = (x - a) 2 + b ER[x] j j-iaJ' * jj& ojjja. L$iV 4 R 

. R 

: ( 8 ) 

jt—S Ijjj 4 F (^yic. jllJJa. (jl >-ai& V,U jlS ! jjj t La (F,+,.) (jSJ 

( 3 —jjWtlt : ^ jjac. 4 F (jlc n (jx U (jjiu-c a f(x) 







— . ■ ■ == Fields Extension — J.Utf - ^jUJi JwsaJi —.—, —. 

: JiilU i-jj*-J j 9 : F(u)-»F(v) 

cp(ao + ai u + ... + a n .i u"' 1 ) = ao + ai v + ... + a n .i v"' 1 

. F Us!®^ jbfi V,U (ji (jlS tjl Joisj 4 lil 4 J^iu 

: OlAjJi 

JSA) Cp ( jjjJajl l (jU i F L ^C- (jjaal J±a V,U I i] <ji t Vjt (jA jail 

. XUi 

jL_i 4 F ^ v,u oiis >^l sjjuS m = m(x) <j£jl 

: jJSUall 

(p v : F[x] ->F(v) 

<Pv (f(x)) = f(v) 

cp u :F[x]->F(u) 

<Pu (f(x)) = f(u) 


Ker (p u - Ker (p v = < ni(x) > 


• J 1 fit jjJI 




9u :F[x]/<m(x)>->F(u) 

cp' :(f (x)+ <m(x)>) = f (u) 

cpy :F[x]/<m(x)>->F(v) 

cp' v :(f (x)+ <m(x)>) = f (v) 

(JSaJI (jx <JjUj 3I jA (p (jn it'll (jt aaJ 4 cp = Cp v -^Pu' * cjVl 

: A^bbl o- <bV 4 F(v) lM Jc. F(u) 


ao + ai u+ ... +an-i u n ' eF(u) 


j) Oai 








(pv-cp^ao + ai u+ ... + a n .i u"' 1 ) = cp v [ao + a! x+ ... + a n _i x”' 1 


+ < m(x) >] 

= ao + aj v + ... + a„.i v "' 1 

: 01 &ji 

. jUial JLo v,ll (jjj.. <Vi»\ i <ji <jA jail 
: (jl (jjajiiij .F(v) tjic F(u) L&aJI qa bljLaj (p 

: tiul (jjSj U^ic. 4 m(x) = ao + ai x + ... + x n 

m(u) = ao + ai u + ... + u n 

v m'(x) i$ ji-aJ' -ioil • m(v) = 0 

. m(x) fjJu F Jidl 

.vo <LU Cil c (p 1 :F(v)->F(u) •* JiLaall idil 

t (jjiiA_^xlj jjja. m'(x)j m(x) J Wj 4 m'(x) ^ m(x) 

. (jlSal JL« v,u o' (/ m(x) = m'(x) 

: Finite Fields Jjidl (5-6) 

—a Jjjtjj (Galois fields) 1 jll^ pdj ^Vui l Jjiidl 

4 4_ CS)Hi\ _*dl AaLils i Laiic. 4j| 4 idjj 

oX-g.l j . ^—$ou lAjj-alift (^Sll JjaaJI • Aj^lLall jgJa 

^3 j jjLSjII 4jjlaj j (jjjll eApC CjlauLu (JjLdl 

. LOaji 

: (19) Jla» 

. (JSjij (Zp,e,0) P ' jidt (jdJs ^->j *4 .di ji-icVl Jia. (jl 

: (9) AiAjf* 

ji-aljc (jl£ Ijjj 4 n 4 F (^Tull (JLaJl ijgVio l^ljjxi H (jl£ ijj 

• Cf <JJ^i E ijloVi Jadjc. A3C ijJuC. 4q j& F 







- =■= Fields Extension - JjiPl JoJS — 

: OlftjJl 

• F c s —^ E ^Ljasll LjiUjiI (JiiLi {ai,a 2 v .,a n } jxa-JI qSj] 

: L&iSlj ii^j JSjIj cl o^jJj E j-4 <J£ C&*i lAiie 

a = aibi + a 2 b 2 +.+ a n b n ; b,EF 

jLui.V AAjjia q 11 Aa.jj 4 bj E F J^ali«JI jblkV SjL^pa q la. jj <i 1 Lu 

* ^SJ^i E jljilaVI ie lie (jla 4 4 b; 

l A-JLljj 4.^4 J I ill 4 ^JbLfcjJl AjA^lxll ;xjjj 

: (3) ^aou 

jjc n <-ua. 4 >-aic. P n E .Pije 4P a jjaa Ug.'ji» jlia. E 'jj 

. 1—124.jx ^r.AN »<-i 

: DlAjJl 

J—LsJl £—x J—jUu 4<; _Jji <JLJ <ji, lillol jA E <j£Jj 4 ji« JSa. J£ j! 
i—j&^JAall <■ ' 41 1 %^ 4 E (JSaJl jlxx jAj ^jl ■Aic P 4 Zp = F 

. P n E Jxolie lie jj£) ALLudll 

: Galois field '^JUr Ja*- (12) lA> yO 

* • • * t * 

. 11 —c. <_£l— 1 ! J—jLaJI g-a o i l 4 Liajx \ -VJ.TV *^-i llle nj 4 Lll jl I lie p (jlS 111 

• GF(P ) —J elle <1 ^)x_p 4 P n 4 jj^)x 1 I (jx Ijjta. (Jiia.' P n ojjuoli& 

: (20) Jl£* 

• P j' ^-y*- ‘ GF(P) = Zp <jl 

: (10) 4iA jo4 

E j Ui * » ) VI ^ f(x) =x p - x EZ P [x] ijiaJI SjiiS jji?4 iic. jl 

» i» 

J.1—D f(x) 6 J l Ij^UsuijI ^ULa* (JSuoLlj i A qV*V\ A jj£l 7,p Jo^tl ^ic 

* n J gjj! P 1 * .1L V i P n djiuziic. 







: OlajJ' 


4 f'(x) = P".x p 1 -1*0 : ul—»‘ f(x) =x p -x GZ P [x] 1*^1 

_S (jl ij\ . jlc) 3ic.li Jom I jjix (_V f(x) Jj-lxll SjjjS u]^ 

Jc. f(x) —I LjUajijl ^liLx <J£J5 o^a (jl Cmil. lalla- a I jix. n 4 f(x) 

. Zp JSaJI 

: 4 ^UlLj 4 f(x) a jjj £1 I jjLa. b * 0 j a (ji 

(a±b) p " =a p " +b p " =a±b 
(a.b'') pn =a pn (b pn )“‘ =a.b _I 

<J_JLa. (j—& I_.5 jaw '^kl-x (JSL»i5 f(x) a^pSA jj.iaJI 3c j«> , o (j]i ^llllljj 

4 1 Ijjta. P n Zp iJixJI (_£ ja>5 f(x) JjAxll SjjjS jji La£ 4 jUaJuVI 

. f(x) Jj-lxJI 0jjaS jUajiil JSc. (_3jUal) (JLxJI lia (jl ^jxj I Ja j 

: (11) 3iA„w-» 

^—Lx P n <—15j ^ill j E (^51*11 (JLaJI jjSj (^£1 4 ^il£llj JojJJI 

3 xja . . ^1 ol^c! m,n 4 jjc P iJLuak 4 m/n ojSj j! ja P m <15j 15jaw 

. <Jtxjpa 

: OUjJi 

. | F | = P m ^ 4 E 3 F J V J 
: J Ujj 4 n = m.r jli 4 m/n jl 1 *j 

y r - 1 =(y- l)(y M +y r ' 2 + ... + y + 1) => P m -1 |P n -l 

: lb£ j j$j& 4 y = P m j! (jia jail j 

pn _ 1 = (p m _ 1) . q => x pnM _ 1/ x pn -> _ 1 

JJj—aJI 0j —±£1 jUa-Jol J—law E J 1-<UJ 4 X pm -' - x/X pn_1 - X (>J 

pll 

JjJ—aJI ej . -uS Jjj—X £—.Laaw ^Ic j^i 4 Zp[x] (j-a f(x) = X — X 



mi 



lifl 














Fields Extension - J-u.0 — . — 

jUaAd jLk. E J*=0' u' </' < Zp JasJI (^lc. g(x) =x p - xeZ P [x] 
>• *' I E D F —jJLjj . p m Ajjjj <_£a 1I F JiaJ' j*j Zp JiaJI Jc. g(x) 

. I F I = P m 

: OIa jt 


» L. E J—SaJl jl f\c,\ (j&AJ AjAic. 4 | F | — P™ O' 1 E 3 F ^jSLJ 

• Oj^j * r *>a*j ‘ F 

n = [E : Z P ] = [E : F]. [F : Z P ] = m.r 

. m/n J Iaa j 

: (21) J Msa 

(JjSaJ' ‘-t-UJ A ^.j i All jj ( Lo (F,+,.) 0^ 'j) 

. F 

■•J* 

^_ A F J_i*J' ^_S 5—jjjaj' J j_LsJ' AA _20 AAaJI ^uoil j3 O' Ja^OLj 

•P,P 2 ,P 4 ,P 5 ,P 10 : ^ ^>11 oji ‘10,5,4,2,1 

: ( 22 ) 4 > 

. P^ 4ojjj I j]U. (Jl2k (j^o jII Filr^ll ^uuijl 

: U&\ ^ GF(P 6 ) JiaJ o- <0>i' Jj5=JI o) 
Z P = GF(P'), GF(P 2 ), GF(P 3 ), GF(P 6 ) 

I jA JjtaJ' jalaa. <c\] (jli 

GF(P 6 ) 


GF(P) 


GF(P) 


GF(P) 











: (12) 

f(x) J jlajil aIAS jit. jjia. ojjjS .ia.jj Ia^uc. 4 Ijj'Vio ilaa. E jl£ 1 j] 

. E JS*JI (jlc n aa.j .^1 t> F[x] 

: 01*jJl 

‘ u€K 4L1—ja. 4 K = E(u) jlfl 4 n Aaa.jj E JSaJil ta!.iLal K JaaJl jlS lil 
f(x) (j£j—!j E J—tail ^jic. >-»jc- UGKj E JSaJI Alia jtjlal K jV 

• UJ-^i Ub^ic 4 F (jJc. u .ij.la. SjjjS 

degf=[E(u):E] 

J_akal] aLIS Jit f( x ) j t jj& oia ‘ [K : E] = n j K - E(u) J Uj 

. n (^jLou l$ia. jjj F ( _ s ic- 

: Separable extension Jjtifl JlJlb'jH (6-6) 

. (JdnafiU AjLilai] ajjj£ Vjl *— 

f(x) du_jlS lit 4 F JiaJ ^Ic 4 n t> o jjjS f(x)GF[x] 

F c)—i=JI jjlc. (Jj-oaU aLU f(x) JJi S^aS (j) (JjSi IaaIc. aLIs jjt 

iJfLillj E jUsuijl Jia* 4 ,-u S j f(x) (j! ij\ 4 A )t} >. ii Ifcjjia. CjuIS lij 

f(x) - a (x - uO (x - u 2 ) .... (x - Un) 

aeF,(i= l,2,...,n) ;u,eE , i ^ j ; u ( ^ uj : J 

: (5) ilaaSU 

. (Ji^aall aLIs (jj^J {_£j LuU a jia^ (JS^ ^^ic. ajij£ (JS 

: (23) Jls* 

. Q JaaJI Jhz J-aiil Alii f(x) = x 2 + 5 £Q[x] ij.laJI lj±& j] 

:J* 

4 Q J iaJ JjUMl aLIS Jit Jj-ia. a ja& f(x) i) Sf J -laa^Lj 











Fields Extension - JJuJii - J-aiil = 

(jl J—aa (3^'—“Jl i>— jj*j 31 • ± V5 i t _ r * j C ^gJI 

. Q Jx. J*-aall <L\S ajia. $ jiS f(x) = X 2 + 5 

• 3 *-aai 3 (Jjlill .lljiioVI i 3.1^1 1 J Ji/itttt (JjLftJ) j-x*»tl ,,j^Lo jj/l 

: Separable element J-aaU J^liSl j^aydl (13) 4 _«j yu 

t F J—(jlc- I jx’i'ic u€E jtS «3 j ‘ F JiiJl IjIjIoI E jl£ lil 

t£ j* — 1 - 0 JI 0 jjj£ 4lul£ I jj 4 F J~i«1 (JjLs j*-ajc. U jj (Jjai 

. F (JiaJI ^^Jc. aLIS 

: Separable extension J-aaU Jj12)1 aU*»Vl (14) ca >jti 

J—£ (jl—£ lil 4 (Ji-^iill Jjli j j!* 1 <Ul F E jl-SLaVI CJ~ dj*j 

. F JasJ! (_jlc- 3-°^ ^EIS E (Jiail j-0 juljt 

: (13) aJAjj* 

j— jiic. t E Ja^ll U g'i'u K jl£j 4 F JiaJl IjgV) ^ UjI*! E jl£ 1 jj 

—3 — ILal K. jl—£ 4 Ijj JaSSj 4 !jj 4 F (Ja*vll ^Ijls Ijljjel K. jj^J 

. F Ji=J3 Sbla E jlS dl iSj * E JiaJl 

* (o^Ji jj-^ d^ 5 ) 

: (4) 


4 J—j-asB 5JL13 f(x)€F[x] jSjjjS jj£ ^£3 4 ^ISJIj ? j}UI 

(_^jLuiJ f (x) J f(x) Jj^J! (jjJJJjSi jaJacVl idjoJLall ^uiti3! jjdj jl J* 

. (F[x],+,.) 4SLJI ^ 
: DUjJl 

. F (JlaJi (_ylc. (J^allS aLIS f(x) JjiaJI fljiid V j! (jA__)fjl 

^jixj likj ( F (Jiail Jj-alB 51AS jjft f(x) jl (_pajiil (c! 4 (jjjfLxil (_psjSj 
• (jl 4 m > 1 Ai&Ljaj S_uj f(x) —S ot j£dj ji=>. ia.jj aJ\ 












J jj&-\j oUli-1 hJai AaJMa i .... 

: jjlj -Uxj t f(x) = (x - a) m . g(x) 
f'(x) = (x - a) m_1 . [ m. g(x) + (x - a) g'(x) ] 

4 f'(x) J f(x) Jj^JI U>4- UJS (x - a)™" 1 * 1 j-uil J 

. F (jit J,,i ^iill 5115 SjjjS f(x) dpj • Ly° o^-y I 

aIH f( x ) F[x] 6- f(x) j s Ljlkiil ifcEjlS 111 

: (jjSj l.i'.c. 4 F (_ylc. (J*^dl 


f(x) = a (x - Ui) (x - u 2 ).... (x -u n ) 

. aeF j F JiaJI f(x) » JA& jjl* ^ Uj i) <—ua. 
Aj| ^.Lu Ia&j (f'(x) J f(x) -J uljlill ^lall) d * 1 J U^' 

: j 4 L»$la (JSJ (X — Uj) L&Jj jHo 

f(x) = (x - Ui) g(x) 

J 

: Uj^I t Aajlj 


f'(x)=(x- Ui )h(x) 
f'(x)=g(x) + (x-u;) g'(x) 


• (JJ^3 Ajuoj 

g(x) = (x-Ui) [h(x) -g'(x) ] 

I j* j 4 f(x) JjAaJI eji&l 'hjM'.i <_>*1 Uj J.l=dl ij l^Aj ‘g(Uj) = 0 jl ij\ 

t — uilill cAj • F J— uf— ic- J— aall 5111 Jj-ia. SjlS f(x) J 

. jit (_£jlu f f (x) J f(x) JjiaJI jl&l d jdacVt UljUd) 

: Perfect fields JjSaJi (7-6) 

J_& <1 JU v 4 Lu bn, F JtoJl o\ Jj^ * v- (F,+,.) 

. (Jjll jlj&ol 

: (14) AjAji# 

. ^Ij Jlk j& a jiaa Jia. JS 












a -—- 1 — —== Fields Extension — JJUJi - 

• SjltiH AjSjiaJI 4 AjA_^f*ll aJA 

<Oa».)j JjAa. SjjjS f(x) <-ul£ )jjj 4 F JasJJ c£J^=JI tplc.yi ilia. F (jl£ 
Cj_jl£ lilj t a ( eF,f (x) = 2 a i- x> e F[x] j~> F J—iJI ^—lc. 

i = 0 

4 f(x)SF[x] j j—^ 4 F <JaaJ ^m.l * 0 u^j ‘ (f(x)) m €F[x] 

• F (jx Qj Jj-eali«jl (jl (_£ I 
; <LUI Jc. (jVl 


*jj 5& (jl . uGE (jl (_>i»jiJj 4 (j>ili 4 F Jiali IjIjlLoI E (jl£ lij 

: JSalllj ‘F[x] iilaJ <Jia 2 i F JiaJl JJaal] aL\131 ja t f(x) JjAaJI 

4 U = Uj iaiiJ 4 f(x) Jj^all aJA&l AiHa-o jjia. Uj J duja 4 fl( x - Uj ) m 

i 

f(x)=[n(x-u,rj 

(j jSj 4 <il »n fl AjiiuiaJI 4 r una3 . a Jaax F JiaJl ^3 HI. 1 ?£ 0 (jl Lojj 

4 J-jLull a_U3 jAt f(x) JjJqJI S J. S Jl Luj . F[x] j- ^n(x-u,)j 

1 1 D = 1 J ^ > fa ‘ U y—t k U ji-oj F[x] ^ (j£-aJ b» IgiajJj 

liAj 4 UEE <J^.l O ' 4 * F (JiaJI ^jylc Jjli u jli 4 ^Ulbj 

. F JiaJ' ^Jc. JjIs jljuJ jA E jl 

: (5) <aj1S 

. Jla jA All* (Jia, j£ 

* 

. A taJiUSI Cjt jIjlJlaVI I J^l (jjjA jl 

: Normal extension Jl^laVI (8-6) 

: (15) Jbj* 

j—« Aaj lit . F E jljlaYl (jl Jjlj 4 F jjia.il Ijljjul E jSjl 













— Jjii-lj OtfU-l lajai j i».U* ." = — 

l^lj Iji*. 4 F (JiiaJI < _ 5 lc JjUull 4 -bla jj c f(x)GF[x] a jjjS (_£I <JaJ 

. E JaaJi Ji jkiS f(x) ji J <■ E JUJI J&l 

(J R jjUil (<jSjdl J£a>) C -Id-aVI jl .iaj 4 (jjUJ! <—suj*jJ 1 j^ 

^3 jU.*m R JjUjB 4 LU jjc JjOa. a jjjS JS jS? 4 j.}cVl 

. C lM 

: (6) AJaaiU 

j _ a-vtl Q(a) jIjUVI jSJ 1 JISJI <Jjj±j 4 4 t."ii>ijl cIiIjIjiIaI .i^jj 
5L15 jjc. f(x) = x 3 - 5 € Q[x] ^a jjjS 3 . a = ^5 4JJ2>. 4 Q 

> JS& V jS3 4 Q(V5) JLJ! ^ V5 jA lAjj^j 4 Q j&aJI ^^Ic j jUjlS 

jjU. ^ Q(V5) Ji=J ^ djijJajiil jl l*iV * Q(V5) JUJI ^ 

. (Jjikjjud^ IAA j 4 2 ^A*il 4 sl~l-y<a AjSjtev 

. jjc Q JfeJl Q(V5) i^vi jj] 

: (24) Ju» 

. q js=j) Q(V^ 2 ) oi^vi 3 3 * 

<s? —fcj f(x) = X 2 + 2 eQ[x] Jj-laJI a JA& jja» a = V^"2 jl Vji JacjU 
Sj_££ ji US 4 Q(V -^2 ) lM ^ Q JtoJI JjLuU aL15 jjc 
.^J iU Q JUll Q(V^ 2 ) jIjS-VI jj] . Q(V- 2 ) J5aJ ^ >£2 x 2 +2 

: (15) Aikjx. 

(F J-SaJl ^jj=J cpU^I) F ^ tijU- F JsjvII Ljjj, bljU E jlS U] 

: UalSlu 2JUI dil jb*JI U.}jc 

E lU^I </ ijj^ WJ F[x] ^ y*is JJC ^ aj& JS (1) 

<jJaa. jxljC ^J] jiauiuj 

• F[x] j jdaJl CiljjuS j-a oj*m)I jlUijl (J2U jA E iJ^JI j] (2) 











- .. = Fields Extension - J •j&-\ -bJi - J*oaJl . ===== 

(p (j )—S AjjIj F JSaJI F E (p (jjJajJl <jl£ lj) (3) 

. E (JaaJI Idl j e^C (jS-aJj I E ^gie- E j* (j-ulaj 

: OUjJl 


(1) => (2) 

U —1c U jiao JjAa a jjj£ m = ITl(x) (jSjlj 4U.GE (jojiil 

li_fcj t E (JiaJI yi 4-iKa (JxIjc Jl jhdjj rn <jl Jaj (1) 4_aaai c F <Jiiall 

. llj G E JxotixU Itlj JjiaJi dll jjj£> a JjuiV jUadjl (Jaa. E (ji 

(2) => (3) 

J—a=k j—& E J^JI (jl *^ua ‘ dilj^iS l>“ “J“' fj(x)GF[x] j£il 
t E (Jiiall ^ fj(x) diljiiS o* a * j ^ Ijis* u <jl^ lilj ‘ iGl 4 Uk^)U»dil 
( 4_., 'i.ilj F <J_iail j .->,olj& (p (jj^hlll Jjaj F E (jS-oj Ia^jc 

jIjiLaVI ji t<u 4 4 -uIj 'Ualj jx> . fj(x) Jj.iail ajJ&l jja (p(ll) jjSj 

* 9 

J] E 6- 1 Aii hi tp (jnl-iill (jli 4 ^ISiLj 4 JjiaJl dil jjjS jjia ^itaj 3 Jjj E 

. Luli !>HiLoj cp (jl t^l 4 F 

(3) => (1) 

4UGE Ijix Ig-ij 4 F (Ja^JI ^^ic- (JjlVill <LLIi jit JjJa a jp& f(x) dul£ Ijj 

. VGE (jl 4 . lu l l j 4 f(x) ^jiaJI a jx£l jai I jia VGE j (jo jLj 
: UJ^ 4f(x) Jj^all a jjjSI jajia U,V (J l*J 

F (u) = F[x]/< g (x) > = F(v) 

9 ( 11 ) = v : (jjSj Udc. ;ISjLui 4 -sjjiJI Jildll (p:F(u)-»F(v) —j j-ji! 

4 (pi: E->F otuLuIl ^1 Jiu (p JjUjII ji] 4 F t> u J^l cp(u) = u Uulj 

: jjj 4 E (jlc. ^li J!iLd (pj (j j£j (3) i, . 1 >> 1^.1 j 4 F E Ja=»JI _>«j <^1j 
9 t(u) = cp(u) = vGE 

: (16) 5jAjf» 

ajjliSl ljj\j-iAil E (Jaaii (jjSti ijdiC 4 F U^iloj laaiiU Ijljlol E 

. F JiaJ Jk. Jjia 













: OUjJ\ 

tli — . 1 ^. E = F(ui,U 2 ,...,u r ) : <Jj£js ‘ F JkJl ijlal E <J L»j 

Cilj jSS nii(x) <j o* 3 j—‘1 ^ i ^ rj F JiaJI ^e- j^\\ c . u* (J 

o'—* I jjj . 1 < i < r > *i F J-JaJI lc Uj l 5>—*-=> Jj-s—»■ 

aLIS jjft nii(x) cjIjjj£ <ji Luj t f(x) = mi(x). m 2 (x).m r (x) 

nij(x) jjj—aJl <-n>l a u ‘ E d*®^ ^ 1 a jj^-j F d^dl d d^dl 

(ji i_u_uUj 4 E J _isJI ^jift L^ai jiuijj f(x) jl 4 E j^lft J !?* ■ *» 

4_i_ jj*j i_J _(jjj 4 f(x) JjiaJl s JJjS jjiuj F (JSftJl (j-o tjjSjJ E 

• F (JsaJI < _ ff lft f(x) J£ jjjSJ jUa»ijl d*^ jA E (jUxiljVl d^ 
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Artinian and Noetherian Rings - ajjujJIj A-uJ/ill OliU-l - 


*—-— _______i 

Artinian and Noetherian Rings 


A— ..i. Vigil ^—9 l<vgjlajJ-Tl ojiSJ 4 l'iIiU'I £-l^jl (j*a jjacjj I^)J*I (jjjAi! 

Aj _U*u AjaujVI LaA 1.1*1 ^glc. (jU-tj . Aj_)j* p jlc. J ( Ajjj*JI 

Aj _ jjij 4 A _ dll _51*11 A-ljlal! 4 jjjljl J>aj| ^jLalVl j^j-eaL jll 

• JAjj jc-ajl AjjLJVt A ujab^ll 

: OjjUu (1-7) 


: Artinian Ring jVI AilaJI -1 

Aj— i^aSUull A!—uiluJI Ajj-eal* Igj! 4 (R,+,«) (jSjlj 4 La Ail* (jc. (Jjij 

a1 —uL jL_S Ijj t I CjUUJ] (d.c.c) descending chain condition 

4n(rZ + l*^a ^4*j*a AlC .1 * jj 4 R <^9 I] Z) I 2 3 ... dlLdLLall fjA A**aS\aLa 

. m > n JSI 1 I m = l n 


Aj— j^aSUdll aJ—J uJI Ajj-at* Cm* I jl 4 Ajjjj j\ Igjj . (R,+,.) Ail*. <jC Jj^jj 

. aLU! CibUUl 

: Noetherian Ring Ajjjj^HI Ail*il -2 
Aj.lC.1 tAill Al _mLall Ajj-al* (jji*j Ijj) 4 (R,+,.) (jSjlj ‘ La Ail*. (jC (Jjij 

<^V o'—^ ‘ li cjUliail (a.c.c) ascending chain condition (ajjljiall) 

' 7* J ^ ^au3 J.IC. ,1 *jj 4 R ^9 1 1 C h C ... CjLJLLall (^}x oZC-1 ><iu AlmLui 

. m > n JSI I m = I n : < 35*11 iLu*j Z + 3 n 

: Maximum condition A 0^1*1 1 -3 

LS —alsudl Ajj-atiil Ijj] 4 a 51*1I aj& <j& <Jj5j 4 La Ail* (R,+,») <j£j] 








^ Artinian and Noeth erian Rings — S-Uj'jli oUU-l - JwaiSl 5 

4 —j^j nGZ + J£1 4 <2>r><4>3 ... zd < 2 n > 3 ... 

• (Z,+,.) clitall!u]| 

* jSuilL ^ oW ^4) 

R={a = ^ : 0 < a < 1 , ixP} 

J-S jV 4 <—jjjjjl 3ik ^ 4 Z + mj R (> b,a JS1 < a.b = 0 J 4 ±p. 

: (JL.UI ^ R ajIHo 

T = fj_ 2 P r -1 1 , T | 

Ir p'>.. p- ’ l 1 -^® 


. Aj*-aSljdll iluiUI AuuaLa^ 4 R <aLJI ^jl i. < lift j 

yc* i = < p > a u 4 yJ '■>■*• p > jjj ‘ (z,+,.) 5iLji jssi (5) 

u^J. I C Kj I c J ‘ I = JflK Cul£ lij «uV 4 Z UlaJI (JjUMt <LU 

• I — Kj I — J (jjj 4 Z AalaJI Ajohr.l a_JULo I 

<-jL._ ’iA jxiJI <_>a 4 Aaiu jj\ (jjiisIaJl ijDzx-i q$\ oil] 

: Um giUiBj 

: 4jjjjjVI 0 /^^ (Cjlius) QOjUaa. q&u (3-7) 

: (1) 4iA jp 

u'—^ ‘ 'jj J=»—s 2 j ‘ > j) <pjj J <Sl 2 >. (R,+,.) jjS 4 L Aik (R,+,.) (j<a 3 

. Remin -<} 


: 01*jJl 

4 R A. ikl l Ij CjtJkall qa A-it ki ljj A l t ai 11 1 I j ZD I2 2 4 V jl 

u u ‘ K * <j) yl . CjUlkll j* A£. > a^o K = {ij : i = 1,2,...} 

• In ‘ 1 Jj-aic K a!1 

•0^- liA J Im^K (j,^ ‘ Im ^ In U 15 '-Sp ‘ m > n Jil 4 I m = I n jjVIJ 







. ajiiiji 4ik. (R,+,.) ^il ‘ m > n JS1 l m = l n jil 

I (jl—£ IaJ . Ij GK <j£aJj R —1 tliLlliLe fjA 2allik jjc. a K (j! (jiajij 

• I] ZD 1 2 W K (y& I 2 4j]llLa jlaJ \ VjS^rt 4 S ^3 Lij» ><-il tjjiJ 

4_jjlj a J—« (jjfkii La SaLi! ln^ . art 4 K jij-al J.Vlf- Aj 2 k.j ^Afc Llla^S IaIj 

(j—a 1 1 3 I 2 ZD I 3 ZD .... 4 -lftZLtt j—jfi. 4 .^iTu 4imLu ^^Ic. j 

4—C.j^a -0 (jjj . 4jjjjjl 4ila R (jjS jjJaSljj IaA j 1 R 4jlaJI tliLJLuJI 

- RGmin —<] (_£I 4 j*j-«I j» .Vc AakjJ 4 R tliLJLLail 4j]la. JAC- 

: (2) 

: 4A3l£La 4_uVI tllljL*JI AjAic. 4 La 4.ii.-y (R,+,.) (j£jl 

• hj£y (R,+,.) (1) 

. 4j^-vla tlllAl_y* till j R 4al-k.ll 4 JH* (JS (2) 

. jJaci j*-aic. A2k.jJ R 4ai=kil ^3 tlMioll tya 4jJLi. JJC 4fc JSl (3) 

: olAjJi 

(2) <= (1) 

Ui_jc. 4 I ■£ < ai > tii—jt£ IaJ . ai Si <J d *«I <J R j£jl 
liji i < ai > c < ai,a 2 > Oj£j * a 2 £ < ai > <jj% ‘ a 2 Sl 

4 jSc.j a 3 $£ < a b a 2 > <jj^ l - "■s. 14 33 SI 12 k. jj 4 ij Aic 4 I ^ < ai,a 2 > tiiil£ 

< a, > e < ai,a 2 > cz < ai,a 2 ,a 3 > 

: 4JU1I R oUllaJI (jx 4 I 111 I 111 ^glc. (_)>«-»Vi jjJSk 4 (jjfu, La jIjSujj 

< ai > cz < ai,a 2 > cz < ai,a 2 ,a 3 > cz ... 

4 < aj,—,a m > = < aj,—,a n > 4 *n%j Z + j^n -i^jj 4 djLy R J Ujj 
tiilA_J_^ till a 4 __i 3 lla I jil . I = < ai,....,a n > jj—S j 4 a 1 c j 4 m > n JS1 
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(3) <= (2) 

<-W—' Ii €K o' 4 R (J* djUll!La j* aJU. jjc. <£. JA3^ K j£ol 

‘ R I 2 ‘ 11 Cl I 2 GK (jt . LuJaC-i 

‘ K ^ (Jic! !>-**=• f JC Uoajj tjjJ J 2 CI 3 o& I 3 eK 

. R cjldllxall j-® 11 CZ I2 CI I3 Cl ... 4 JjTlo jjc. 4li 11L,11 jlajj \jlSaji 

J x,yel r j^iRu-r JSlj I t> y,x JS1 0^ * I = UI| <R o' W 

i 

J\ x-yj r.x : jli ‘ 4 Ik <= I r j' I r c I K uV 4 x,y£l K J 

dJj I j£l. x-yj r.xG I = (Jlj : j.A> ^JlUbj t aA\ 1 A\ 

i 

‘ I — < ai,a2,...,a n > j' du*. < ai,a2,...,a n Gl jj] 4 (l^ j 3 ) 

• ai,a2,...,a n el m : uj£jdiiajm> 1 
‘ Im = I Lpj ‘ ai,a2,...,a n e£>-£d Pallia ji~al ^ I J I m cl = [Jlj 0 s5 

i 

U—® * - )V' A J—jF- ‘'iui-. Jja.j o^"-¥ Im = Im+1 = • •.. : jli t -ulej 
. flid _>-ojc K jf SJaa jj) . K ^ ObJlioll 

(1)<=(3) 

4 R tf — 3 djL -jlttJ j—a 4j.lC.LwaJ aUL, I] C I2 c .... jCM 
((3) —uia.) I n Jj* ^JaC-l Ji ^ i ' . r . tK — |l] , I2 , .... } 

. Sjjjjjj 4ik R jj] t m > n J£] I m = I n : jli 

: (3) AiAjx« 

■l a—i 33 J 4 AjJJJjj 4iia. R 4 jjiiic. t Jjla-a jm. ic. ilijj 5ik (R,+,.) j£ul 

• A i^rna iZjUjx vZj! j R ^3 4 j]jI 4 j]Ijx (J£ djjl£ c |jl 

: 01a jJt 

O— 3 Jaj^' c3^d (jlc jAjii]j « 4jjJJji ASla. (R,+,.) ji Vjt O^J^ 


p——1 ■ 


IM BBBB 











i_i— iu-% i a j-o CjI j 1 $js 3 jHj* (_^l jli i <aia* R j! Lo 

, jj> CjI i R ^ *blji <oHj-o (_ji jli 4*ulc j t 5 iLjill *ua j#J 

: j^jd 

4ll|j R ^3 aA jl <j]Ha <JS jl .Sjjiijj t'h.ul Alla. R jl 

j jc. CjIj_ 1 jJ! diii R ^ 4 lAj 3 ti*]l K j£ilj t^ jgVu CiIj]j-o 

I jSLl_Sj £ _kc.i J.^'lC- 4S.jHWS.all jli 4 j1&j ‘ K ^ (j) jj^J 4 ^^Wj ‘ 4 ^1 1 . ni l 

4 X,y^I -3—a.JJ ^blbj 4R 4j]jl nlunjJ blllo I jj] 4 ( jjjj 9 “ ^) 

I jl I— & 4xel:<y> jlcl: <y> j I c < I,y > J ■ x.yGl Uiu 
lLiIjIj^ oli <J\!Lo I : < y > j < I,y > a- J* jj] ‘K (/ j. V- 

: CiitS lil 4 4alcj 

I: < y > = < dj,...,d m > J <I,y > = < c,,c 2 ,...,c n > 

. i= l,2,...,nj r,GRj XjGl ^4 Cj ~ X; + y rj : jli 

. < I,y > = <x,,...,x n ,y > ji] 

i J—SJ 4 ydjGl jj] 4 R gi kJ*u> J = <xj,..., x n , ydi,..., yd m > jStf 
/j J ^vt _ iIcl j $ a(E< I,y > j,—s 4 aGl jl£ lij j£l . J c I jj£j t^l^Wj 

n 

aj!cj 4 y.rGl jj] 4 i JS11 j*Xj jSJ. t,,rGR a = £x i .t j +yr 

i = l 
m 

: jli 4 j 1 cj 4 yjGR ‘r = ^dj.yj 4 $ ‘ r€l: <y > jli 

j=i 

n m n m 

a = Ix i .t i +y£d j .y j = £x i .t i +yZ(y d j)-yj € J 

i=l j=l i=l j=l 

4 a —.ifri'ix d)lj I ajIIjaSI jli <j 1 cj 4 I = J jj) 41 c J jli 4 ^blbj 

. SjjjUjj aaIa R jj] 4 IgK jjS (_pasbj li&j 


MW MM —1 


WW—1 
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: ( 4 ) AiA jj- 

. ajauj! Aila. R/I : jjijc. i I <3 R. diil£j t ajIujI aaL». (R 5 + 5 .) j£il (a) 

* 

3 —ala. R jt—S 4 Aaiujt Aal&. R/I j I j* JS jl&j i I <3 R CulS til (b) 

. Aalujl 
: DUjJ\ 

ell— 3 lS Ijlj 4 n:R->R/I =R : - .jjl.ll JSL Jan j<L_J (a) 

(jaa j Ail J 4 R ^ — 3 lilt— -lHall j a 5 ___k*aiillLa Aj uiLu Ij 33 I 2 3 

4 R ^ Oblliall Ja A^bla aLA* ( I, D I 2 D ... jjj . I, = 11 "’(I,) J 

(jj_£j 4 *'.j-% J II —1 j 4 _ 1 —^ja j~s n-i AAC. A^jjS 4 Ajijjjl A airy R jl Lajj 

OiM « g^Wj ‘ m > n JS 14 I m = I n jjSa Aabj 4 m > n JS 14 I m = I n 

. Aaljjjl Asia. R/I 

^Jlalb j 4 R djLJULall j* A,. Tu A I i u l i 111 ] 13 I 2 3 ... (jt (_pajail (b) 
R/I —s till—jlliall j—a ■ W iil ila A, L i l ia (I]+I)/I 3 (I 2 +I)/I 3 ... ! jj 5 b 
IjR/I <>!*£ jSl.I ^Obltiall (> A^lALaALaLaljni 3 ^fll 2 ...J 

: jjSb 4 *n* 4 j 4 S,r£Z A=wjj ^blbj 4 Aajjjjl Aala. 

a r +i)/i=a+iyi, i s ni=i n m 

: jji> Aak. j 4 n > r JS 3 

i r +i=i n +i, i s ni=i n m 

I m + I = I n + I : jt A_a^> 4 m = max {t,s} : jb_S ljl_s 4 n > r J _£3 
: jj} 4 I n c I m jii. m > n JS 14 I m ni = I n fllj 

Im = ImfKlm+I) = Imfl(In + I) = In + OmflD = In + OnDD = In 

• ^ (R ,+,0 0 j& jjj 

: ( 5 ) AIajja 


. Ajjjjjj Asia. R jti 4 I <3 R jt£j 4 Ajjjjjj Aala. R/I j I dul£ 111 










: OlajJt 

* ^<b bILi 9 ^ R *■ i t jl l i^t t j-a a^C.1 * s\)a AlmL a I] ( I 2 C .... j^lt 
R/I j_£l • R/I ^ CjUUaJI j* s^L^lo <LA, (I,+I)A c (I 2 +I)/I c .... 

uj—^ ^ - .tv r u%-Jj 4 <_J_ 1^1 JD & J_ 2 kJJ (jit 4 4jJJJjj 3aW 

J-Sl 4 I r +1 - I n + I : aj-^d ^b-ilLj * n > r JS1 a (I r +I)/I = (I n +I)/I 

AibJI ujUlialt j* SocL-ala <1 .>i\..i I) P|I CZ I 2 DI C ••• i) L> J til > T 

: j^£j tbj-N \ s j£jlj L_ 12 k^a n-i .I^JJ (jit . I 4j j_u 
: Ji iaj t m = max {r,s} : jl£ tiji 4 n > s JS1 4 I s fll = I n fll 

: Jp! > ImSln ifi>‘ n>m jsil m fll = l„ni jI m + I = I„ + I 
In = I„n(I»+I) - InOdm + I) = Im + 0.01) = I* + (Lfll) = I m 

. Ajjai^j <51^. R jit 

: (i) 2^ 

n 

• j ^Sb*. R = X® Rj d *« Ri,R 2 ,...,R n J 

i = l 


: d)l»jJt 

<_M (j-Q l^jic. (ja jjjJj . AaJljB oia jAjjj 4 n t _ ? ^tjj]l e.lji£k«VI Aiijlsj 

3— R 2 jt Ujj . R/R] = R 2 : j_£j 4 R = Rj©R 2 jit . n = 2 
5—sla. R jit < a —jjjjjj <ak R] jl Lajj 4 Ajjiijj ^aLk R/R] jil 4 4jjjj ji 

. AiLuit 4jA^±*lt ^ . .<-v 4 4jjjj jj 
jjA_J ' ^ l.H 1 (^jit j 4 O jjL^J A jm l ui Vt <iA^JLtt]! (SujiU i—S^)*J 4 Ajltilt AjA_jX*JI 

• U^AjJ 

: Hilberts Basis theorm (6) 4Ja jx a 

d -abk. g_ 4 > (R[x],+,.) JjiaJl dll jjj£ <sbk jti 4 4 lba (R,+,.) dulS til 

. L^ajt Ajijxijj 
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: ( 2 ) Aauij 

3_ak R[xi,X 2 ,...,X n ] ojfc iliic- i Ajjjj_>j <ik (R,+,») <jS j! 

. 1 1 oil 

j 

4 — jiluj) 4 —ak R = ^©Rj (jl —a t a_ujj jl Cslak R],R 2 ,...,R n tlul£ Ijjj 

i=l 

. (n ^-aialjj]l Aij^laj A-sjiiII ajA 

: AjjjjjUI AikJS ^ cjUlUl {_?st\jL (jku ( 4 - 7 ) 

*J g ° J 4 ^Aj_ij^Lkil^ (_J j_ all Ajllkll k_ilUaIl ^}£ij 

4 R A_ikil ^_SjVl 4 4 q\«v 1 jj.^U 4 AJjuJ^LloJI 4_ui 

. AJjVl A#kllj 

(Aj 4-aijJSLa l$il (R,+,.) (jSilj 4 La Aik ^3 I 4-JliLo (jt Jjij 

: tjj.-Sj di—pj n uv-lj Sr 1 ?->“ Aic. k.j Ii] 4 (Nilpotent ideal) 

. R AakJI jk jA 0 u.nrk il 11 = 0 

Aakll ^2 (Nil ideal) ^A_UjLLLo AiLj^ (jj_jill A«aj.ix/> A_ui Ijjj J Ajlkail (jC. Jjij 

. k£>ko l$oa j>^>ir- JS 1 jl i (R,+,.) 
Jb uij*4 (R,+,.) j ‘ ^ (Jacobson radical) dj-^U ^ 

J_j jl J(R) _J ojl _ C. 4 _! 4 i^j3 ^j-akdl CjLjllkll ^Ja>\ ( daLSj Ajl 

: (jjj . Rad(R) 

J(R) =D {M : R Aikil ^2 (S ^ AJlk M} 

Ak) uu Aj ^ 4 — ak I gjl (R,+,.) 4 — akll (j. — c. J — jS 4 J(R) = 0 (jl£ I jl 

. (Semi simple ring) 

_J oJlt a] jxjj (jjllj 4 (R,+,.) AikJI ^2 I Ajllail yijVI jiaJI jVl 4_ij*j 

. rad (R) 


: jjjjC- t La AjIIajI Aik (R,+,.) <j£jl 








rad (R) = {xER : 3nEZ + : x n £l} 

. (Prime ideal) R aILJI aJjVi AJliall i jji.1 <_ijxj] 

i (Prime ideal) aj ]J AJlia l$jl 4 (R,+,.) ^ I Ajllia (jc. 

.Kcl J J c I ali ‘R ohA*K j J ^ J.Kc I 0^ >jj *ASkll ^ 

: (7) AJAja-a 

j_ jSI ja rad (R) AalaJl ^JjVl j-iaJ Ia^jc. <. ajjjj_> j Aii^ (R,+,.) (j£jl 

. R AalaJl (AjjjjllLa^ (_g jail A-o jAx-a AjlllLa 

: oLajJl 

(J N (jSJlj < (_£ jsll A_a j.ix<a AjltlLa .lajj Ia Jit 4 AjjJJjj A ala R (jl LaJ 

I" = 0 J N =0 (jl—£ I jl j 4 R (J jSll A»oj.1xa A^lli-a I (jl tjja jiilj . R 

La£ 4 R ^3 (_5 Jill A-aj.i*-a 4_Jl!La I + N (jj£j (^talUj ‘ (I + N) = 0 (jU 

tN = I + N jij i R ^ . ahc . (j jail A-Jli-a N <j£l • Ncl+N (jl 

N (j£l - R t^k cSjill Ajajix-a Ajllia jjSI N (jj£j Aioj l I C N (jj£j 

. N c rad (R) jp) ‘ <J ** j- 1 *- 4 ^ 

j—wai& (x + N)£R/N (jl (_>aj—aj (iilj tja.1 j-a 4 rad (R) c N (jl oAil 
4X m + N = (x + N) m = N "uj^i ditto ;mEZ + gJUlljj ‘tij^ll fj-i*-* 
n£Z (jij 4 (_j_ji]l Aiii Ajllia N (jl Lajj . x m EN (jli ^Jlilj j 

n 

4 (jj —all —u j-u tr . 'ic - xER jj£j 4 j1cj X m n = (x m ) =0 (jj£j djjaj 

N (jjj 4 < X > C N (jj_ £j Aiaj 4 (_J Jill A-aj^x-a < X > Ajlliall (jl ^JAJ Aiaj 

4X+N=N jjj 4 XE<X>cN (jSl . R (^ (j-aiac (Jjill A-jix-a Ajllia 
(^11 —jILj 4 (_£J3—*-a J —JC (_5jSl! j»jix^i j . rVlC (ji (^jaj V R/N (jj£j Aiaj 

: <j>_£j di__iaj R (t? _a A_Jlla >_*J rad (R) j-£l 4 rad (R/N) = 0 
Oj—1: a_j1e.j 4 rad (R) c N ^j 4 rad (R/rad (R)) = 0 

. rad (R) = N 
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: (3)4^u 

‘ R —9 L$J$ 4aj.l»-o <a»i Aallaa (jli i Aajaijj 5iia. (R,+,.) tlul£ Ijj 

• <u]liLa 

: OlAjJl 

(J l oj j I cj rad (R) <jj) < R ^—s (_ 5 ji]l 4aja*a 4aji 4a]liLo I (j£al 

A —jILlo I (jil t ( 4ibl mi l 4jA t— ujiR <-aji«-a <j]1!Lo rad (R) 

. R ^i 

: ( 8 ) k&ji a 

ljj—J a J—<-q1a R ^i 4aJll« jli t aILw (R,+,.) jSjJ 

. 4a] ji ClilaJlaa 

: OlftjJl 

C _1 jjJa (Jx-ala. ^js kj V <^1 4 R 4ajaa^j]! 4iisJI ^ ajlallaall 4 c. K (jful 
‘fdati jkAiic <_£>=kJ S (jli (^IjIIjj 4 K ^ <|) j! i_ya jiilj 4 R J^i 4aljl CjUlLa 

R K,J (^l^Wj ‘ jl N (jli (^JIjIIjj 4 N (jSJj 

: jSl. K^NjJjN u^l 4 J.K c N daaau 

(N + J)(N + K)cN 2 + N.K + J.N + J.KcN 
OjSj aJcj 4 N + KeK J N + J^K jjj ‘ N c: N + Kj N c N + Jj 
* ‘ R 4a] jl 4_JJkia Jj-oU. jaa N + Kj N + J t> bl£ 

N <jl—9 4alc.j 4 R (^i 4a] ji Cllallaa t_JjjJa (Jj^La. (^jau (N + J) (N + K) 
S 9^ (J) (jit .N GK. (jjS (jiaSlaa IJAj 4 R (^i 4aljt ajtallLo ua^Ja (Juila 
. R 4aLaJl 4aljl ilalallax uajjJa (Jj-ala. (_£jaa R 4allaa (jli « 4aie.j 

: (9) 

4 4_alx3 4_jKu (_^l (jc. jaa*a]l (jSiau iaJac 4 la 4ajaaja 4ila (R,+,.) (jSal 

. R 4ilai (^i Jalaal] 4lali]l jae. Ll)la]\aa]l ja ^ala aac. ^ l-l 










: OlAjJl 


L$-ie jS^J V <^jlt i R AjiLaJI ^3 Ajiaill CjUUIaSI Ae j*>y* K j£iJ 

jt (_ya J—iilJ 4 R AllaJI Jjiaail ALlaH JJC CLlUHiall jx ^JHq ^JalijS 
a—L li a —j3li* M (jli ajIc. j i M j£Jj jJac.1 jt^i'ic {j j*j K iiiie . K ^ (j) 
jj— l — 1 — R ^ Jj I jii jl ti* A*jJ Ajt 4 (^iu toAj 4 R ^3 Jjlajli 

J,J^K jli 4 K ig* ?&c.\ >»je M jt Ujj 4 McJjMcI cM = IflJ 

A—Llill jje ClLUjxll jx ^^ila JJie L.1 S~~'< 1 j£ (je Jjjaull jfixJ ^JIjIIjj 
(J ill—jlllall jx ^£jxa JAe ^ lal^'iS M je JJi*jlt jlLaJ (^Lilbj 4 R ^3 (Jjlaall 

Ajll-La (JS jij i K — (j) jli 4 ^tjlbj . liAj 4 R ^3 (Jjl*jll ALliilt jjC 

J—- 1 C. t-lll .—jlljxil jx ^y^jla JAC ^Jalijfl Igje JJiajll j£xJ 4 R Aal-s.11 ^3 AjlaA 

. JjUMl 21.1S11 

: Primary ideal iJliil ci ij*j 

A—jlljx 1 gjl I j— C. Jjli 4 I <] R jlS tilj 4 La AjIIAj) All*. (R,+,.) j£jl 

: ^bll JajJiii Ljl*J til i R AjjIajjI 

j—° n fjs (_k»« j l . b n £l jli 4 a^I j a.bGl jl£ lilj 4 R j* b j a <J£1 

-Z + 


(a.bel, a£I) => be A /T = rad (I) o R ^ ajIIjjjI SJlia I J J^v 

. Lxajl R Ajjtjjjl AjIIax I jli 4 R ^3 AjI jt Ajlbx I dijl£ tilj 

: (10) Ajftjfa 

1 $j2 Aj 1*3 AjUjx <_$! jc j u»"il l j^-aj 4 La .lie 4 aj jxi jj Ail* (R,+,.) j£ul 

. AjjIJlL'VI dlblljxll jx j^ula AAe jUQ-'< 

: 01aI jjl 

j —Ji e AjIIjx ) j) jA jiil j i R AilaJI ^3 AjjIAjjI C-Uall Ajllja I jt (jiajiiJ 
til 4 R AjjIjjjI (.'.Uiij! Ajllla I jl Laj . Ajjljjjt Ajlllla ^^A R ^3 ( Jjlajll aLU 
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uSj—5 4 rEZ J— SJ b r Elj aElj a.bEl dj—.iaj a,bEl a _a .jj 

‘Ii c I 2 cz ... c) '-*S 4 tn€Z + ua. I m <l R j! 4 l m = {xER : b n .xEl} 

OJ—*— 1 — 4 n 4 _!—=*J-a gja. . AA r. A a jj jjjj jj AaW R J I *sj 

u! ‘ ^ J** 6 - 4 I = (I + Rb n ) n(I + < a >) : o' ^j I n = I n+ i = ... 

4 xE(I + Rb n )f!(I + <a>) o^ 13 l-£ *1 c (1 + Rb n )fl(I + < a >) 

• c,d E I j y,e E R j m E Z tiua. 4 x = c + yb n = d + ea + ma : <jp 

• uj^j 3 4 a.bEl o' bw 

bx = be + b (yb n ) = bd + eab + mabEl 

• xEl ojl j <i»j 4 yb n El : oj^P 4 I n + I n +i J Wj 
aL 15 I op 4 <Ac. j 4 I = (I + Rb n )fl(I + < a >) o' 4 

.Ic(I + <a>)jIc(I + Rb n ) oV 4 R ^ OMJ 

. R yJ ajjIajj! ls a (J jl-vll] <Lla jiL YJULo jja! 

: (11) AiA ja« 

o' 4 ^- 1 —>> 4 R ^— 3 ojjJ'—1 5 J ^—AS 'j]j 4 aA^>u AsK (R,+,.) (jSil 

4 > 'J * 4 1 4 XE J Aa.jj AjAjc 4 AjflYu CIiIaIj^ <A1sIa <jJHo I (jl o^>0^J 4 I • J = I 

• (1 — x). I — 0 ojSj 
: Ol»jJl 

o*j^j • I n +i = 0 j I| = < a : , a i+ i , , a n > j I = < a lv ..,a n > o^ 

OJ—Sj <-il.-. )-*) i (jle <itjiluiV' 4 J y#Xj J^aixil Aja.j ^Jc. 

. (1 -Xi).lclj 

•i — 1 <J=J o-a 4a-ia^-o Xj — 0 : ^IaHjj 4 Ij— Ij i = 1 0 'S Ia) 

: ojSp I c I.J o' W • XjEl djja. (1 - Xj).I c Ij o' oVI o^jfcl 
(1 - Xj).I C (1 - Xi) I.J C Ij.I 

uj—Sj A —Vj 4 (1 — Xj) ajElj I : oj—S p 4 i J—SI ajEl <J 1—aj_$ 







JjAM, OlaJJ~! hJaj J <UJjU 


l_i 

, n 

: c& • b ir EJ J ^ ‘ (1 -Xi)ai=Xbi r a r 

r=i 

n 

(1 - X; - bj r ) a-, X b ir a r El i+ i 

r=i+l 


: (jj£i 


(1 - Xj) (1 - X; - bii) I C (1 - Xj - bjj) I C I i+ 1 

: (jIS ill Ajl k# 

1 -Xj+1 = (1 - Xi) (1 — Xi — bii) 

. i ^j 3 Jal y* Alikll jli 4 4 (1 — Xj+i) I C Ij+i j]i 

.(l-x)I = 0 jxEJul i ‘X = x n+ i o IS lijj 


1 —aLl£j A_J,\)3 SLo_ umII j A_JUI A_a^mll All,_.nil A_(j_o £CJ_jj 

. Nakayam’s Lemma 

: (4) 4ajii 

j' £ I j) j 4 I gja A j^Vui tjljl yx dill Ajlko Ij 4 k .ka^iJ Asia. (R,+,.) (jSjl 

. 1 = 0 au« i.J(R) = i 

: OUjJl 


4-ua-j xEJ(R) <■ I.J(R) - I jR ^ Col^lj-a dili aJI!l« I <ji kj 
(jjSj ^UlUj 4 (AjbkJI AjA^iJI L_luia) (1 — x).I = 0 (jjSu 

I c ann(l -x) = {xER : (1 -x) r = 0} 

.1 = 0 (jjSj Ai»j ann (I - x) = 0 : <jj] 4 Jij (1 - x) J Ujj 

: (5) 

: iiiic. 4 R (ji Ajka AJtk I OulS I ij j 4 ,i;k-«j ajjjj jj Alla. (R,+,.) (jSjl 

* ~ 

nr = {rER : 3aEl: (1 — a) r = 0} 

n=l 

: (12) AJaja« 

(J J—all A a—J' lla J(R) (jj_SxJ UiAit 4AJJJJ jl Aik. (R,+,.) ji ^ ji> 










Artinian and Noetherian Rings - J^aiil = 

i OUbjJl 

: ajIIjII R CjlJIUI j« <u^»alVitt Almimlt jfii] 
JcJ 2 c.... ; J = J(R) 

ill— J-O 11 jSA—1 J 4 UJ ya Ai £■ J—4 jl Aila. R j! Laj 

. j n =j n+ '=.... 

. I = 0 3 c4^j . I 2 = I j I c J (jli < I = J n JS til 

I ^ 0 jl (jJa jij 4 till j (Ja.1 j* 

K= {l<lR:Ick,k.I*0} 

. M j£Jj y~Ck it J K jli AjIcj ‘ IEK jV t k ^ <j) jj£j Alaj 

. b.I ^ 0 ». * * »%: bEM (jj£j <i«j tM.I ^ 0 ji) 

jV) b.I = M ojSj Ai» J4 bIcMcI j (b.I) I = b I 2 = b I * 0 : jjj 
j' L*JJ . b.x = b ‘ j d u'h.i i XEl •iakjj ‘ (K jxj-al M 
rER x-a .jj ^UUj t R AalaJI ^ ^IS^lDU iJiS (| - x) jii 4 xEl c J 

: &\ • (1 -x)r= 1 ‘Auao 


b = b(l-x)r = (b- bx) r = 0 

^3 (_£jSJI A-ojAjm Aj]12Lu J jl (^1 4 I = 1° = 0 jjj 4 b I T* 0 jjSi Jjiaaljj lifcj 

. R AilaJI 

ClliA^lall (J^Lk (j- 8 ‘ AJjii^iil *^1-4IIJ ^JXjYI AllaJI j±J AiDljiJI IJikl 

. jlAjJ jjJj l^ljSlm <^1 J 4 Ajltill 

: AujjjV' AilaJl jil AibUIl (5-7) 

: (13) ASAjf* 

R tlul£ 4 lil JaSaj 4 li) 4 Ajjiijl <ila» R jj£j 4 xl-> a) Aal^ (R,+,.) jSil 
. ^ <Ja C. AaILAa 1$jS 4ji*j A_j]jl Aol'ljLa (JSj A 








: ( 14 ) 

5ilaJI 3_lA]aC.i 4lsLj]llLa I(,...,I n (jSjlj t JuLa-aJ 4^1^. (R,+,.) ^jl 

R Cj jl£ 4 I j) Jb i3 j 4 I j] 4 jjjj 4iila. R (jj£j ijAit 4 ]^[ Ij = 0 i-lua. 4 R 

i=l 


(R,+,.) ij t _S 4 SjLa. Ai 4-LUjj! <ila. (R,+,.) dul£ t jj 4j! 4 (3^ Lm 

• 4 J 1 'J ' 







jUo^Jl'OiuHl (*j) 



J^Vl SJ^Jbw ^jLoi 


Ring & Integral 
domains 



J>Hl -1 

- aaIsII i^UJl - 


(+) (jJJjLutl! ZxZ = Z 2 ^ ^ ^ ■ ^.'1 i^tVl c ! jJ £>•*■“ CiT^ £1) 

: ^lUB JSJJb (x) j 

(x,y) + (x 1? yi) = (x + x,, y + y,) 

(x»y) x (xj.yj) = (x X!, y y, + x y, + y xi) 

: uj^lkJt t Z 2 o- (X|,yi)j (x,y) JS1 

•4iia. jt Jjla-iu AilaJt oJA tlul£ Ij| Lui (jjj £ i <JIaj! 4oW (Z 2 ,+,x) fj\ Cajjl 

. *Lolj 

. <5Lk (Z 2 ,+,x) (ji 4 Vji Cuu'il 
J .laj Ajllajjj <j*a*2kj Z ( > 5^ c - ^ "7~" AjLuC (jl q* * i l i' ■ ..N f 1 < 
[(x,y) + (x,,y,)] + (x 2 ,y 2 ) = (x + x,, y + y,) + (x 2 ,y 2 ) 

= [(x + x,) + x 2 , (y + y,) + y 2 )j 
= [x + (Xi + x 2 ), y + (yi + y 2 )] = (x,y) + (xi+x 2 , yi+y 2 ) 
= (x,y) + [(xi,yi) + (x 2 ,y 2 )] 

• (Z 2 ,+,x) j^ahc. ^Je. Aj*aaaCj (+) J J\ 

: ji US 

(x»y) + (xi,yi) = (x + Xl , y + y,) = (xi + x, y, + y) 

= (xi,yi) + (x,y) 

• (Z 2 ,+,x) SiiaJl J^al'ic. 1 _ s ic. (+) SaLutll <j! ij\ 
4 Z (j* y,X (jlS 1 i] 4 <iV Z 2 t _ s lc- £-»>ll AjLo* 1 2a*iulb JjU*s ( 0 , 0 ) Jj^alxl l ^1 







—..— — JOtakt h Jaj j <u.liLa ■■■■. . 

( x »y) + (0,0) = (o,o) + (x,y) = (x,y) 

unlC (JSJ jl (_^l t Z 2 jjic (« «>i i Aulx*J 4 huil b (jjjjfkx jx«ajc. (JSJ ( lilliS 

* 9 

• LjV < Z < _ s Jc' (-x,-y) AaL»*5 <fkjullj (jjjS*-o (x,y) Jix 


(x,y) + (-x,-y) = (-x,-y) + (x,y) = (o,o) 

. Axlliij a jx j (Z 2 ,+) (ji (_3fui Lax rrVrn.i') 

(x,y),(xi,y 1 ),(x 2 ,y 2 ) uM <Z 2 j—lie. ^ ax«xx^ (x) U*c. J Jl\ 

! (j]i 4 Z 2 (jx ^jxalic. Aj!>1j 

[(x,y)x(x,,y,)]x(x 2 ,y 2 ) = (xxi,yy t +xy,+yxi)x(x 2 ,y 2 ) 

= [(xxO x 2 , (yyi+xyi+yxi) y 2 + (xxO y 2 +(yyi+xy,+yxi) x 2 ] (1) 
(x,y)x[(x 1 ,y 1 )x(x 2 ,y 2 )] = (x,y)x(xix 2 , yiy 2 +x,y 2 +y,x 2 ) 

= [x (xix 2 ),y (yiy 2 +x]y 2 +yix 2 ) + x (y i y 2 +x,y 2 +y 1 x 2 )+y (x,x 2 )] (2) 

A — (x) AaLaaJ Ax^'ilb A K-ikl l J Aaj (2) J (1) Ajjiixj 

• Z 2 ^ 

^_xaJI AjLuJ AxjxjIIj (Aj*jjjj) £jjjali (JjSJ (x) AjlaC. (ji (jVi ■.-.ft-'i 

J z 2 j (+) 

(x,y)x[(x b yi)+(x 2 ,y 2 )] = (x,y)x(x,+x 2 , y,+y 2 ) 

= [x(x,+x 2 ), y (yi+y 2 ) + x (yi+y 2 ) + y (x,+x 2 )] 
= (x Xi+X x 2 , yyi+xyi+yxi+yy 2 +xy 2 +yx 2 ) 

= (x Xi, yyi+xyi+yxi) + (xx 2 , yy 2 +xy 2 +yx 2 ) 

= (x,y)x(x,,y,) + (x,y)x(x 2 ,y 2 ) 

(^—S £—-xaj (jSc. jjj Ajxak ji jx IjjiiiJ t jl& jj]) (OA (4 JscaV 

• Z A»r-iil ji^C-V! 

: (j\£ Ixlj . Aik (Z 2 ,+,x) (ji Jjixi Lax 4 (jkkku 

(x J y)x(x 1 ,y 1 ) = (xxi, yyi+xyi+yxi) 

= (Xix, yiy+x,y+y,x) = (x,,y!)x(x,y) 











— 2UlsIl a£U -(j aaU-I — Jyit J~aii3 aJ ob jS 


(> (x,y) o^J j^s. <Ob ‘ (Z 2 ,+,x) AakJI jjjSj 

f. t- r—w'y 

• u!^ ‘ Z (j-o b,a JaJ (j* Ja_>j^l <3*^ Z 
(a,b)x(x,y) = (a,b) <=> (ax,by + ay + bx) = (a,b) 

<=> ax = a, by + ay + bx = b => x = 1 , y = 0 
tjjj . (Z 2 ,+,x) Ail^JI <^a (x) Aj L *1I jjIax j ^Vi c Z 2 t>> (1,0) (j)i ^Ulbj 

(Z 2 ,+,x) asLJI 

. AaIj (Z 2 ,+,x) AiiaJi dulS Ijj Lu 3 t I jja.) 

: Ai*5Ull (jUia-i 4 Z~ (u,v) J (x,y) (jSjJ 

(x,y)x(u,v) = (0,0) 


(x,y)x(u,v) = (0,0) <=> (xu, yv + xv + yu) = (0,0) 

<=> xu = 0,yv + xv + yu = 0 

tjL-9 4 QXi^jua (jj JJC y,V jX = 0 J U — -V I j] Ajl 4 I j* gVl U aj 

'< <j]j ‘ JIaaSI (Jxboj (jlc.j 4 jnSa^ jljjSj (jiiajLjl (_5 jLl>uJI 

(0,1) (2,-2) = (0,0) 

ja ajjl—Jua j >^iU& j^jlc <_£ jiaj l$jV 4 AaIj ClajI (Z 2 ,+,x) AaiaJI jjj] 

. jSLaJ] (‘"‘l j3 (_jlc j£i»J W-^ ‘ J&jxail Wo*-* 3 (0,0) 

AC ja^aIS a jS5l Ac ^a*a P(X) ilul£ Ijl j 4 ^la. JJC Ac _*A3~a X j£j] (2) 

: Jiiilb P(X) AcjAa-oJI (jic (.)j (+) / )Uj1a». 1I liSjc Ij]j 4 X 

: Jj& 4 P(X) c> A,B JSS 

A + B = A AB = (AUB) \ (ARB) 

A.B = Bf|A 

. aJIoj! Asia (P(X),+,.) J cJ) 

= J* 

a c. jAt, aSI ja U jL-a J <iya 4 aJIaj] a ja j (P(X),+) i) blAc) aJj^jaII ^ 













: fjj i 4jllail 

A + 4 = (AU4>) \ (AD4»)« A \ 4 = A = 4> + AeP(X) 

I (jV X ^ r " ^^ <alt ^_A Aliall aiA Jjla aj 

AnX = XflA = A 

: (jV (JjjSaaII P(X) (j-« A Ac <jl La£ 

A + A = (AU A) \ (Afl A) = A \ A = $ 

. 4at-il i 2a Aji! {jA (jaalll ^jS»aJj 

a,b,C 4 A-ajJ**a j—4C Jj^aljc . Aj!^j 1$j R (jSjlj Alia. (^gic. V^La ^15 (3) 

. b ^ c (j£ij a.b = a.c 

tljjJ - ij ‘[8]j [4] <g - A (jSj lj 4(Zj6,©,®) A - alail 1 ab 

• [8] * [4] oSl 4 [4]®[8] = [4]®[4] 

j|.\—cVl A_c jAa-3 ( _ s _1c AjiLiall llAluiajll £Xaa Ac j^a>4 S dul£ 111 (4) 

. diUni-bll (—uSjj AjlaC. ^A O 2-ua 4 Alla (S,+,o) (Ja A. wla . l l 

^ _lc £• jjSi <jl (jS-aJ V Cjliuiajil AjLaC jV 4 Alia 4. " U u ll (S,+,0) j) 

: 4 ^aal l 

Vf,g,hES : f o (g + h) * (f o g) + (f o h) 

f(x) = 2x + 1, g(x) = x 2 , h(x) = x - 2 : !=>. 4 Jliall ^ic 

J_aa j j unto - .la jj Ail (ji»jijij 4 a S R j 4 .l)la-aj Alla (R,+,.) (jSil (5) 

. b.a = 1 ji Ci£\ 4 a.b = 1 iboaj bER 

• 

: uS^ * a.b — 1 jl baj 


a.b.a = 1 .a => a.b.a - a = (a.b - 1 ).a = o.a = 0 


t 













<UlsJl iiiii-lj J-fliii iJOLu jS 


: OJ^J 

a.b.a- a + a.b = a (b.a- 1 + b) = l.a.b.a-a+ 1= 1 
a.b — 1 : (ji Jaj b qaj a.(b.a — 1 + b) = 1 : jli 4 ai*j 

• b.a = 1 (jli t + b = 1 

^ ‘ a 2 — 0 (jlS li! i ajI ua±j! 4 aGRj ASIa. (R,+,.) (j£j] (6) 

• j—aic- 1 — aj 1 + a (>» 


(1 - a) (1 + a) = 1 - a + a - a 2 = 1 - a 2 
(1 -a) (1 + a) = 1 - 0 = 1 


: 

: oP ‘ a 2 = 0 J Lojj 


• (R,+,*) ^ (1 - a) , (1 + a) 6- JS J Ui (jlu liAj 

[7] jlJ a 4 10 Aaaa*»-a]| jl.iC.Vl AiL. (Z]q,©,®) jSul (7) 

^3 2^. 

4—iila. ^— a oJ—ajll J^aic. (JLoj jl jjjj 4 l$jj oJa-j IjA-oic. [5]j 

V 5J 

■ (M 2 (R),+,.) CjlijL-a*ll 

••J* 

: 4jV ‘ IfcjS e-laj Jx *ait jA [7] jwa)».'l jl 

m ® [3] = [1] = [3] ® [7] 

• AllaJI ®JA ^2 eJaj Jxs I'ic. (_^u3 [5] (jl (J jj I^m; 

^3 2 N 

j—^ajc. (J_Ji*j (M 2 (R),+,.) AilaJI (^i AijL-aJ] A-boullj U 

V ^7 

: jV 4 l$ja ®Ja.j]| 

'3 2W 5 -2 s ) 71 O') (5 -2) i 3 2' 

,7 5j\-7 3 J~[o 1 j = V~7 3 J\7 5, 

4 O -J ^A J& —i-alj 4 1 —J lAJjla-ul 4 A-ati Asia (R ? +,.) jSjl (8) 









• R — {O, 1 } jl jb 4 R ja X La$-a 4 X 2 — X (ji U^a jiiij 

jl ‘ a — a = 0 : jl—a 4 —jILj 4 a = a jli 4 R j* I j^c. a j£J 

. a (a - 1) = 0 

‘a = 1 jl ^1 4 a - 1 = 0 jl a = 0 jj£j jl Lali 4 “bab (R,+,.) jl Lajj 

• R= { 0 , 1 } ji] 

.AikJI oja ^ x 2 - 5x + 6 = 0 : aJjUJI <Ja 4 (Zi 2 ,+,.) <ikJI j£U (9) 

•-P' 

x 2 - 5x + 6 = (x - 2) (x - 3) = 0 => xi = 2 , x 2 = 3 

: J Lu 4 o.a = a.o = o -bsi (Zj 2 ,+,.) aSLJI ^ 

3 . 4 = 4 . 3 =2. 6 = 6. 2 = 3. 8 = 8. 3 = 4x9= ... 

^—3 4—LU^all j^la. jli 4 4 aJ^Lm-oII Xa Liai ^ 6 J 1 1 jjp^all jl 

{2,3,6,1 l} • *JjSiall 4jllaJI 

3—ajJ j__*a 4—«Jjall 4_jiiSaJI cjUjA^aall 4ila (M 2 (R),+,« ) c&(M 


^—3 ji —i-all jJJxujli B = 


0 0 


, A = 


0 0 


ilul£ Ijj LajS jjj .4jj\j]| 

. AjJa j jiall 4,.a\~v 11 


. D = 


-3 -9 
2 6 


4 6 
2 3 


(jJd3j a . <-ial l ija! jj> (jjjluJI 4 lU-ill 2C.\ 


A.B 


0 0 
0 0 


0 0 
0 0 


, A * 


0 0 
0 0 


: / jl Lu 


C.D* 


0 0 
0 0 


. 4_uijjia]l 4slall jiLajjAS B,A jli 

jl Vjl -laa^ Uili 4 D,C jiiaji^aall 4 jumjlU Lai 











- iili-l j JAU-t — JjS'i J^taJU iJ ji£ ob js ■ = — 

: (J 


r —3 

-9 > 

^4 

6 ^ 

* 

'0 

0 N 

,2 

6 , 

,2 

3, 


,0 

0 > 


(0,3) 6- ^ ^ ^ 0 W ‘ (RxR,+,0 j-SM ^ v* (ID 

(*—[5] l 3—^ *jj 1 dii (Zi5,©,<E)) <aiaJi . ja^il Lu^ta (1,0) j 

. t ^ . -^\U 

:J* 

.ji-11 fJZ (1,0) j (0,3) o- J ^ 1^ t (0,3) (1,0) = (0,0) J 
[5]®[6] = [0] jV f**A5 [5] o] ‘(Zi 5 ,©,<8)) 4iLJI 

, 4alaJ| jjjiij ^3 j». --»U ^xoilS jA [6] (jl Ujajl ^~1i>j I AA j 
JjLa-all j..-n»ll jA e = C <jl£ Iblj « to Ail^ (R,+,.) (j£jl (12) 

. sJUvjll J.^V- jA 1 — 2e (jl (jA^)J 4 (+) ^ <o- > ll 4jLa*l A. Un'll lj 1$J3 

• lP"' 

(1 -2e) 2 = 1 -4e + 4e 2 = 1 -4e + 4e= 1 :M 


^rj"L ,_>ja JJ—c J £1 4j]i ta,bGR jlS lj]j 4 <j)1 Jj) 4 lia. (R,+,.) jSSl ( 13 ) 

: ^ U ij^n <■ n 


(a + b) n = a" + 


n-l^A A 


I 

i = l 


n 


v 1 / 


_n-i u> 

,a .b 


+ b n 


(*) 


C 


n! 


: ui 


V 1 / 


i!(n — i)! 

: OUjJl 

. n = 1 <JaJ (j-« 4-sj*> n-i (*) 4X)l*JI (jl ^ibat jll (j-o 
<JaJ (j* \ ( _ s lc. (jAjiilj i II > 1 (JaJ t>° » <*i (*) <£1*11 (jl (_>iajiil 


. n+ 1 












(a + b) 


Uja! 


(a + b) n+l = (a + b) n . (a + b) 


f n-l ( 


a" + 


i = l 


n 


. n+l . un+l . „n 


.a n ‘'.b' + b" 


i = l 


f n l 

.a n_i+1 .b' 

n 

+z 




i=l 



,a n-i .b i+1 
: c&j 


n-l 

X 


.a n ~ i+1 .b‘ =n.a n .b + § 

V 

i = l 


i = l 

v * > 

n-l 

(n) 

■ 1 n_2 

( n ) 

S 


.a n -'.b ,+1 =n.a.b n + X 

i = l 


i=i 



.a n “ i+ '.b‘ 


.a n_i .b i+l 


= n.a.b" + ]T 

i=i 


n-l ( n ^ 


V i-ly 


.a n-i+l .b' 


: tjjSj liiliij 


(a + b) n+1 = a + b n+l + (n+l) a n .b + (n+l) a.b n + 

X I I + 1 . ~ , |.a n_l+, .b' 

i=2 


|V 

+ 

f n ) 



<i~K 


l (jl 


C n^ 




+ 


f n ^ (n + \ 


v i + ! y 


& 


V 1 J 


^n + 1^ 


V 1 J 


n + n 


V n J 


= n +1 


: Oaj 


\n+l _ „n+l 



( " 

fn + f 

V \ 

+ 

s 


.a n+1 “'.b' 


(i=l 

< 1 , 

' J 


+ b 


n+l 


. n > 1 i=kj-a l^ (j-° 4 >si (*) ajDUJ! (jjl 

^—lc Ajjliil j^ll i Aila. (M2(Z3 ),+,•) (jful (141 

. <alaJI aAA JOik . Z3 












— <L»Uli iuii-lj J 3Jjk oUj j£ 


= J* 

(j —^ m » » ^ I ja 3 ja* 1I (jV ‘ Char M 2 (Z 3 ) = 3 a' 

V 4 —iV t Char M 2 (Z) = 0 (jl . A£M 2 (Z 3 ) (ji i—t 3.A — 0 a£>U 1 
• A €E M 2 (Z) (jl i—ua> n.A = o AajUJI (jikj n aas, j* ~ aac. a=>.jj 
JA* 41 • H = {(ai,a 2 ,a 3 ,a 4 ) : a;GR ; i = 1,2,3,4} <j£l (15) 

‘ (J£JJIj H <C j^a-all Jc. t-i^xiallj ^aaJI 


(a b a 2 ,a 3 ,a 4 ) + (b,,b 2 ,b 3 ,b 4 ) = (a)+ b,, a 2 + b 2 , a 3 + b 3 , a»+ b 4 ) 
(a t ,a 2 ,a 3 ,a 4 ).(bi,b 2 ,b 3 ,b 4 ) = (a!b]-a 2 b 2 - a 3 b 3 - a 4 b 4 , a^ + a 2 bi + 
a 3 b 4 -a 4 b 3 , ajb 3 + a 3 bj + a 4 b 2 - a 2 .b 4 , ajb 4 + a 2 b 3 - a 3 b 2 + a 4 b]) 
La£ t ^ < a> il Allan! Ajla-all jA ( 0 , 0 , 0 , 0 ) <~JJa. AjIa-oJ <iila. (H,+,.) (jj 
aj —tujllj LI . (-a],-a 2 ,-33,-84) _?* (a],a 2 ,a 3 ,a 4 ) I I (jjjSLo (jl 

• ( 1 , 0 , 0 , 0 ) J$i jUall AjLuJ 

: up ‘ lSj^ 0 Ij^c. (ai,a 2 ,a 3 ,a 4 )GH ijjj 


N = af +a.\ +a 3 + a 4 *0 , NeR 

• u^ ■^^11 lV-* 2 I (j-°j 


a, a 2 a 3 a 4 


N N N 


jjj 


C> (ai,& 2 > a 3 ? a 4 ) J*- 3 ^*!! (jjj£*-o!l jA 


a, -a , 


a 3 -O 


N N N N 


Jb*. j . kakl Aik H jp dlil. H 

: 'UaajL 

JjaJI LI (Real quaternions) Aijkll ejbcLjII «ikj (j-«^ SjAkVl Aikll 

. jjjLoL jAj IgijC. (_£a!I (JaUjll Jl A_LmU H 

. lilik <JS 4 ij V AjLikll UjUc.Uj 1 I Aik jl UjjjI ( 16 ) 

. aLI AjI (j jj (jl <_iaj jlik Ajiiiikll Cilic.Uj]l 2ik (JS. *■"i (Jl 



Y \M 












J OliLL^-l h yOj (j <UJL<U — 

: Jllall (Jj;-" < _ s A*j 4 4jll.}j] dbuul i_Jj*ia]l 4)\&C. (jl 

( 0 , 1 , 0 , 0 ) ( 0 , 0 , 1 , 0 ) = ( 0 , 0 , 0 , 1 ) 

( 0 , 0 , 1 , 0 ) ( 0 , 1 , 0 , 0 ) = ( 0 , 0 , 0 ,- 1 ) 

(0,0,0,1) * (0,0,0,-1) : J^\ 

. jA^atie, Am L»'» (j* (Z 3 (i),+,») jl <—iijl (17) 

: jli« ^IlSlLj . z 3 = {0,1,2} : J L# 

Z 3 (i) = {0,1,2 , i, 2i, 1+i, l+2i, 2+i, 2+2i} 
i a = r - s i : < -t- . au < R <> s,r <1^ Z 3 (i) t >a = r + si^JaJ ( > 

. a a = r 2 + s 2 GZ 3 (i) Ly.il jj£j ^HjILj 

Z 3 (i) r 2 + s 2 * 0 J J] li&j s * 0 ji r * 0 jli 4 a * 0 jl£ ' jj 
C 4)5 —a 1 —■& i ti_SA j . ( Z 3 (i) t> r j- r 2 = 1 jl r 2 = 0 aLLsJ ^) 

•Z 3 (i) ^ a' 1 = (r 2 +s 2 ) -1 a 

^jlc (jl j^aic- tilLu (R,+,.) AalaJI <lul£ lit j < Jjj 5ila. (R,+,.) jSial (18) 

. jlj*e»il j2 >i lLu Aa\*>ll oi& jli 4 (Jsf^l 

• a^b,b^0,a^0 <-ua, a,b £ R ^ jj q** jail j-» 
a 2 b-ab 2 = ab-ab = 0 : j£l 

=> a (a - b) b = 0 

jL_£ I jl j 4 (R,+,.) <—SlaJI jL-all jx-ila a jji 4 (a - b) b * 0 jl£ lili 
• a - b * 0 ji I—^ja a 7^ b jV 4 jL-all b jli 4 (a - b) b = 0 

, i_ijll-i^ll till jjj 


4 1 A — j3 oJ —^.jll ^j_adxl jajjlj 4 La (F,T,"^) j£jl (19) 











— ialsll Aflli-I — JjSh J 2J ££ £j\iij£ 


I (jSiilj 4 0 j-ajlU a jin^ilj 

M = {xGF : x = n.e ; n£Z} 

U —a l a ij*-aic y ^ 0 (j^ ^ <-»$ . P ^ 0 JAaa (F,T,^) JiaJl <jil ]J 

• ★ ajLuJI 4_iuu]lj M Lu a y_1 (jla 4 M 




y = m.e;meZ\{0} : AitS <sli tM <> y * 0 <jl£ lit 

‘ ^ — 9 P cjk- m li] ‘ *oV 4 Z ^ P iS ic. A^ubill ( _b% v m (jl 

• y ^ 0 jj£] f-illa-a liAj 4 y = 0 (jli 

‘ (ni,P) = 1 U,^ 9 ‘ P (J LaJj l Z (^iP (jlc. A_wi]l (JjSJ Vmjb 
‘ 1 — q*m F r.P : (jjSj Ci— j 2 >j r,q (Ja^^c. Alaj! (jiaj t ^blUj 

I Alxj 

e = (q.m F r.P) e = (q.m) e = (q.e)*(m.e) = (q.e)^y 

* *■ J 

e = (m.q + r.P) e - (m.q).e = (m.e)*(q.e) = y^(q.e) 

(q-e)*y = y*(q-e) = e : to 

. ★ 4jLx 11 <uailb M UjlL# y —1 (J U1 (jly t q.eeM <J AJbaJM»jj 

4 A jl lAjj A il^I I aAA (JAj 4 JaA3 lAa.lj Ijj^aaic (_£ 4*ii*l £20) 

tjj Ajl (jA_jJ . Axlj (JAj i JAj 

(jJjSj—juJI i_Jj—CJIj £asJI ^jJjLuJ (jj$A (J (jS-J ^3 4 Oa.1 j jj- r>'C (jx 

• 4-mJu 


= J* 

* * * 

j—& IJA (jjfLi <jl 4 JaiS l-laij Ij^uajc- AjiiaJI ClIj| 

‘(F) A jh. 1 A l..ill tl Ajllcl e^aj A«l-vII /jSj' 4^a^J| AaLmJ A i.utl l i Q 

.(JaVl (_ s l& Alla-iJI J uVitI I AjlLi. JAC- tjjSj (jl <-_!■>j #J-«j JSj 


I 













: JiUlb (.) i-Jjdallj (+) £*aJI JijUr . i_sjj Uua. 4 4ik. ^A ({0},+,.) jl 

: jV ‘ 0.0 = 0,0 +0 = 0 

< t 

• jV 4 i l^j) US 4 Ajliy j a »l »a a jLa& £-II ajL q& jl 
(O + O) + O = O + (O + 0) = o 

jS» a jl j 4 (+) ULaxJ 4 na'llb Juk <J) jA O jl 

. ^ajl 4jk*J A jin ilb 4_Jli)j '°J*j ({0},+) (J • A mb O ^«s»j».ll jA O 

l jV AuxJ^aj l$j| ^_Jaljll j^S 4 (.) AjLojlI A '...'I I i Ul 

0 .( 0 . 0 ) = 0 .( 0 . 0 ) = 0 

: jV 4 £-oJI Jc. 4j*jjjj Igjl US 

0 .( 0 + 0 ) = 0.0 + 0.0 = 0 + 0 = 0 
(0 + 0).0 = 0.0 + 0.0 = 0 + 0 = 0 
■ i —1—J US 4 U1UI 2iik t$j| 4 <ilSj Jl AiUa^b 4 4lk ({0},+,.) Jl 

oj —A ^—9 J 4 O jA 1 —J 4j JJJ (_^j]l UaiU-oj 4 (t_j)jda]l 4jlaxl 4 im'ilbj 

Oi^°AC- 4_j _y^a <_kak UjJ jA O jV Ub 4»k)l ej& jl US .1=0 Alkll 


• O ^jUu U fri a (Js 

jj—jl o—^b_a 4 ^1 j j*. s- i \c . j* JS! 4ik dj j:*. I jl <j| 4 jVI j& jj 

. 4 , ,.a i JjUUI j ■ ^»’i.ll l ^ i j. >>H j ^ ^ I I ^nL.I 

Ul — J 2 k 4 a J&J I J-l I Jj-ajc. O 'I J] AiUki^b (_£ jaJj 4aUII J JjJ 

J - >< Vi»I I j^jUu (jl j S j i j V L_i^jJa)l 4jb» I 4 u.iilb jl ■%. ^11 J (j&^Jj 4 a ^ 0 

• O ^ ■ »•>!' 4jU ilb -ijUUI 

jl—S I—*]j 4 O.a = 0 jl Ui_jJ 4 1 = O jl UdaJ I jli 4 1 .a = a j? Uj 
j— ap b—i O a sljl— ul«]I j 4 O.a = O si jl J..UI j* ^jjj 4 jli O.a = O 

• 1 =£ O ji J 4 Jala. 1=0 lids J I jl 4 a ^ O bda J bjV >*3 

jSj U^s i x 2 = x y Jubj <*k M J\) Jjj Aik. (R,+,.) jSSl (21) 












a..■=— - SxlsS t iiU-tj aaU-I — JjSh J-tfiJU *JOly ji ™---—_ 

: i—ijILaIIj i (xGR 

• R t >x,yJS3xy(x + y) = 0jx + x = O: J <> 

: jjSj <i.j((x + x) 2 = x + x:R j.xj^i^y 
(x + x) (x + x) = x + x 

: tillil t ^ a -\ I I jjj (jl Lu 

(x + x) .X + (x + x) .X = X + X 
x 2 + x 2 + X 2 + X 2 = X + X 

• ('-W'jV) 

: lil < (+) <jLa*JI (jl LaJ 

(X + X) + (X + X) = X + X => X + X = 0 

• 4 R y,X 4 4 jLi£ (jSLaJ 4 0 Jji-Vt *1 jLxxll 

x.y + x.y = 0 

: iaj 4 R x J£1 x 2 = x jl Lojj 

(x x) y + x (y y) = 0 

: jjlia R ‘ (R,+,.) jl Ujj 

(x y) x + (x y) y = 0 
x y (x + y) = 0 

• R uV 

• 4_ial£io ^jjl 4 nGZ + (22) 

•J**- (Z/<n>,+,.) (3) 4 ^b 5ik. (Z/<n>,+,.) (2) 4 ^ji ^ n (1) 

•*>» 




(a + < n >) (b + < n >) = < n > 


(2) <= (1) 

: uSJ 

: (jjfij duaj Z (>« b,a 

: Jl?\ 








a.b + <n> = <n> 

: jjSj djjajZ i>r jfkj j-aic. ‘ a. b E < n > ji Ik j 

if —Ikj . n/b ji n/a jli ^J ^ n ji Luj 4 n/a.b J cs' ‘ a.b = r.n 

: jli ^inlbj t bE< n > ji aE< n > 
(^j^j YZ/<n>jlilii 4 b + <n> = <n>jijia + <n> = <n> 

. A*ou Ask (z/<n>,+,.) jli ^ujIjS 

(2) =* (3) 

3 -oU 3 —Sk <J—AjAjiall CAmai 4 4 j$jJu kU Aik (Z/<n>,+,«) jl L»J 

. Jk (Z/<n>,+,.) ^ ** Q-^ AjgJJLo 

(3) => (1) 

Ijj— C. n ji (>aJlil ij\ t (_pajiilj i Jk (Z/<Il>,+,«) ji (_pajail 

. 1 < a, b < n kua. n = a.b jj£j 4 Uji 

4 (Z/<n>,+,.) jx, JJC. j.-n'lC- b + <n> ja + <n> j- J£ 4 jVI 


(a + <n>)(b + <n>) = a.b + <n> = n + <n> = <n> 

—& n ji] . jkall ^**1 ji V (Z/<n>,+,.) (JkJl ji jj£ (jkilij Ik j 

1 n To a 

, ji 4 (M 2 (R),+,.) oliji-Jl 3ik ^ (23} 

j u; i^o ij 

. IjjLuiLq 

' jl 3Jj g >a j k*OLj 


0 or 0 1 


0 0 


0 0 


. jlil kjUko 


1101 


0 0 0 1 


jiijin-mll jl U1 jk Ik j 


i 













aJ^U,A L -2 


: J (Q,®,®) f UaiB \hdjSJ-l 
a®b = a.b + a + b j a©b=a+b+l ; Va,bEQ 

. JuLi-aj Aiila. miJ ■«'lajll lift (jlS tjl 1 

. Jjl Ai ajIIajI (Q,©,®) ■*o : oljJ 

: ji ilu*. (Z,©,o) j»Uaall <jl lIujI -2 
aob = a + b-a.b ja©b=a+b-l ; Va,bEZ 

. <a\j a alt JSjolj 

• <J ^ ‘ (R> * ,T) J fjA jj -3 
r*s = 2 (r + s) , r T s = r.s ; r,sER 

. Ails. JS-ij V 

• u' C - 4 J^ ‘ (R »^ ,o) j»Uaoll jjl (jA jj -4 
r*s = 2r.s , ros = r.s ; r,sER* 


• ^ c\**v. 1 

:u'^V‘ (R + ,*,l) <j£J -5 


r*s = r.s , rls = r s ; r,sER + 


. AiLa (_K ,*j ^Ualll 11 a (ji diiil 


(•)j (+) (j j nU i rll 3_s — uullj 4 Jjla-aj S,R (j-s <J£ (j%l -6 

• (jl ij-> Jjla-aj ‘UIS.ijI <al=k RxS j! duj! « jiipUJI 

(a,b) + (c,d) = (a+c, b+d) 

(a,b).(c,d) = (a.c,b.d) ; V(a,b) , (c,d)GRxS 








. S,R Direct product jdUJl aaLxj aILJI a 3 a s^tc. 

: dua. <xtj Ajil^ ^A (C,+,«) Aj£^)dl .il.iC.Vl Aali. jl CLujI -7 
C = {a + ib ; a,b € R, i = V-T } 

• jJAi-ildl («)j ("I") (jj^uLaxll 4- U ailU 

(•) dl_^ i A _Hi (R,+,.) ^Uaill jjfLl (-5* ‘ * J*j (R»"l") L)-^ 

• R i> b,a l 1^ a.b = a : JUJU R ^ 4i aA*c 

‘ (Z[V3 ],+,.) iU e.lij jw-».ic Jlxu 2+ V3 J*-aiadl (jl didl ^9 

t 6ft AalaJI a3A ji.1 e-lij J»«aic. -lijl (6 

Z[V3] = {a + bV3 ; a,bEZ} 

• « 

: Aftltull i."ilda.ll ia>j jl) ^Ll-cJI Aijl -10 

(Z 4 ,+,.) , (Z 6 ,+,.) , (Z,+,.) 

e 2 = e jl£ lilj 4 e ja juLa-d! 1 aj> .^ ic 4 <ali (R,+,.) 

t lijj t (R <11^11 ^jSII ^jLuiju 

e R e = {e a e ; aER} 

: Cifti 

: aH*. (eRe,+,.) (1) 

eRe={aER : e a = a = a e} 

dll_Juadl Aj_did R jx Ajljft. (J^dij S j]i t S C R dljlS 131 (2) 

4 (eRe,+,.) (j_« a _djft 4lli S dul£ 131 Jaiaj 4 131 4 R ^^ic <9j*HI Igjuai 

. e 2 = e din. 

R ^ A ,dl j, d jadl Ac. j-aft-a jl dftl 4 Lo Alii (R,+,») dul£ 131 -12 

. (•) 4_J^ft3al! AiLud A ftd' li iJAj ( JSdj (U(R) — ) 1^3 j-o _)j) 

(Q[V2],+,.) J d_dl 4 Q[V2]= {r + sV 2 : r,sEQ} j£d-13 

. (Ja^. 


















: SjsIjSLs ajJIjII jl diiil 4 Asia (R,+,.) j£il -14 

. b = 0 J a = 0 L*J lAJiic. i R ^ a.b = 0 'jj (1) 


. b = c iliic. 4 a * 0j R gi ab = ac jl£ (2) 
£aall AjLutI AjjuiilL Aila^ill jA (j)) -Ijla-aj AjII-SjI Asia (P(X),+,») j£jl -15 

; ilnai 4 (i—l^bll AjLaxl Almjlb illa-al X J 

A + B = A A B , A.B = Af|B , A,B <z X 

. <J_jJ Alla. (P(X),+,.) A 11a 1 1 (jl duSI 

. 2 a 2_$2I A 11a 11 jaw jl Clil -16 

.(R,+,.) Alkll V (x+y) (x - y) = x 2 - y 2 aIXJI j! -17 

. R j* y,X (JS1 4 A-JI-IjI All a II olfc dulS 1 jl VI 
: (J£jillj _L AjLuJI 1 g Jilo 4_i^«jlj 4 (AjIIjjI jjC.^ Lo Alla (R,+,.) j£il -18 

xly = x.y-y.x ; Vx,ySR 

: 4—]jll-»al1 

. gg&mj tjloj 4 y _L X jxly *•. i.ual (1) 

, (+) £-oall AjLaxl Aanillj Ajxjjjj _L Ajlaall CjjlSl |j| Laj3 jJJ (2) 

: jli 4 R j- z,y,x J£ (J>l j- J j* jj (3) 
xl(ylz) + yl(zix) + zi(xly) = 0 (I) 

yl(xlz) = xl(ylz)-(xly)lz (v) 

A Halt (_S jHI X jui . l* 1 1 jl jSJj 4 Li Asia (R,+,.) jSil -19 

y,x jlS Illj . (x n — 0 jj£j 4*n^.i n > 0 ^ja>,3.1c. AajJ (_^l) 4 AjjijjXoII 

jl lLlu\ 4 ojlil I xtQ la jlj (R,+,.) Aslall ^3 aIjIaaII jaLjLa jj ^x^aic - 

. Ljajl S j#ll jSj.l*-o x.y jx + y 

; (JSAllj Z Aa^aj-iill iacVl A* j-aax jjj3j*-a jilAoC. A,V jSjl -20 


aAb = a + b- l , aVb = a + b-a.b 











; i—i( Z b,a <J^ 

. L *.^ 4al-jl sift jSLioj j& 


jl_£ lj] 4J diiii . R jA a,b jSL! j ‘ (R,+,*) -21 

. a = -1 j a = 1 up ‘ a 2 = 1 

e^SU^Jj a 6 Aj 3 _jli _j jA^ylj 4 La jtiia. (FjT, - ^) j£jl -22 

: j£]j 4 O j-jlb 

M — {xGF : x = n.e;nEZ} 

j — i-alixll j —a 4 Ja— S3 M jl j|L • P ^ 0 JAaa (F,T, ★ ) jfLJj 


: aJUI 4 ( _ £ JbLa ^ ua Igjjj Laj 3 Aib^all 


O , e , ... ,(P- 1) e 

4—)^) .Jill AjIaC jA I va' 


La blia (F,+,.) jl£ lj] ^23 


: jli 4 b * 0 , d ^ 0 L-ya. a,b,c,d £ F jl£ I j] ajI Cuii 4 aJ a^UaII aj 1 a*JI 
a/b = c/d o a.b ' 1 = c.d " 1 

(jj—J I-«j 4 AiLvaJj Aj^ViaII (R,+,.) Alla. Jx^UC. (JS ji Cjfjl -24 

, ^,15 jjfsj jl jl 4 S.la.j]| juaic. 


.Ajjlall Ajv^jjJI jA AjiulaJI Ajo^aII dili^3 ,.^aII Alia. (M^R), - !-,*) j£jl -25 

^0 a"l (0 o^s 


V 0 0; 


A—alaJI jjLjJDLLa A = 

(M 2 (Z 2 ),+,.) *_ikl ^-i A 


,B = 

(i r 
J h 


,b o y 


jl__yu»i*JI jl£> |jj LaJS jy 

j! cJ] fH .(M 2 (R),+,.) 

. ^LL. 

jl (Jj—xil a I—jjS Lj— ijLLa i a (jl jajijj 4 Alla. (R,+,.) j£jl -26 

. 1 $j3 a-laj j. ^V'C . (1-a) 

( ( * 

1-a jl <^j—ill 4 (R,+,.) a— skJI ^—a —ail (JjLulu I j.r-nr. a j£J -27 











( J LaaiJ 4j^Jbtc jjjjLoJ 

♦4 

^ULil 

^UIUaII^ 

Subring and sub fields 
Sc Ideals 



OtJliitj dJ oUj j£ 


S^iUJt ^U^yLj -3 

- ^I^IUaIL^ k^l^UJl 


(a b^| 

oSL-Jj ‘ M 2 (Z) = (M 2 (Z),+,.) A_Sk'l oSj— I -1 

,0 c 


\ jljC jxa_&JI 


f f a. (0 b') 

H 0 0 ;a,beZ ,T= 0 c ;b,CeZ 


• (M 2 (Z),+,.) AikJI (jx Ajj ja. Aik (T,+,.)j (S,+,.) t> ^ u' L^Ji 

= J* 

fo 0^1 f , . , 

. S c M 2 (Z) (jl Ajjlj Aja.U (jxj 4 gS jV tS it (j) jl yj| Ji^Lj 

.0 01 


(a, b 2 

• 1 S j* B = 

0 0 


ij)^ Sc M 2 (Z) jij 

fa, t>. ^ 

, A = ' JS1 


0 0 


A-B = f a ’ M-f* 2 b 0 = f a >“ a 2 b j b 2 

(o oj [o oj ( 0 0 

f a, b,Ua, b,'') fa,a 2 b,b 2 ^ 
A.B = 1 1 . 2 2 = 1 2 1 2 gS 

,0 cjlo oilo 0 , 


. (M 2 (Z),+,.) AilaJI (jx Ajjja. Aik (S,+,«) (jjl 
• (M 2 (Z),+,.) AilaJI (jx Ak ja. Aik (T,+,.) j1 jjA jij IgjLiij aLjUL 
(jl (jSxxJI (jx . (R,+,.) AikJI (jx JjLaxj Ajj^a, Aik (S,+,») i—ul£ 131 -2 

. aJjLJI ak ^c-Jajj Vko CjIa 4 Ijjkx Aalail (j_j^j V 

: ajM AikJI k.UJ 














A _ilaJI _a (S,+,.) A _jjjai! A _ alaJt Laiu t uLspu Ciuul (R,+,.) aILJI (jl 

(1 0 ) 

* j ( l ' j. >i' l 4 iilLaj (R,+,.) 

\0 oj 

A —alaJI Aila-aJ ( La (jJjjla-aJ (R 2 ,+,*)j (R (,+,*) p3 

’• (J O^J^J 1 °' ->J^W (R 2 ,+j*) 

S = {(a,b) :a€Ri ,b€R 2 } 

Si= {(a,o'):a€R,} 

: j5Li3L S (Jb- <jiiaj*-o u- A^r . A' j A <j£ilj 

(x,y) A (xi,yi) = (x + x,, y T y,) 

(x,y) A' (xj,y,) = (x.xi, y*y f ) 

. x- j la^aj (S,A,A') oj • S o—« (X],yi)j (x,y) J\ J-*J <> 

* (S,A,A') (j-a 4jjls« (S],A,A') t - J 2^ t-) jlIaJ lj 

: ^ 

. (j) ^ S]C S (j' ^toJaljll (j* (1) 

: up ‘ (R,+>*) t> La a 2 j ai (2) 
(a,,o') A' (a 2 ,o') = (a].a 2 , o'-*o') 

= (ai.a 2 , o') eSi 

(a,,o') A (-(a 2 ,o')) = (a h o') A (-a 2 , -o') 

= (a b o') A (-a 2 ,o') 







— oUliilj JJ.^a.aU 2J jJL< OUj jS 


= (a r a 2 , o'To') 

= (a r a 2 ,o') G S, 

. (S,A,A') <51aJi <jx 4-uja (Si,A,A') <jl gVnmj (2)j (1) (>» 

1 -* >j3l. (S,,A,A') yui ^ ijU-JI > (1,0') J oVl CiAil 

<>>j 4 Si <^1! ^xlu I_>■ r-l' C. (l,o') (jjSj iiijc. t (R,+,.) 5ilaJ! JuU-aB 

: (jjSj AjjIj Aaaij 

(a,o') A' (l,o') = (a.l , o'^o') = (a,o') 

= (l.a, o'^o') = (l.o' , o'-*o') 

= (l,o') A' (a,o') VaER 

. (S,A,A') AiLJI ^ j* (l,o') d'4 

^_3 Aallax I (jSjlj i 1 _J lAJuLa-a] ‘ Ajla-aj 4_al=>. (R,+,.) (j£jl -4 

t(.) AjLaxll Au.ullj i R ^3 a <1 b I ^3 Ji3k.j lilj t(R,+,«) <51aJI 

. I = R jla 

• <j\* ‘ R(>*L»I Ja-eaic a (jiSAl 

a = a. 1 = a (b" 1 . b) = (a.b" 1 ). b el 

: aJUII ax-j^,->a! 1 ,jl CujI . (ZxZ,+,.) a_AIjjJVI AiiaJI (jful -5 

. sliyuJI aaLJI aj 1H« I = {(a,2b) ; a,beZ} 

• tP"' 

. I * <t> J ^ ‘ (o,o)ei uV 4 cj> * i c ZxZ u! 


: d 1 * ‘ (x,y)€ZxZ jl£ lijj ‘ I t> ^ (c,2d)j (a,2b) c£4 

(a,2b) - (c,2d) = (a-c, 2(b-d)) el 
(x,y).(a,2b) = (x.a, 2yb)el 

• (ZxZ,+,.) AalaJI (jx Aalljx I (jl (jjlui dx ^r*iTi»«t 
















wUIa>'1 «j J2j Afi *AAo 



4-c. (jl CjjjI 4 a€R 0^ li]j 4 4iLi. (R ? + ? .) dulS til -5 
<a>={r.a + n.a :rGR,n£Z } 


. (R,+,.) 4llaJt (jx 4 j3\ju> 

• < a> * <|) o' « a = O.a + l.a G< a > o' Vji 
. r t ,r 2 eR, ni,n 2 eZ o' ria + nia, r 2 a + n 2 aGl o^J 

: Oli seR (jl£ Ijjj 

(rja + nia) - (r 2 a + n 2 a) = (ri - r 2 ).a + (ni - n 2 ).ae< a > 
s .(rja + nia) = (s r t + s ni) .a + 0 .ae<a> 

. (R,+,.) 4llaJl o« 4 JHL 0 < a > o' lW " 1 ^ 

I = {(k,k) : kGZ} o' 4 ^ajjI 4 4 IK. (ZxZ,+,.) o^l 

. ajjSiall 4.il~kll 4 j11!Lo 

aGZxZ , Vx€l: c3-^ J»>UI 0 ^ • 4> * I c ZxZ o' 

: ikb JHall Jjjuj t a.x^I op 

(2,5) (k,k) = (2k,5k)£I 

. FxK CiUlllLa Jita Oa.ji 4 (K,+,«) j (F,+,.) O ' 4 0 ^ '- 1 ] ^ 


. FxKj {o}xK 4 Fx{o} 4 {o}x{o} ^a FxK iiMi» o] 

4—4ila. 0j^4 ( OujkJ j ^jJj§ V Allik, (R,+,.) O^ll 

. 4 jlliij 4 ila. (R,+,.) o' •— 4 ^' ‘ b-i« 4 alll« ^A R O* 
R o-> V“ ^a C(a) j£o' Wj ‘ 0 ^ aER o^ 











— ~ oUliilj aJj }?t Jjii-lj ii0U4ji ■■ 

C(a) = {xER : x.a = a.x} 

• rER r.aEC(a) 4 (R,+,.) <alaJI (j-# S_Jlia 

ll-A j (a.r - r.a).a = 0 : ‘ ar.a = ra 2 <j\i <■ r.aEC(a) J Lu 

.ajIIju) (R,+,.) AilaJI jj] « ar = ra : ^ja.r- r.a = 0j 

<jt CjjjI 4 (R,+,.) SiiaJl ^3 CAJllaJI o* <JLa. jjc. ej^J {i, } j (jSjl -10 

. (R,+,.) 4ILJI ^ Ullo f)I, 

iel 

—jJLj 4 P)I. (j* La (jjju aic y,X <jl£ til . ({) ^fllj C R (J Vjl 4 iiOlj 

isl 

•x-yEfllj LP,' 4 x — yElj ViEl : ojSj <iaj x,yElj ViEl : up 

iel 

J_£3 a —ii yE ni, : j' ‘ R 4>> aj Qlj (j-o La C- y (jVi (j£J 

i€ I iel 

. a.y,y.aElj ViEl : ^LilLj yEljj iEl 
. a.y, y.aE f|I, : oU JMkj 

iel 

• (R,+,.) ‘LaWM ^J\j-a pl^ : (jl Lo^i glutiij 

iel " 

4_alaJI ^_3 4 _JLLq I dulS I il j 4 .liLa^aJ «Lala> (R,+,.) Cills Ijl -11 

.I = I:R joil. (R,+,.) 

4 I:R cl j I c: I:R : o' Vji CjUliall 4-a^ aja, jxa j- 

X.l El (j t —a f —j (j-«j 4 x.R C I • (j\i ^LilLj 4 I;R <jx La l x lA?' 
I = I:R (jjj . XEl (jl {J\ 4 (R,+,.) AilaJI e-lckjl! jA 1 ilua. 

^ 3 n JAxU C lUtvL>a<a (Js I (jSlilj 4 'aJAjua 11 Ijl -12 

4ikl 2Ulla I j ^4 I = {n.r : rEZ} : J J Z ^,>^11 jl^Vl <ik 

• (z,+,.) 














Jjfli-'j OliU-l <bjiai (j Ujuu 


■ tM"' 

• lj) ^ I C Z <jt Vjl -iaiOLj 
t - J i- . a% x = n.a , y = n.b o]— 3 ‘ I u—^ U_* y,x <jlS lj] 4 <jl US 

• o\i 4 a,beZ 

x-y = n.a-n.b = n(a-b)Gl 

: J US 

b (n.a) = n.(b.a) ; a,bGZ 

. (Z,+,.) a !LJt Ulio I = n.Z jjl 

4 A—jjlill Uk.j-ill qa UjjaII CjliSiU R = (M2(Z),+,.) <jSH -13 

f(a 0 ^ 1 

• I = < ; a,be zl <J cuSI 

K b J 

r° o) 

• I ^ (() O' Iaa j O = G I j] 

10 0 J 


(a b] fc d) 

A = , B = el 

0 0 0 0 


a fa-c b-d) 
A-B= GI 

0 0 


: jli 


: jli 4 R ttkll t> C = X 7 I jlS I jl dliS 

lz t 


A.C 


ax + bz ay + bt 


. R AilaJI A j'ljAj «U3U« ^A I <ji (jjiui U« gjjlmj 

4-uiij Fj {o} Ua Jaia (jliJUa (F,+,.) <jl Ui±i! -14 








— oUfcitj aJ jir\ JoUU-t — aJjL£ oby: 


o • <1 & • o o ^ \/sGF i <jV A-iil^ {o} (jj 

^ a ^ O AjI I^Aj i {o} c^j'-mU V I AjIIjuJI <j1 ^jYI 

• * *i aJLlaII L-Urt*\ ^JLilUj i F ^3 a ^ Auaijft* a t I 


• <-M"' 


a''.a = a.a' 1 = eEl 


jli t F o- x > -aixll (jl£ L afr -a 4jl IjlAj 


e.x = x.e = x€l 


• F I (jt (jA lAAj 

4 — ilaJ t (j—» 4 —JLLi ^A 4Z ^jj < A. r>J-> i, ^i1 1 AtAcVt AiL^ (Z,+,») (jSjl -15 

. Z/4Z Ac. j-a > . «l l ja-aalie. LjJdSI . (Z,+,.) 

: 

Z/4Z = {0 + 4Z , 1 + 4Z , 2 + 4Z , 3 + 4Z } 

AjA^xa <j<a oaIaLjiVIj tilljj 40 jIa-oj 4_i]I AjI Asia. (Z/4Z,+,») <jl ijy* (jAaaJI (jS-ajj 

• A a i ioU 

jjjSj R (j<a I (jSi3 4 AASLxaj (R,+,.) (jSSlj “Lati Vlx* ^aS -16 

. i^R/i 

l) & - >»i ' U I AjlLLall Aii-lj (Z,+,.) >*-»H AlAcVl AaL*. (R,+,.) AiLJI Aalj 

. ^ (Z/2Z,+,.) J a=o 4 I = 2Z 

Ajjl_«JI CAjJLLall lAAic. 4 lgj3 AjJlia 1 (jSjJj 4 La Aal^. (R ; + ? .) -17 

4—JLla J lL)— ja. J = j/l (JSLi]l (j-e ^ (R/I,+,.) 4 ^ ., til l AaL^. ^Aj. U ai B ^ 

. I C J jtj 4 (R,+,.) AiiaJI AjjLaO 








(Jjiii-lj Ajj I2J 


J J vina> J = j/l 4jl /jA Jfilj . (R/I,+,.) aILJI ^ Aallo-tt J 
« J) A > .liJu] . I (R,+,.) <Jj'—J 

J = {x : xGR ; x + Ig J } 

. (R,+,.) AaiaJ) Asilla J j) Cmil j 

t oGJ j' 4 ,?—^ '•“>j o = o + I oji 1 (R/I,+,*) ^ J j'-i 

• J ^ <j) (J cS* 


: iliac. i J ^ y,x jSJ 


X = x +1, y = y + I 


(x - y) +1 = (x + I) + (-y +1) = x - y G J 


: tbil oj^i <1«j 


. x-y £J jjj 


: Oj^! ‘ a — a + IGR/I u^a ‘ aGR y ‘ lilliS 

a.x +1 = (a + I).(x +1) = a • x G J 
(j! La£ . (R,+, .) AslaJI ^3 SjjLuO 3all!L» (JSJuJ J AC^ a-> .aH (JJ"* La-a gr lV~Un*l 
. I c J i aG J u' y 1 a +1 = o G J j|i »aGl iJ& y 

. J = J/I <ji I jji-i jyl 
• J/l c J jl ^ 1 Z +1 G Z <iaj ZG J ij-bc t Z = Z +1 G J/l (j^jl 

1 ZGR 0 !^ ‘ Z = Z + I : <jl ^ ZeJc R/I jlS y tAjjU Aja.lj y«j 
. J c J/l ijl Z = Z +1 G J/l : (jl 

• J = J/l -i?-j (jjfu) Ia* 











aI^ Ivv -4 


: J Ci$ * J c I ^ i (R,+,.) Aikl! CiUlk a££ K,J,I cck I j] -1 
in(j+K) = j+(inK) 


gjjjLwH— j M Jjj—il . M = {m,n,p,q} : 5 __jJIH) a__c j^akll <j<y -2 


: (jjallSlI jjAlj-lak (jjoijx-all 


+ 

m 

n 

P 


■ 

— 

M 

n 

P 

q 

m 

D 

n 

P 

■31 


■a 

M 

m 

m 

m 

n 


ni 

q 

■a 

s 


M 

n 

m 

n 


SI 


m 



n 

M 

P 

m 

m 


H 


n 


■ 

n 

m 

_9_ 

m 

HI 


lilj 4 A ... s\-vtt oi_A _>L-a ,1aj) . AjJI.1i! jjC Alia. ^jl CnM : i_>^lk2l 


Aik 0- <2> Aik M = 


. (M,+,-) 3ikJ! ^ Aallk I i) t> Ji ‘ I = {m,p} 
a 0^ 


b 0 


\ a, b €E R I* J Ciil -3 


t dilijii-a-al] £-oaJI Ajk*J A u.i'illi AajlaJI A_aj2l qx > Aakkil Clli 

A_slaJl ^_3 A_jjjAj A ■ jllk Cl_ julj] l^jSi AjjLuu Aalka (JSJSj M q \ j>J 

. Aj^aj^)k3l 

(J —i 5—2k> I Cuk Ijjj 4 R ^ a 2 ja Aik L tk Aik (R,+,.) <j£2 -4 

: (J£22ll Ai^Jt-nll Ac. j^-s. 2t jjl CujI 4 R AakH 


L + I= {x + y , xGL jyel } 

• L Aallk JP)I (j)j ‘ I R Aikll ^3 A_uja Aik 

li = l,2,...,n kua 4 J + Jj = R jlS lilj 4Aj.lalj Aik (R,+,.) jjSji -5 

: cifi! 4 r Aikii j;, j ciUkJ jai yiij 

j+njj = r=j+ n j, 

i=I i=l 




























- (JOUiU-1 AjJ aj (j AjtJu&A 5 

sj —t m ( _ s ic- n 4-iujia ^jU <■ un%t . m = -14 , n = 59 jl cyajk j ^6 

: AaiUJI jULi-j (jjAil! r, q ^ < L_*jjI 

n = m.q + r ; 0 < r < |m| 

• m = 11 , n = -79 jJ ^ aILioII J*. ac! 

^ 3 ! ,-8,-3 Aa._$! t 10 (j4ioj A-vj-s .<-41 aIacVI <al^ (Zio?©5®) o5a! zL 
• Z\o AalaJI f(x) = 2x 2 + 4x + 4 JjAaJI ej2i£ jjAa. Aa.jl £ i Zjq 

2 AA*JI 4. 1llic .l.. >io (jo Ajjj5"lo Im j A -.j-.. AlAcVl Aa'-s. (Z,+,. ) 0^:8 

• Z ^ aJIao Im (jl Cu!ii ijn > 2 cLla^. 

b,a 4 a + V3 b J5.iiII (jx ^ill ajSjLJI aIacVi An■" S (jSil -9 

• (*)j (3") jA-ylo*il a^uJIIj Ji*. S cjl <jjj t Q (jo 

A_j^aaJI AlAcVl A£.jo^o (jl ilujl 4 AjSjiaJI AlAcVI AaW (R 5 + 5 .) (j£jl -10 

: aJUI 

M={m + nV3 : m,neZ} 

• (R,"!“,•) A iU . l l (jo AjjJs. AaU 

— 4 “Wjj <= vttv > « a JjcI n,m M (> I Ajjj^JI acja^JI jajj 

• (M,+,.) AiiUll (jo A-Jljo 

• (Z,+,.) A-.J-. .<-i\l jIac-VI aIU (jo Ajj^aJI i"ilaWll ^jl -11 

(j5j— Ij ( (M 2 (R),+,.) a-*jjxJI iiiliji—i-duJl a _iU (j£j_1 -12 

a b^j 

; a,b,c G R 

c OJ 

. (M 2 (R),+,.) 

'— * —A>> AaU (S,+,.) (jSJj 4 Ajla-aJ aJIaj] Aak. (R,+,.) jjSJ -13 

A tl- . l l ^ AjI -. o i l (jl (_jjajiilj 4 LgjS Ajla^all jA 1 ' (jl (_jia_)ii3j . Ljajl AjUoJj 

A iU 1 1 (^i Ji^ nll ^uli 1 ' (jl uiit 4 S (^B (^-ailJ V (•) AjLojJ] A-IouSIj (R 5 + j# ) 



Atl-.l l (jo Ajjjak Ajtla. i*nujl (S,+,«) <jl dixil . S = 













==================== ^li)i J-aaU jjP olu ji ======^^^^^= 

• (R.+.0 

j -^> Z [ V 2 ] = {a + bV 2 ; a , bez ) j ! ckl -14 

• (R,+,.) JkJI 

• CijjI 4 AjjUI AjujaJI djlij< 1 Aik <jSj] -15 


^3 Aj jLmiJ A-Jlk 4 -u.ij' 1 j j£] j AjjjaJ Alika I = 


0 a 
0 b 


;a,beZ U (1) 


.(M 2 (Z),+,.) Aikll 


A_lkll ^_i kkka I = 


a b 
d c 


A 1 -rt l** W.i at 1 ^ j£ 1 j A flt«v ^ ~ 


! s, b, c £ Z i <cjAa-oJt L*l (2) 


0 a 
0 0 


. (M 2 (Z),+,.) 

; 2Gzl (3) 


. (M 2 (Z),+,.) Aikll jja AjjLuU j AjlLaj 

^ akl l j—a 4 —JLu ^—A I = |(k,0) \ k€Z} Acj^g -v ^ I l J Cijal -16 

. (ZxZ,+,.) 

.(R,+,.) j£ilj ‘La Aik ^ CAJkal! j,a Ailla. jjc ojjoiI {lj} jel j£al -17 

(jl ‘ 1 J** ^Xj ja ^jll ^jk^Lull (JS AC-ja^aI ^1. _J ojk ja^i 

>«I i 61 

]Tlj jl dl—Jjl . jli—kA>! L$ia L$jia bat 1.5c U Xj £AA 2 k jt kpkj ‘ XjGlj 

iel 

• (R,+,.) Aikll ^3 Alika 

I = {0,3} <kjl£ li]j « 6 oUa Ajk.j.%kki jl-icVl Aik (Z^,+,») jSol -18 

. AajasI! Aikl Ik (Jj.52k (JkS . <3> j‘ aukJI j IaI^a Alike 

. (R,+,.) jSilj ‘ la AjII^j] Aik ^3 CLllJlia I,Jj,J 2 ,. • .Jn j' "L2 

: UW 


ru, :i=n(jj‘i) 


AamisII Aik (^jkj kpkJ R j* I Alike! j (R,+,.) AaIi 5iki Vke ^»a5 -20 








J y&-\j oUU-l ijJai ij <U.uL» 


. Jij-all ^jJjS ^jic. (R/I,+,.) 

I J ^-4 ‘ I = {0,3} c R Oul£j t ASk. R = (Z 6 ,+,.) Cul£ Ijj -21 

< Zg ^ I ajIHaIJ Z 6 /I <A*iiall aII^ 4 R ^ <Jl!Lo 
: I 4x.j-a-?k .all Cul£ I jjj i AjSja^Jl 4jil^ (F,+,.) (jSal -22 

1= { fGF ; f(c) = 0, cGR } 

. (F,+,.) <alaJl ^3 4_dlio I (jl tluil 

4— ii R (j—a X J —J ^ajjt 1 1 fjc. Jjij 4 .l)La-aJ A-lli AjI (R 5 + ? .) t jSj3 -23 
J —£• j—axt (jt tjAjJ . X n = 0 >■ * u-^ -J nSZ + lil 

Jj-ojC. jA 1 — X <jt CujI . 4j11!lo JSJjj (R,+,.) ^ 4j2£)12<JI 

• (R,+,*) ^ 

5- i—a.j j. nai c. a€l l^jj -(R,+,.) Aii^J ( 3 * 4al\jui I (jSil -24 

. I = R ji 

. 5—jjlil) <a.j^ll (jx 4j«jja1I <_ili ja AiLx R = (M 2 (Z),+,.) 3 )Sj1 -25 


Aj Jli—JMJ 4j11!Lo (JSLmTi I 


a 0 

b 0 


j a, b G Z ? Ax. ^a-N.n'1 LjjtS lil LoJS (3“ 


(j__a A _ujlijWndl A qW R = 


a b 
0 c 


. R <ikH ^ 
; a,b,c g zl <j£1 -26 


a b 
0 0 


; a, b G Z 


jl£ lojj . 


^3 jxuHin I + JjI.J (j\ CujI t 1$j 3 jiullis J = 


0 a 
0 b 


;a,bGZ j 


R ^LJI 








jJLflfliJ SJ^Jbcjo jj jCj 4J^Jbw) ^jJjLoj 

^L^Jl JjUill 

Isomorphism of ring 



= - ^-\ JJUsil - J^aiU ISjU OUj J ■ 

^JUll -5 




i 5 -j*ka jl_s iijj 4 S = (Z 6 ,®,®) J R = (Z 4 ,®, 0 ) otakJI 0^51 li 
J<jAjJ‘R<> a <J£1 ‘ <p( a ) = 3 a : jS-illj lij*-» 4 (p : R -> S 

. AjI ji ia.jl 4 (p 

: Jaj R ^ b j a (J^l 

(p(a®b) = 3(a©b) = 3a®3b=(p(a)©cp(b) 
cp(a< 8 )b) = 3(a®b) = 3a®3b=(p(a )®(p(b ) 

Ker cp = { a GR : q>( a ) = o} 

. S AiiaJI jit-a O 

= { a GR: 3 a = o} 

= {o,2 }c R 

t_ij—*jlj 4 R ^—=».j a o^J ‘ (R,+,‘) uSi! -2 

: Jiillj (p : R-» R (jjjjkil' 

cp(r) = a.r.a ' 1 ; VrGR 

. JjLsJ (p (Jjl tlsjjl : L_)jllxcJI 

: lip! jj£j R j> r b r 2 J£J 

<p(rj + r 2 ) = a.(ri + r 2 ).a ' 1 = a. ri.a ' 1 + a.r 2 .a‘ = q>(rO + cp(r 2 ) 
(p(ri.r 2 ) = a. (ri.r^.a ' 1 = a.rj (a.a ' 1 ).!^' 1 

= (a.ri.a' 1 ). (a.r 2 .a _1 ) = cp(r,). cp(r 2 ) 

============i==^ r > o ==— - -■ ■ 












. IfrmVl R <SlaJI (j-o (JSLij (p (jl (jjioi La-o gr.Tn.nl 

: {(_£.ibJ) (jjlrtlo Cp (jjjJadll (ji (jVI (jAJiil 

‘ a.r.a 1 = 0 <jl— a <. —j3Lj ^ (p(r) = o t ji ILb j 4 r€Ker (p (jfLJ 

^p L^ ^ a j 1 r 0 ^ 7* 1 a j ^ * . ni l L^°_? a (jj-ojll j^-o. . ^-. 11 . 

. (jjl Art 

• <j}^ 1 rGR (JS Ijj < (J-oLj (p (ji t IjjL. 1 ijAjjjJ 
(p(a _1 .r.a) = a (a^.r-a)^' 1 = (a.a' 1 ) r.(a.a'‘) = r 

. (J-oLi (p (jjJajll (ji ^jxj l^A j 
. JlLoilL JjLuII I Lb ejte. ^.rtu-i.) . (JjLoj (p (jl ^ ^ Wii 

JS—ilL I—a j** 4 lg....rtaj R (j* IsjaLj cp (jSjlj 4 -clla. (R,+,.) (j£ul -3 

. JSLij cp ^1 iiuii 4 R (jrt. a J£1 ( cp(a) — a 

: IlL R (> b,a 

cp(a + b) = a + b = cp(a) + cp(b) 
cp(a.b) = a .b = cp(a) .cp(b) 

. (p c} grVn.rti 

tiu=»J la. J . -v L S 3 IjJC. m (jl£ Ijlj 4 l^-ij ^3 (Z,+,.) AaLsJl SlSLuj Cp (j£jl -4 

. Z (> n JSJ cp(n) = n : (ji Ciu\ <. cp(m) * o : oj^ 

: (jli 4 4 m = 1 .m ji Uj 

cp( m ) ~ cp(l.m) = 9 (l).cp(m) 

• Cp( 1) — 1 <j j£j Aloj 

• (jji 4 4 lf?.>o I aid n <jl (jVI (j^ajiil 











(p(n) - (p(l + 1 + ... + 1) = cp(l) + cp( 1) + ....+ cp(l) 

= 1 + 1 +.+ 1 = n 

n 

jo— c. t htx n — -t (jfLcj ^Uluj i LILu b^c. n (jl (jVI (_pajiil 

: (jjfLl <laj CI-J12.J* g„L~N ».-l 

cp(n)=cp (-t) = -cp(t) = -t = n 

: (jla 4 n = 0 jl£ bl < dlb J\ 

cp(o) = <p(o) = o = n 

.al.ie.Vl i>« SlSUiij cp (jl CujI t (e (jSjlj) (R,+,.) (j£jl -5 

ch» n cp(n) = n.e : Jiiillj li yu » (R,+,.) 4 al->l l Jj (Z,+,») 3^ja.■ *aJI 
. n aj a AilaJt ilil -laSsj lil t n.e = 0 <j! p-> * Z 

‘ ^1—jIIjj ‘ Z (j* jl j ^-iV - m,n o^jIj ‘ (R,+,») aSI^JI jL-J o f —j 3-°^ 


(p(m + n) = (m + n).e = m.e + n.e = (p(m) + cp(n) 


: , jl L»£ 


(p(m). cp(n) = (m.e). (n.e). (e + e +.... + e) . n.e 

'-_ v -' 

= e.n.e +.+ e.n.e = n.e 2 +.+ n.e 2 

= n.e + ... + n.e = m.n.e = cp(m . n) 

: (jjjLJt ill^ll >.. '.a jli « (JSLij cp (jl Loj 

cp(n) = n.e = 0 <=> neKer<p = a.Zo a.n 

R — (Z,+,.) jl ii )—^ i i—jala. 3l£l—& cp:R-> S (jSLj—1 ^ 

Cuil . R (> a cp(a) = [a] = a.mod n : Jlillj li_>*-« S = (Z n ,0,<8>)j 

. 4jI^ 3 ia.ji t jSLij cp (jl 














111 J jA^-\j Oliii-t 3 j jSai (j iAJ&t .. =a^=5=^=Si 

= J* 

: jjSj i R (> b,a JS 1 

cp(a + b) = [a + b] = [a] © [b] = 9(a) © cp(b) 

(p(a.b) = [a.b] = [a] <8> [b] = cp(a) ® (p(b) 

. 4 j|_jj jVI l Cp (jij 

Ker 9 = {aER : 9(a) = 0} 

: (j]i i 1 S <sUi jA o dua. 

= {aER: [a] = [o]} 

= {aER: a = o mod n} 

= {aER: a = n.r;rER} 

= {n.r : reR }=n. Z 

XU 9 J eUl . (S,T» iSlaJl J (R,+,.) ttbJI J- XIU 9 uSJ £7 
dya.. Ker 9 = {0} ‘ (S,T,*) 5 ik]l (R,+,-) *ikii 

. (R,+,.) 4 iUI jUa jA o 

J Ulc. Ker 9 = {0} J yj ‘ (S,T,*) jUJ o' _j 

. (S,T,*) AikJl ^ (R,+,.) AilaJl XU 9 

:Ujj_ 1 (JjSj ‘9(x) = o' ji ‘Ker 9 t>° x 

. x = 0 J ‘9(x) = 9(0) 

. Ker 9 = {0} J U& JjU 9 <J <jA 

J <>>u J y-iSj I 2 J <S,T» ykll (R,+,-) ASkll XtU 9 jS U 

.(jjliLo 9 

: (jj£j ilyay iR|>^ X2, Xj 


: Aixj 


9(x,) = 9(x 2 ) 







— JiUaJ' ~ CJlsJ) J n w aaU Si ££ OUi j£ 


{p(x,)T(-9(x 2 )) = o' 
cp(xi)T (p(-x 2 ) = o' 

(p(xj + (—x 2 )) = o' => X] + (-x 2 )EKer cp 

: jla 4 Ker cp = {o} <jl Uij 

xi + (—x 2 ) = 0 

• llyW 1 * 9 C) ‘ X) = X 2 tjj£j Ai-oj 

I Clil£ |j]j (S,+,.) Al LJ! J\ (R,+,.) 2ii*J! <> buu <p -8 

: Ciiil i Ker (p (R,+,.) Allail <jSH« 


R|i = s|cp (I) (l) 

. R|cp" l (J) = S]J : j]i * (S,+,.) 4 li=JI ^ aJULo J 0 l£ |j] (2) 

: 

: JSC3U <5 : R/I->S/(p (I) jiflailt (1) 

<D (a +1) = cp(a) + (p(I) ; VaER 

■ ‘ R o a b,a JS1 4 (JSUii O (jl t Vjl CmiS 

<D (a + b + 1 ) = q>(a + b) + cp(I) 

= 9(a) + 9(b) + 9(1) 

= (cp(a) + cp(I)) + (cp(b) + (p(I)) 

= ® (a + 1 ) + 0 > (b + 1) 

O (a.b + 1 ) = cp(a.b) + cp(I) 

= 9(a)-9(b) + 9(1) 

= (9(a) + 9(I)X9(b) + 9(0) 

= <£ (a + 1 ).<£ (b + 1) 

. (jSLiii O (jjj 

< b "t - (p(I) E S/cp(I) (jl (j-ajij 4 bES 9 (jii3aSB (jl (jVI Cijiil 

• (jjj 4 (p(a) = b <jj£j a <j^j R o* ^_a Aj]i 4 <J-oUi (p L*j j 












O (a +1) = cp(a) + (p(I) = b + tp(I) 


. J-»LS <J) (Jjjjadll (j! 'mj liAj 

: 3 Jl ‘ j O (a + I) = (p(I) J ‘ uVl 

9(a) + 9(1) = 9(1) 

• 9( a ) e 9(I) : ‘ 

3 l3 ‘9(a - x) = 0 3 3 —.1 o—- x 49 (a) = 9 (x) oi\ oSjJ 
ia+I = I jjSj t ael t Ker 9 cl j U?j ia-xeKer 9 

. (jjiiLa Cj) (jjijJajll j j! 4 R/I AliaJI jA a + I j Ljl 

R/I = S /9 (I) • <j' (3f““ ^°- a 
: (jl Lojj i(R,+,.) <ala!l 9 *(I) o' Lu (2) 

4 (S,+,.) Aikil jiuo ja o' dna. 4 o'€J $ ‘ Ker 9 = 9 _1 (o') c 9 _1 (J) 

: J Aaj (3jLuill (1) ^I.iVu.iLj 

R/9'*(J) = S/9 9*‘(J) = S/J 

< S ^—1} R <>> 9 jl£ !i] 4 jjjala. (S,+,.)j (R,+,.) CulS lit -9 

. S AilaJI (j* Ajj ja. Alii. I HI 9 3 *-> 3 * 


oj—^i ‘R 3ILJI y,x o' J j-aic ’ ‘Im 9 i> b,a c£3 

■ b = 9(y)»a = 9(x) 
: oVt 


a - b = 9(x) - 9(y) = 9 (x) + 9(-y) 
= 9 (x-y) => a - bGlm 9 


: 


a.b = 9(x).9(y) = 9(x.y) => a.belm9 

• (S,+,«) AaiaJI o-a Ini 9 u' <3^“ gASimj 








I = 4z aUliJ ClilS lilj 4 ijtVl Aila. R = (Z,+,.) j£U -10 

• 4jA^uJ! (jjiia. i J = 6zj 

: 

I ji LaJ 

I fl J = 4z D 6z = 12z , I + J = 4z + 6z = 2z 

: w'l CLllllaJI JjLaSi A-ljliiit S-jA^uJI J ^1,. l I ^ 

2z/6z = 4z/l2z 

(p :C->■ C (j..-.tiJ-Liil (jSj—1 j ( ji.ic.Vl a 51^ (C,+,«) j£jl -11 

tp ji <-Ujl 4 (C ^ x (jil JA jA X ji du^) (p(x) = X JSdJb Ujx* 

: lM"' 

• j] ‘ x,y€C c^i <JaJ j*j < ja5I jIjc-Vi ^k <jl ^l*j 
x + y = x + y , x.y = x . y 

: jjSj <i»j 

cp(x + y)= x + y = x + y = cp(x) + (p(y) 

(p(x.y) = x.y = x . y = <p(x). cp(y) 

• cp j j] 

. ^laj (p (jjfLjIt ji 4 <3j$-uu jiojj 

cLul£ i jj j t R ^ 5 j 1 ji SjIHo I dulS 13] j ( a2I jjI 5ii^ (R,+,.) j£jl -12 
jiLilLJiAll ( ji — =J ji jjj 4 I].I 2 c I du2kj (R,+,.) 2iLJt ^k jjljUlo I 2 , Ii 

• I ^ ol jia-a J&i I 2 J II 

:J* 

12,1] j—« y,X jjj ^a’ ic. jlcJ jlL*yL ji 13* j 4 iiii3 <_>ii£c Y-ic. <_>ajail 







: jfil . y £1, x£I : <jj£j i__ujJ ill ( _ ? lc. 

x€l!,yel2 => x.yGli.I => x.yGl 
I ^ — 3 j x.y jia .1 cUljl jli t (R,+,.) 3 iLJI ^ <Jji aJIL I jl Luj 

UJ —^ <—* 31 — 11 a j t I ^jll t JaV I (jlc y,x Jjjj-ai*ll i ^.1 $, Liil 

. I ajIILII eljia-n Ja^l ^jJc. I2 , 1 1 j j'jULI I cS-i=>>] <jjj • y $£ 1 , x{£I 

: 4Jaa3L 


: JiiilU ^jLII jjj-ill aiA*j <j£Loj 

bi_e n jlS Iijj 4 (R,+,.) LJLyi a&J ^Ijl aJIL I lij 
• UJ^ Lua-J (R,+,.) Ail's.II AjJlia J| dljlS I jlj 4 Las 

ir = i,-i,. 1 , ci 

V -V-' 

*j*n 


• II C I ui* 

J djL_ii . I * R 4 (R,+,.) a-JIL^I ^ ^ I d* 

J JA 4 (R,+,.) aSLII ^ <Jji LllL I aJILII jjSi ^ ^ISJIj f jpU! L ^ill 

. jL-oll fjJjS (R/I,+,.) AilaJI ^ 

I A_j]\!L 1I jl l»le 4 jS»/ill jSj-j! j3 V (R/I,+,.) A- S la J I jl 4 Vjl JA^jjl 

. (R,+,.) AikJI Ji Llji aJIL 

R (J* y,X Jjj^-r-l'ie jLJ j£xJ Ajji 4 jSw-ill (SJsuljB (R/T,+,«) A sL . l l Clja. lil 

: JjSj dipj 


X + Iytl , y +1 * I 

(x +1). (y +1) = I 

: oil 


(x + 1 ). (y + I) = I => x.y + I = I 














— 211.1 _ ,*» U&U 1 ^211 ! S \ .1^ ,*•»!.. ? 






‘ (R,+,*) yi L-ij 3 4 j 1 j 1 32Ho I (j\ L<uj . I QA X.y (jl jjll iiftj 
li&j 4 I Jj Jafyi (jlc. y,x :aj «.Ulil Jl I 3 * x.y «.Ljjl <jli 

4 .. «S l_. -so liAj 4 I (j jLuoj 4 Jafyl ^yle 4 y + I 4 x + I .iaJ 3! 

• V (R/I,+,.) 5 ikJ! (ji] . x +1 * I , y +1 * I : 3j£ 

1—ale- t (R,+,.) 5ilaJI ^3 AjJ 4-Jli-o I AaJllal! jl jA jiil 4 3*jjjJ 

y,x jSjl 4 Ja.i (j-o . jL^all ^ujIjS V (R/I,+,.) <aLJI 3 ! 

• x.yGl 3 jSj uj-i-vjj 4 R ( 3 * Lo 

(x + I). (y +1) = I : 3 I I 1a j x.y +1 = I : jli 4 x.y Gl J U? 
l) SljL-uJl 3 U 4 f-J jS V) (R/I,+,.) 3iLJI 3 ! Lojj 

J—J ° I^Aj 4 I (^jUuJ ‘ (jic- y + I 4X + I (jJJi-aiaJI 3^.1 

Aal-a Jl Aoljl Aj11!lo I 4jJ 1A2II jjl . I ^1 j^-olb 4 (J5VI ^jic 4 y,x Jjj‘ 

. (R,+,.) 

: Lo <awj-a tlujl 4 U <alx (R,+,.) -14 

A 34 .J 4 Ijj JaSSj 4 12 (R,+,.) aILxI) ^3 (JJ*}I 4-oJ.lC- I 4 jjL-21 aJULoII (1) 

. 1 ° = 0 u. n%j n (^*Joi» .ISC. 

. < -a j JC (jj£j 3 jiill 4-oj.lx-o 4 jjLaj AjIULo (JS ( 2 ) 


4 (jJ jili jOJ^C. jA I (3<o (JS 3 IS 12 Igjl X SjSlj-oll (3& J 

II (^_*Jula -5.}C. Aa>.j til 4 (_J jS3l A-ojiix IgJi R ^3 I 4 jjLoli1! 4jJIoa11 (JA (J^Sjj 

. (1 <i<n j X;Gl jSSxi.X 2 ...X n = 0 (iaau 

: OIajJi 

O' 3 ‘ I" = 0 n ( ^ -* ;U^ti ‘ Vjl O* (1) 

3j ..Sj 4 > n% l nGN 4/^*' 4 4Jjail <Laj^x-o I AjjL-lsSI 4jll!Leifl 3^ 

. 1 < i < nj ajGl JS1 4 ai.a 2 ...a n = 0 

XjjGl c) vlu^. 4 b = X x il* x i2. X in = ® OJ&4 ‘ bGl" 3 I 1 I 



















• I n — 0 jj£j 4_Laj 4 1 < j < n 


* I n — 0 jj£j II .la .jj Ajl (_p3jSU 4 4jli£ (jVI jA^il 

5j]\jl<J 1 ji Ikj • a!.a 2 ...a n er = 0 j_$£j k.iic 4a].a2...a n £l j£Jj 

. (_£_$£]! 'Lajitx I ajjLolJI 

cSA3i Ikj ‘ •) AiikJI (_5jiill <aj.}*-o 4jjLuU 4j]l!La J j£jl (2) 

l x€j ijl £ til 4 4jjlj 4_ia.tj (j* 4 J n — 0 4k! j* jj£j n Aic. 

J ajjLuJI kltUI j*i j ^i'ic J£ (jl (^1 i x” = X,x.,.xGj n = 0 : jj£j Iajuc. 

. 4-aJ.^c. J ^jjLuoll klULall jil 4 (_5 jilt ^j.ic. j><ai& jA 
. ^ jlsll ^£ju i (jj^yojll 13 a 5ji aj -15 

jl£ lit (Skew - Field) l$j] Alkll ak jc Jjaj 4 U 4 ik (R,+,.) <j>S£l 

^uCx j£ 4 tiiLaJ i I jjka R ^tkll ja (J£j 1^0 

. (Jk 

e (jl_£ J 4 jit-tiU ojjka jSSI <a)^C tllLllk (_£jaJ V 4 L» <iik (R,+,.) j£i5 

: 4jal£!L» 4 j]Ij 3I JaIA.14C 4 jinill (CjLuaJ Vj R j* A«k l^)*-adC 

. (R,+,.) SikJI ^ aj>J R.e kjkJ kllkll (1) 

• e.R.e 4ikll (2) 

: OUjJl 

(2) <= (1) 

^a e.R.e (jl 4 R 4 <kll aj j» .^1 R.e ajjLouII 4 j 1 I!l» 1 ! (jl j 

V e.r.e Ge.R.e jl_£ lilj . (l$ia jjk-JI II ^a e —1 -bU-aj <sk 

(^jl_uu V R 5_skll ^_j 5_j^jLauj aJI!Lo R.e.r.e jj£j IaaIc. 4 jkall (jjLwu 

jj£j 4 Aj^ju-al R.e AjjLiu!! AjJlk]! jl Lajj 4 R.e.r.e c R.e jl k£ 4 _ j >kail 
R j—« x j— <~aic. Aa .jj <uli 4 eER.e = R.e.r.e ji Ujj 4 R.e.r.e = R.e 

: ji U£ ( e = xere akaj 

e = e.e = e (x.e.r.e) = e (x.e .r.e) = (e.x.e) (e.r.e) 










=^S===== - JJUJl - Cjlill J-aiii aJ jU OLy / = ====== == 

^—a j\—wuB o—« e.r.e ji -sai < e.x.e€e.R.e j! Ujj 

. ^a, e.R.e AikSI jjSi « e.R.e 

( 1 ) <= ( 2 ) 

R.e ajjIi mjll a jllfLoli (jl (j&j i'iIj i e.R.e Aikll (jl ^fj\ jiil 

j-v- (R,+,.) 5_akl! ^_a ji >*■>!' (^jUu V AjjUu AjSHU I (j£jl t Aj jAj-oI 

: (jti . e.R = 0 (jl£ li] -uV « e.I ^ 0 ojSj U^jc.'« I c R.e 

R 2 = R.Rc (R.e)R = R(e.R) = 0 

4 oW-W A afc4 ^531 I AjjLuuJl <j]LuJi jji liS IAA J 

ja .jj ai*j t e.I 0 L$ ( (_pa3lio Ikj i ^111 AjlllLa (R ? + 5 ») 

j—>jj t x£l c R.e ji I—«jj t e.x 9 ^ 0 jjSj Uyaj I (j* x <j^j 

: \jjji (jj£j (^IjIIjj t x — a .e ( .ka . j R ^ a j * -■» . >& 

o * e.x = e.a.e = (e.a.e).e = e (a.e).e = e.a.eGe.R.e 

a _ji (_^i « e.R.e AilaJI ^ (j A» ,. ll JAS e.x j)i <■ ^*aa. e.R.e (jl Ujj 

• (e.y.e) (e.x) = e : Uua e.y.e Ge.R.e i*JI .iajj 

: J US 

e = (e.y.e)(e.x) = (e.y.e)x €R.xcRIci 

. (R,+,.) AikJI Ajjju— al R.e AjjUlJI AjIIUJI (jl til (jJJJ I i& j 

(IujI t Aajaj-ali jloc-VI A£. jAa-o Z Uua. t A^oIj Aik (Z,+,«) OjlS til -16 

. AjJjlal Aik. (Z,+,.) (j' 

‘•J* 

j_c. (-ilka >^i jjc. n Uua d(n) = |n| ■ JSJollj d A-pjliiy! aJIjII <—ij*jl 

• jkall 

4 Z n2 nj (ji t ji^kl <jc. jUlk* jjaja .. ^ (jjj^c. n2,rii (jSi 

4 n _2 nj.n 3 : <jj_ Sj vluaj ja^ill <jc. (. ati-k 113 j.ic. .iajj (^tjJLj 














: j j£j 


d (n 2 ) = | n 2 | = | ni.n 3 | = | n, |. | n 3 1 > | n, | = d (n,) 

IjIHuiI -ola t wa m 2 ^ Oj mj lilj 4 (j* 3 -® JjVl Jajdill (jj] 

: jj_SLl dj_jaj 4 r,q ,ji-a_p_k^a .la.jj 4 ^-0 j i iiSllI J) 

J \—«j r j mi = q m 2 + r <J_£i </l 4 0 < r < |m 2 | <_&1 ‘ mi = q.m 2 + r 

. d(r) < d(m 2 ) <jj& J J * '>-=■ u_& 
. Asi^ (Z,+,.) (jt (3^ g.VAmt 

y,X <j^ ^ tijj t O j A Ujik-a i JUa.j J^lad Alla. (R,+,.) CulS Ijj -17 

. R ^laC-1 ISjiuM LuoiU y,X 1 (j! diJjl 4 R (jo ^SU^all (jJjjliLa 


u]— 3 ‘ R jik-all (jjjjli-a y,x J Jjl=d Aila. (R,+,.) jl Lu 

: jjSdJU (jSLoj y,x 


x = u.P, Sl .P 2 2 
y = v.P 1 ,| .P 2 ‘ 2 . 



(j—# P t , P 2 , ... , P n j 4 R ^ c jt jjuooc. V,U (ji dna. 

I.. >»jl Pj^ _jPj| J 1 < i < 11 j Ajll \C- Aao2kjua jlicl tjj SjJ 4 R AalaJI 

{l,2,...,n} a—&_ jAa-dl (j* i 2J ij <Ja.i <3“ dllij 4 R aILxSI (jjsjl jj-® 

• ii * *2J 


J ^ d = P, r '.P 2 r2 .P n r " oSJ 


rj = min (Sj, tj) ; 1 < i < n 

. R y,x J (dic-l dlJidui ^AS jA d J CunlJ 

: u^‘ x = u.P, Sl .P 2 S2 .P*" J Uj 


x = u.P 1 r '.P, 


Si—r 
S 


1 p'2 p 

.r 2 .r 2 


S 2 -r 3 


p r n p^n r n 
• *n ,f n 


_T>Si-ri t>^ 2 r 2 D^n r n T> r 1 T) r 2 T> r n 

— U, M ' Y 1 .-Pi *2 .Pn 


= u.P, ,_r >.P 


S] —fj D^2 r 2 D^n r n 


.d 




















— JjU-Ji — J >a ali oUj jS 


X d (jt IjJ <jjjj 13& j 

JaJ—»ill (3**J ^ylc. (jVI <jA jiil . R ^ y ^*iL d (jt CLiUjI ^jSmqJ ^aiij 

. ^JacVI ^jHAaJI fJSA ^jljll ^jlill 

• jSjilb a1jIj£ 6 R ^ y,x — 5 dj o^j ^15 ^.j 131 

d mI m 2 m n 

i=°t q, .q 2 .q n 

l— 3 -l a JSj 4 R <j^ if - qjj 4 R AalaJi ^3 ( jj i Sx ll (JjUi ^j^ajc. Ot (jl 

tdbj ‘ R ^ tlw 3 ^^*"2 q i2 , q it j mi GZ + j 1 < i < nj Jalajil <Jjlii jjc. 
M—^ o,^ 4 fj o^j ‘ ij ^ i 2 ‘ {1,2,.,n} (jx i 2 , i] <JaJ t>« 

<li?q2»---j < ln j— , - a ^' oj^ R ^ x qi,q2 ? --->qn t> 
a— X_S jLs ^inlLj . R ^ P h P 2 ,...,P n ^U*J! * J&l Jb ^ 

ll_tAj R 1 < i < n ; Pi >-aU*Jt _>* > qi,q 2 ,...,q n 

: JiLilL d| I I ajIjS (jS-oj 4j| U1 (jjjj 

di = P P] k, .P 2 2 .P n k " 

^uiL di <jl L«jj ‘ 1 <i<njkj€Z j A ^ (_>uS*il (JAa j*-aic. p jl djus^ 
J ,tK~tN ALla jjc. 1 < i < n diu^ 4 P; j*-alj*3l j* MSj « R ^ y,x j* MS 
u— 4 h j ii ^ J — >1 u — « — Ijj « R ^— s jjijl L-ul Pj tP^ jR^ 

.1 < i < n kj < Sj j k; < tj : u]^ ‘ ii ^ i 2 j {l,2,.,n}Ac^*=^1 

. R ^3 d ^ Sj di jla ‘ 1 < i < n kj < min (tj, Sj) jil 
• R 4sla.il ^3 V, X _i riT-i 1 ni in ^juits _jA d (j! Lu glajuij 
yaL_Sj 4dujl ( R SjjLuij 4a]ULs Ij 4 L 0 <si^ (R,+,.) ^i±jl£ |j| -18 

: Jajjjil! 

. R 4»K11 jjiLLs 4 I 4 jjU*o 3I SJlidl (1) 

. I = R.e 4 i ’n^ e <jSJj iolai jj-aic R 5iIaJ( (2) 


















(2) <= (1) 

* ■* J AjjLmu a^x* R Aa.jxa ‘ R AaiaJl jJilia ^a I (jl L«j 
4—i« j b G J j a GI ^-i—1 = a + b : j j— a—L a j . R = I © J 

: J ti' a = a 2 + a.b 

a-a 2 = a.bGl , a-a 2 = a.bGJ 
j —a a J ^—i*j li—&j i a = a 2 ji a - a 2 GlH J = 0 : uj£j 

• R.a cl Ala J 4 aGl (jlj 4 R A a 1=J1 .laba, j.-V'C- 


: jli 4 x = x.a + x.b t xGl jSJ 


x-x.a = x.bGl,J 


. I c R.a : (jij t x = x.aGR.a : « x - x.aGlfl J = 0 : J ^ 

. I = R.a : [jl [3f“ 

( 1 ) <= ( 2 ) 

R = R.e © R (jj^j Iaajc 4 I = R.e 4 *n*^ R ^ l-xala. Ie til 
. R.e + R (1 -e)cRjl US* R^ 3 AjjL^V^R (1 -e) jV (1 -e) 

: ^lUbj 4 x.e + x (1 - e) = x j_£j xGR J£l 4 a^Ij aj^Lj ^ 


Rc R.e + R(1 -e) 


. R = R.e + R(1 - e) : JA 1 


4 R [>r 0 , r <1^ * b ~ r.e ~ r 0 (l - e) 4 bGR.ef|R(l - e) 

■ d± ‘ 

b.e = r . e 2 = r 0 (l - e).e 


r.e = r 0 .e - r 0 e 2 = r.e = r 0 .e - r 0 e = 0 


=> b = b.e = 0 













Jiila Ja, I AjjLaJ! AjlliaJI (jjj . R — R.e © R(1 — e) O' (jjJb-i La* goSLaj 

. R 5iiaJt 


: a,b,cGZk + ,. 


a b 
0 c 


. Aji J\ tTnujI i^lj R AjIIja P = 


0 b 
0 0 


beZ 


a b 
0 0 


a,be Z \, B = 


0 b 
0 0 


: b, c e Z 


: u'j ‘ R ^ 


A.B = 


0 a.b + b.c 
0 0 


: a,b,ceZ[ c P 


• R <J* P jj) • B Ct P j A (Z P Laiu 

a_J 11 » ciLJLu R a — ILJI Ciil£ litj t aJjJ 2 ik (R,+,.) o&l -JS) 

(_£I l& A."> ljj AaLaJI jiu -3 iaiS 4 1 $j 3 oAxlaJI j~nt\ i»J| (jU 4 j Aj-oJacI 

. ljO 
: lM"' 

2 00 
a = a jli 4JuU, j*-aic. a oj^j ‘0 ^ a ^ 1 ^iip. tlioU. Ijj^ic aGR o^ 

0^1 4 R a —alsJI ^ jL *all ^Ija 1 - aj a o- ji] ‘ a ( 1 -a) = 0 o' l?' 

A—jiLi-a ^ 1 a> <a> O " ^ ^ ^ o^ j R ^3 ^ac I l& 

4 R ^3 A^hc. j aJU, I Owa. <1 -a>cl j <a> cz I : o^j • R 

o' 4/' ‘ 1 — a,aGl 0 ]- 3 ‘ R i ^J 5—xJic.1 2-I J I_*jj 

a_jI&j 4 I r oV 0 —'i*j ‘ R = I o' t/' 1 = (1 - a) + aGl 












. R ^3 (jl-lii.jll (jl,'uL'v 11 (jlja-ajjJI LaA 1 j 0 (jj£l 

3i.ll Jlal! jj-aljjJl j 0 . 1 = 1 . jll Jj-alic. A=vji i (Zg ,©,©) 3ilaJI dulS 1 jl -21 

• Zg (^3 

:J^’ 

Gr = (jl llusa (Gr ,©) ^A (Zg ,©,©) 3ilaJI ^3 o.li.j]| j wa l ic . S ja j ball 

: (joljllsll (jpDUl 6- . {1,5} 

3 = 3(8>1,4 = 2®5 

. <,jiLi g-A cJoljjj 3 (jlj i 2 _)wTmll £-a i_i.ll jjj 4 ^u<a'u»ll (jl 

a = 9 + 5-V2e Z[-%/2] ^<ai*]l jl Cult t (Z[V2],+,.) 31LJI j&l -22 

. AilaJ! olA b = 1 + 4V2 ll £-a t_i.ll jpJ 

: cM"' 


: V J M 


_ a (9 + 5V2 I(l-4V2 ) 

U ~ b ” (l + 4V2 }.(l-4V2 ) 

= -31-3lV2 =1+ ^ gz[ ^ ] 

-31 

• CJ* ‘ (Z[V2 ],+,.) ^ oiSij Jw a' l f l U = 1+V2 (jl Lajj 

iT 1 =— ^,^(I = -l + V2eZ[V2] 

1+V2 1-V2 

. <jliijla 1 + 4 V2" j 9 + 5 V2 jjji ^wl l jl (iji« 

‘P = V—3 jj-ai*JI jl Ciui t 5ik. (Z [V— 3] ,+,•) (jSjl -23 

. <alaJ| sift (^i 
:>< 

: <jlj£ (jSxj lAiic- t Z[V- 3 J (j« La (jj^jj^aic. y,x jSJ 












-- - S? 5JLJ-I - dJuJt J-Aftij SljUob/ . = 

x=a+bV-3 ,y=c+dV-3 

J Lfi ‘ keZ[V-3] dix. ja. x.y = P.k J <■ P|x.y : J cfJ\ <-ij_*jl 

: 5jtiS jS-oj ^lUlUj . s,tEZ (ji talc, k = s +1V-3 

(a + bV-3 ).(c + dV^3 )= V-3(s + tV^3 ) 


: .laj aJuj 

(a 2 + 3b 2 ) (c 2 + 3d 2 ) = 3 (s 2 + 3t 2 ) => 

3/ (a 2 + 3b 2 ) (c 2 + 3d 2 ) => 3/ 3a 2 d 2 + 3b 2 c 2 + 9b 2 d 2 

uj— 3/c 2 J 3/ a 2 t»la t Z ^ Ujl Ij^c. 3 jjS tjxj 4 3 / a 2 c 2 
. V3/a (jla (V~3 ).(V—3 )= 3 j' tajj 4 3/a ji • 3/c ji 3/a 
j_ic. Jud aic . P = -%/— 3 j! V— 3 jjlc. 2-ajuil! JjL x = a + b -%/— 3 jaj 

. 4alaJI ^3 

4 -Lalj Alia (R,+,.) CulS lit : AjAjfall j&C. (jl Jlta Jvli, j* (.'ini -24 
. ^Ic. (JSjxj 4 Jjiauil (JjII jiO ji/nir- jA 4 l$-ia ^ji 

L_*ia P = l + V-5 CMj (Z[>/^5],+,.) JLatill iiUl 

• JsJ& 4jI dmilj Jjiaall 4 J 4 VS 

• LaJ 

2.3 = 6 = (l + V-5 ).(l-V-5 )= P(l —y~^5 ) 

|jl_i Z[J^5] 4ikll ^ P/3 ji P/2 taj JjSj^J^PjUaiji I jlj 

: jiL, 4 2 = d.P 3 J 4 p/2 jl£ 

a + bV-5 | = a 2 + 5b 2 

5—iDUll j—aj 4 Z|V-5] j—« b,a |a.b| = |a| . |b| a£)U 11 ^i jaJLa Uj 

: Lbal jjfci 4 2 = d.P 







4 = |2| = |d|.|P| = 6 |d| 

JJC. JJC P jjjJ . \ > ^-ij l _yc. P/3 ijl Aaj in<‘l . (jS-o-a ^jjC. !kj 

. AjjJSj Aik ja (F,+,.) JLJI J ^ ;25 

= J* 

d '. F -^ N (JfLuiJi (j-a ajJjIs] aJI.} jkjl k£ ‘ klj Aik (F,+,.) (jl 

: ^ k L 3 klj Ia^c. d(x) = 1 ; xGF* : Ai/^ 

. F* t> x JSJ t d(x) >0-1 
. d(x) = 1 = d (x.y) JjSjj ix.y^O up* ‘ F* <> x,y J£1 -2 
. a = (a.b‘‘) b + 0 u]i t b ^ 0 ‘ a,bGF KJ -3 

. Aj-ijla) 5ik (F,+,.) o^! 

. AjAjlal Aik (Jkiu l$i C»£l t (Z[V3],+,.) Aikll (j£al -26 

• J^' 

d : R*->N : 3_jaJay! a_JJ . 2 ud Aik R = (z[V3],+,.) Aikll j] 

x = a + b>/3 GR* 2^ d (a + b V3 ) = |a 2 - 3b 2 | : JS2JU Aij*JI 

: aJIiII 

xGR* J^d(x)>0 (1) 

: Uj^I (j j£j x,y G R jSkJ (2) 

d(x) = d(x). 1 < d(x).d(y) = d(x.y) 

‘ — = c + d V3 liol <jj^j - £Q uji 0 * y < R u- y,x <jl£ til (3) 

y y 

4 j d — b | < — j | c — a j < — j k"n ki—^I jcVi jiaj]. Q d,c J£1 
2 2 


I (JjSj 1a,Vic. 










SLi=-.jETC: - ^i-\ JJUJl - CJtil! J-AtU dJjU Ota jS 

• = c + dV3 =a + bV3 + [(c-a) + (d-b)v^3 ] 


x = (c + dV3 ).y = (a + b V3 ).y + [(c-a) + (d-b)V3 ].y 
= q.y + r 


q = a + bV3 , r = [(c-a) + (d-b) V3 ].y 
d(r) = d ([(c-a) + (d-b) S ].y) 

= d ([(c-a) + (d-b) S ]-d(y) 


= (c-a) 2 — 3(d — b) 2 |.dy < 


l_3 
4 4 


= -d(y)<dy 

. All*. (Z[V3] (jl La>a gJMml 
. (Z(i),+,.) Ukil ^ Z ^ P ^jVl ^1 J c4 -27 

^jlc. ( P JjL«j jAj i P = Pi.P 2 ...P n <jl jii 4 

4 d(Pj) > 1 (jj SjJ 4 1 < i < II 4* n-t t Pj 4j]jVl (d* Ajio J-iC. (JSui 

: 

P 2 = d(P) = d(P,).d(P 2 ).d(P„) 

•P = d(Pj) = d(P 2 )j P = Pi .P 2 j n = 2 ji gdy 4 auk.j J;ikj 3ik. Z ji Ujj 

: jli 4 P, = a + i b <j^ '4 'j 

P = d(Pi) = a 2 + b 2 = (a + i b) (a - i b) => P 2 = a - i b 

: IloI d$£j 4 Z(i) ^ PGZ ^jVl jlS lijj 

P = (a + i b) (a - i b) = a 2 + b 2 








2 = (1+i) (1-i) *11 SliUa <Z(i) ^ aJjI i.x.t a-ibja + ib<J 

. Z(i) AaLJI ^ JJC. 

I j ,nV. a jL-£ lil Ail coil . (R +,.) Aikll (J^o La _ji -<njc. 2 Ijj -28 
.a ^ V a^IjI aJUo R <ili iR jS]l ^ 

= J* 

: 4 _JLi)i Ac. j.a'v.all 

M = {I ; a"£I; VnGN} 

M jl 1-aS (R,+, .) AilaJI Jiua jA 0 4 {0} GM jV M ^ <j) : (jt Jaa^yLj 

M (>a ajj^^ 3j.j <aa-» Mo Ijj ajV t cl^^Vi a£ 5L»J Aouuilj Ljjak ajj>» 

ac-j ^ a H ^^Icl 1.1^. Juajj 4 R AjIIj-4 IJA (JjSjs ‘ LJS Ajjj *j ^jlLk. j 

v ” AeM 0 

* e. * 

4 L (jSj—lj UaJaC.1 I J n-nr . M (^3 ■!?.Jj 4 (j JJ j ««' j t M ^ Mo 

ci ^ 4 neN J—SI a n £L <j? I—«S 4 R AilaJ aJU* L : (jli i 

. a£L 

• R ^ Aaljl L Ajlliall Q\ (jVt (jA jiil 

O—« —S (jl V-lik (_ya jajlj 4 X.yGL > *n~v) R t>U jjj wVic y,x jlS Ijj 

: jjSj Uik. 4 y,x£L 

J = L + x.R , K = L + y.R 

4 M ^ t ^A^ c.] j^ aic . L aj]I 1*11 ji Iajj 4 L (2 Jj L cz: K <jlj 4 R ajIHo 

a n GK tli— jsj n,mGN > jj M Ac.^a,>all 4 _Lj*j <-im-sj 4 J,K^M (jji 

: uj^ ) mi,m 2 GLj R j- r 2 , ri ^L&jj ‘ a m GJj 
a m = m 2 + y.r 2 , a n = mi + x.ri 
a n+m = a n .a m = m t m 2 + mi y.r 2 + x.ri.m 2 + x.y.ri.r 2 GL 

• LGM jjS (jjaS lij IjAj 













jl j ‘ R ^—s L ajIHaII (j il i y G L jl x G L L»t AjI jAui La* jujIuu 

. agL 

j—« —*-all JJC x jjSL) ^j^LJI iajjill (jl Cifil -29 

. R ^ aJj! x.R ajIUJI jj£ j' jA Jalji (R,+,.) a-UII aSLJI 

AjIjI X.R AjIllo]! j| jA jail 4 R Ailvl l ^ijl X Jt ^lui l jl Vjl jiajij] 
<^£*11 Jail jjc j~ajc X jV R *■ x.R ilijfc 4 R (ji ^Jjl x ji U? ‘ R 

r ^ —^.jj jjiic. t a.bGx.R j j R AiiaJI j* L» jjjuajc b,a jl£ lit . R 

a ^Miij x Ut (jijail t-Awck j . a.b x ji ^i a.b — x.r jj£j i— ua-a R ja> 

•i>jJ ^lallaj a jx-uij X J 4^a«J l^Aj 4 b V X <jl <ji»jialj ‘ b x ji 

x.R A — j II a a I I aIoj aGx.R jil . a = c.x jj£j ) R j* c jSJj I jn « jc 

• (R,+,.) AikJI ^ AjIjI 
• (^jl R j- X J*-aid! j! jA jail i^\ 4 (jjj£*JI jA jail 

jjaSaJ] Jala jjc. x jl (^j c^^jj I^Aj ‘ R ^ AjIj' x.R ajUUII jl jjajail 

^>jj ^JUlUj 4 a.b p'^JI x ji a,bGR j£J 4 R x.R jV 4 R 

: jiaj R jjd 


a.b = x.dGx.R 

4 a$£x.R jl (jia jsjj 4 bGx.R jl aGx.R jli 4 ajIj! x.R ajJI!l* 1 I jl L»aj 
b j ^'».n x ji ^i 4 b = x.e djja. eGR ia.jj ^JIjI Uj . bGx.R jli 

• R </ 

. R AalaJI (^i X Ja-aiail jl jfui La-o grVnuii 











^is^lUll -6 


J_a, jj 3_J3ic. i (S,T,*) L« Asia ^^le. (R,+,.) AilaJ La !!)l£L£3 (p <j5Ld -1 

t c"i l jH ILall (j£ Ar-ja's. (S,T,*) AiilaJ! iJllLilLLall (JS Ac.j.<a a (jjj (JjIsj 

. (R,+,.) 5ilaJI i Ker (p l^-i-a <j£ 

A—Ha Jl Z Aaja. ■ a]l 3l3C.Vl Asia. ^a i—S^slaS ^nW'M jjlS 1 jl LaJS (jij -2 

. ^l£Lij (_pjJ E A aja ■ .all ■Uij ^11 3I3C-VI 

|j]j SlSLii (p : R->S <jl£ lj)j 4 La (jjjala (S,+,.)j (R,+,.) <j£il -3 

A—jlLLa cp(l) jjli 4 !)LaLi (p (jl^J 4 R AalaJI ^3 |*Ujlajj AjjLuij Aj1\!Lo I Olil£ 

. (S,+,.) Aslall gj ajjL-j 

AjjI uiJ 4 JliLa tp *(J) (jl_a 4 S Ailall ^3 ( a jn^j ) AjjLluJ A-JtLo J Cajl£ lilj 

.(R,+,») AaLJ g-3 (4-maj) 

j*Z t>n diA 4 (p(n) = n. 1 L >_a(p :Z->R J ^ id 

.^jSIa (JSLij 

jlac-VI Asia R = (Z,+,.) Lolc. 4 Ciliiall JjLcal AjJ\jJ\ AjA jxall (jjaa -5 

. J = 2Zj I = 6Z CjLJllallj 4 AaJa^ll 


j jiUMl CL)_iil 4 )-» , .*13 3 _alj j__k«aj£ (jx k-jlLij itjAa A (jSjl -6 

JS1_JSj ja cp(A) = 1 j (p(O) = o (jSjilL 4 _i(p : P(A)- >Z ,2 

. (Z 2 ,®,®) J (P(A),A,n) aw ^ 

5_aj3ll a® AjLiiaJI Aj<jja]I Cjlij3a-Aa]l A3la R = (M 2 (R),+,«) a^3 £7 

: Jiill 1*1 ^ j 4 2uj\iS 


R = 


a b 
-b a 


;a,bER 


IIj <p;C->R j j;LM I J . ajZ jJI i3cVl Alia C uSiSj 












JOUUi-l Joi |J 


. ^jL«j 4 cp(a + i b) 


a b 
-b a 




I tjSjlj 4 (S,+,«) AjjiaJt ^2 (R,+,.) AglaJI qa IXaLi ^t£L£j (p (jl£ lil -8 

. R/cp _1 (J)=S/J J t R ^ 4Jll» J liij 4 R ^ aJI. 

: jli i B < S Ijjj 

cp _1 (B)/Kercp = B 

a Uljl R (j-o a j,wVt«'l (jl£ lil j « a^uj djUllLt, Alla. (R,+,.) (jSil -9 

0 

• b.c £-« a jt ^lujl * R (j ■* c,b (jjjj-aixJt ^a 

(jJ-Uxli d ^3-»&Vl (iljJjuiaS) Skxullll 2^.j\ J AjLoC. jji l.Ylfwina -10 

•d = 26 m + 118 n : a£UI jlSSau jjilll tn,m £ i26 j 118 

. 27 J 8 L*-« (j^2jSn jJJidl ^..L% L-ljSjjS 1 .3.1x11 L-iiSI -11 

*—ac.\ > j-iall ji> nij k,n (jjjjuil .-Ja&Sn ^ *i\ \ ^jyulSJ) jA d J -12 

dual 4 djlillldl AiLk (Z,+,«) ClilS lilj 4 n,k (jJJJxil j* iuS]\ liljjiiiuttll 


nZflkZ = mZ 
nZ + kZ = dZ 

. w : jj—lai 

8ZD6Z , 3Zf]2Z 
8Z + 6Z , 3Z + 2Z 

di_jj| 4 Alllj-a R 9* I dlilS tilj 4 Aj-l^lj Aj1\.1j] Alia. (R,+,.) dlil£ 111 -13 

. R AilaJI aJjI aJIj-4 <^a I a uhc-Vl aJ\juuI 
: J^b ^aikH! J doit -14 

(p : R- >¥ 

, V fa 
9(a) = 

1 ° a J 

diliji—j-auJI a— ala ^—J] (R,+ .) a —11-vll i.1—&Vl a—H a j—a J jLoj jA 













a* Uh\\ 1 ~a\\ 3i ,i«* w^ . , Ac 






f f a 4) 

\ 


? + , • 

l 1° a J 

• J 


a ^ 0 jl£ tjjj ‘ 0 —j Ia j«jiJj ‘ 411*. (R,+,.) jl (jajia ~15 

4—jllla (a) 4aUa-a]l jj£a ^JltSlIj ^jiUI .Ljw]! j! alliat i R j a Lo lj.wa.lC. 
yj\3 jl R (^3 J jIViH Jjli JSC a jwaixJI jjSLs jl jA (R,+,.) 4 ,q]vII 4aJjl 

. l> SmS1 

i R^I aliaaa R ^ ajjIwj I dulS 1 jj j t U a! 1^. (R,+,.) jSa] -16 

• I (_£jaj kiA iaci AjjLwj 4a]lax (R,+,.) 4ilaJ iajj 4jl ali,ul 

o jjL., i a (J j_all A-a^Jjwa aljlaSlia ^ jaj V i L 4.tl^ (R,+,») allllS 1 jl -17 

Jbjj_wll jl dsjjl . R 4 ila II jAwoll jsliwi jLola. jwaic 6 jlfs Ijjj a jiLwall 

: 4ail£i« 5JU3I 

. R 4aiaJI ^3 4ajiwal R.e 4j jLuij]I AjJULall (] j 

. R 4jiaJl ^3 AJjiwal e.R 4m.iull 4 j11!L<JI (2) 

R Cy jjj ^'c - b ^ Oj a ^ 0 jSulj a 4j-iaial Alia. (R,+,.) C-ulS lit -18 
jl al l - Ai l . R ^_3 ja. - 5a»ll JjIS jjc b jl (ji» jiilj ‘R 4-tlall jAwa 0 1 * 

. d(a) < d(a.b) 

. P = (T) = {o, 1 } Ijjj ‘ (Z 6 ,©,<g>) oSl! -19 

all _ il£ I jl j a (Zg,©,®) all _ ilS Ijlj . A _ jjjl l$j| j a Zg 4aIlH« P jl aluil 

. 4a] J aliwul IjaSJj a R ^ 4aS\io I jl aliijl . I = <4> 

4—A<JaC.| 4 j]I!L<i I jl aliil a I = <4> j£al J a 411a. (2Z,+,«) alajlS I jl -20 

. 4aJjl a "n a il l$j£]j a 2Z ^3 

C,b,a lM Cy 4aal^a-o 4j]1a]l aliljla*]! lAlic a 4^»la 4ll^ (R,+,.) jSal -21 

• R Cy 


. b|a j a|b (1) 












. R j U ia. t a = U.b (2) 

. <b> = <a> (3) 

ai _a.jl| j_^alic J_ajl 4 4-sj-t ,„i«*ill (j-ajlc. 4ala (Z(i),+,«) (j^al -22 

. 4 al-. H ^2 4ijl jiall J 

• (Z(i),+,.) 4alaJ! ^ Jjlaall JJC. P = 1 + i jxxainil (j\ dull -23 

P = l + v r 5 J—i-a J ‘ (z[V^5],+,.) AaLJI oS1^4 

. (Z[V-3 ],+,.) <SLJI ^ JjlaaU Jjla 
(JjuJ_I j <1_gda J_xxajg. P ^ 0 dul£ lilj 44xalj 4jila. (R,+,.) dljlili 1 j] -25 

: 4jal£la 4_i]'u]l cj| jU*il jl duil 1lg ja id j ^>^a.ic. 

. JjlajU (Jjla jjc P (1) 

. (^1 Ji ^ ~) d ~ P J d ~ 1 Uj 4 d|P o^ li] (2) 

. P ~ b J P ~ a U <uU 4 R J P = a.b jl£ lij (3) 

. P ~ b J P ~ a uJ* ‘ P ~ a ^ P ~ a.b ijj (4) 

. JUaj Jjlaj 4lla (Z[V- 5] ,+,•) 4aLaJI dlilS Ijj LtiS -26 

. 4jJjlaj 4jila. (Jfuij (Z(i),+,.) 4 t^>ll ( __>xa_jC. jl^tl 4iila (jl dull -27 

: JS2JU 4ij*J! d : Z*(i)->N : ^iJSyi aJU jd : >dJ ilijl 

d(x) = a 2 + b 2 ; xEZ*(i) 

4 X_Lv JS_Ju Q(V5)- {a + bVJ ; a,bEQ} o' j»j—i*-»ii z28 

. Q(V2) ^ Q(-\/5) ol Cali (--ijUxall 4 (jjjjjlxll (.)j (+) A u dSlj 

^5 4jjSu-oil j;Ui j,>.alinJI £_Loa 4_ijj (jl di£l 4 La ^lia (F,+,») '^j ~29 

. 4jjLA« (F,+) 't>j* jl! 

• Z 3 , Z 2 , C , R , Q : aJIjII JjlaJI jja, -30 
(jc. labam (jlS Ijj 4 L-ala ,jj£Lj (R,+,.) 4jilaJI I 4a!\j<&3l (jlj j£ji -31 












. 4-k-aLi. ClAJljx Lgys*i V (Jia. J (jl ejjul tR (jc-j { 0 } 
t bu^ (R,+,.) U\±y\ ^aaJjll aSLJI Jt^lj f .jpU! iJJ1 J ^ ^ 

. 4_^ali. djbUlLi lilLaJ jA 

F = |a + b Vl3 ; a, bG Q j = Q(Vl3) : <c jx>xll j Cui] -32 

. (R,+,.) (JaaJI (j-o Luja. (JSJij 

(^jil (jjilaall j! Cuj! 4 Jjl J-lfi. P i *n% P ojxtua '^Isk (F,+,») <jl£ i jj -33 

. (JSUij jA a^” G F Jj^xiadb a G F ^>*-su*JI (JjIL 

:<J£_2ill 1—$J tM 2 (R) <j—« tbliji—^a-aJI ujI—^—a F (jSj] -34 

*._ , , ( a b) . _ 


. tsULa. (JS22 (F,+,.) (jl 4 


-b a 


; a,bGR 


ojSS R J J) R' = (3Z,+,.) J R = (2Z,+,.) (jUSkJI jjS3l ^35 

4j£L£La tTuajl R jjl (jjj 4 (3 ti’‘.lUfiL.jax (j£ (j a R f jjjSjijj 4 2 9.1x11 i*.iloc.l . >».« 

. R' LjLlij 

<jx i b — u.a (j^S Ijj t aGR —1 jLL» <jj bGR j» *Vi»l l (jc- Jjij -36 

j .^wll j a,.jl iwjj'Kx'll t <lLk. 4 (R,+,.) b.n~\ t R (j-o U $ 9=4 J JxoJC (J^.1 

X <1-4,11 J 5 99x13 jLiuJI j■ ■->! '■»li 9 = 4 .jl .Zjo aaI&JI ^9 4 99x13 $^jLix3l 


. (JjlaaI3 41:13 jjC. jj^alixl el9^£ t (Z,+,») AllsJI J 12 99x11 (jC- Jc. 

cp jt (jj—ji ‘ F r Jsa. Jj F (y> cp: F-> F f <jl jL -37 

. (jjliL# (jjJdki 

41) <Z(i),+,.) 5—SlaJI ^_J Uji j, Z J P JjVt 99*11 J cJi -38 

. P = 4k - 1 * 11) JaiSj 

4—$jlj£ j -SxJ U (jl Cull . (Z,+,.) SilaJI ,jx U _>-aixll (jfLsl -39 

Jl U (jSuol ( I jj Ja99j t I jj 4 Z (jx b,a (jJ'i-iC- ^*J_>x (JS2i 











Jjii-ij Oliii-l hJui j <UJJLa 


. (_5 j2 (JSjoi P — 4k — 1 JJC. (Js (jj£L> 4jJjt #lAaa 

Cl_ jj! . R AilaJI ^2 2a3H» M ^ R Ciil£ lilj 4 La 211^, (R,+,.) (jSul -40 

(j 4~>"n (j! j a R ^ i 4j ■»!■>& I M ^ilSJI j La^>2J! ^j) 

: Ja.j41l 

VmeM => 3 xeR : 1 -x.meM 


: La Clfil 4 La 2ila. (R,+,.) CdilS lil -41 

. R <SiaJI ^2 |AlU^| AjjLuiI 4_JLLa J(R) (1) 

R ^2 IjA*-^a R N AijLuill ^jlLLall jjSj ^ ^jLUl Jajdl (2) 

. N c J(R) : oj&j i) jA 

4_Jlia Jj (R,+,.) aILJI ^2 ijiia-a (<u±aj) 4jjLuU AjILLb I ClilS lit (3) 

* 

. R 4llaJl ^ I JjSl J jli 4 J C I R <aLJI ^2 4jjL-iJ 












JLaaD y»£>$ 4t^Jbco 

^jjSvyll szAtgL ok 

Ring of polynomials 



I-1 

^>11 -7 


l A$tl\ — 


: u' £1) 

f(x) = 2x 3 + x 2 + 2x + 2 ez 3 [x] 
g(x) = 2x 2 + 2x + 1 €Z 3 [x] 

• f(x).g(x) , f(x) + g(x) : 

f(x) + g(x) = (2 + o) x 3 + (1 + 2) x 2 + (2 + 2) x + (2 + 1) 

= 2x 3 + o.x 2 + 1 .x + o = 2x 3 + x GZ 3 [x] 
f(x).g(x) = x 5 + o.x 4 + 2x 3 + o.x 2 + o.x + 2 
= x 5 + 2x 3 + 2 


f(x) = 3x 4 + X 3 + 2x 2 + 1 eZ 5 [x] 4o jjjS <^oS £jU 4a .J (D 
4a. ji £ * Z 5 [x] g(x) = X 2 + 4x + 2eZ 5 [x] : 4j4aJI oJ£ Jc. 


x 2 + 4x + 2 


3x 2 + 4x 

3x 4 + x 3 + 2x 2 + 1 
3x 4 + 2x 3 + x 2 

4x 3 + x 2 + 1 
4x 3 + x 2 + 3x 


2x + 1 

3x 2 + 4x J—A f(x)/g(x) _uiSJl gjl—i (ji t2JLLJ Waiil AjLc qa Jaa25U 

. z 5 [x] ASlaJI (iiSij i2x +1 Ji <^h5lJ 

: tip] 


3x 4 + x 3 + 2x 2 + 1 = (x 2 + 4x + 2) (3x 2 + 4x) + 2x + 1 







—..— JCJliii-t 2jJ o! (J jjtJJm 

Z 3 t> aIU (>aaj X 2 + X j X 4 + X : j' ‘ Z 3 [x] Aikll (3) 

• z 3 J\ 

: UjoI jjSj Ulsc. 4 g(x) = x 2 + x , f(x) = x 4 + x : ^aiS 
f(o) = o = g(o), f(\) = 2 = g(l) , f(2) = o = g(2) 

. Z 3 [x] AikJt dfcj 

4 jjj—a. sjjx = (0,1,0,...) u^ilj ‘ 5ii^, (R,+,.) iiul£ lij (4) 

* ^£1 

X n 0 jjjS ^ n + 1 -UuJJ AaJI ^i) x n = (0,...,1,0,...) -1 

. (jL-all (^jLjj tS Jj-laJI jll (^jLuiJ 

J—(j)j ‘ R <51aJ! Jj.laJ till jjj£ 3iia. (S,+,.) tliilS I j] -2 

: jSLilL i_uSj t f = (ao,ai,....,a n ,0,...) : 4 fES 


f (x) = J a , x ‘ 




: ( j&jjj n ^rl jiu aVI aajjIu -1 

. 4iia-a *uXJI (ji»jill 4 J .. n . 4 x* — X = (0,1,0,...,) (jli ‘ n = 1 (jlS lit 

J—t>« 1 ^gic- (jA jjjlj t n — m lM (j* <£>1*11 jjl jVI (J-ajiJ 

. m + 1 

: J^j4x m = (0,0,...,l,0,...,)M 
X m+ 1 =x m . x = (0,0,. ..,1,0,...,) (0,1,0,....) 

= ( 0 , 0 ,..., 0 , 1 , 0 ,...) 

£—< 1 (£j\ ^uj Jj.laJI S jjjS + 2 tjuJayn 4-JJJJJ jjUt .iaJ jl 

‘ n = m + 1 J—a.1 (j-a <£l*]la ^JUlUj 4 jL-oll ^jL*u ^ 










• z + (j* n lie. ^j a >'i AajXua ^3 
: uj^i ‘ f = (ao,ai,....)ES -2 


f = (ao,ai,....) 

= (ao,(),•••) + (0,ai,0,---) + ••• + (0,0,...,a n ,0,....) 

= (ao, 0 ,») ( 1 , 0 ,.••) + ( 0 ,ai, 0 ,...) ( 0 , 1 , 0 ,...) + ... + 

+ ( 0 , 0 ,...,a n , 0 ,....) ( 0 , 0 ,.., 1 , 0 ,...) 

n 

= ao + a! x + a 2 x 2 + ... + a n x n = £ a t x 1 

i=0 

ojkdi j,Lo) ( X) ojLilj A_2L_ta**kl ^.Lal (>X) ajLil ^ (5) 

: AulUll Jo=J ^ 

(v^) Q aILJI ^jlc. tjjlvdl aJLIS jjc. (x — 2) Sjjj£ -1 

(/) Q AikJI JjknU aL15 jjc. (x 2 - 3) Jj^JI 3 J& -2 

( X ) Z 7 Aikll (jlc- (JjkjB aLIS jjC. (x 2 + 3) o jjjS -3 

(_jlc- c£jikj (F,+,.) (Jikll (jo tiLkkoJ n kJ-iil (j-o f(x) -ij-laJI 3 JJjS -4 
OO F Jikll ^ ijk n jjSVi 

1—$1 U ,& (F[x],+,.) kaj ^3 JjV( kjJI 4 > f(x) JjJa. 3 jjj£ (JS -5 

(*0 F ^3 <JaVl (jlc. JaJj jk 

tJaisj |j| t jiw,lll (_£ jLaj a n x n + ... + aj x + ao ER[x] j j.kl SjjoS -6 
(O i = 0,1,2,...,n JS1 * aj = 0 1 i] 

(O Lj kkl Aik (R[x],+,.) jli <AJk <ik (R,+,.) iij -7 
('0 klj Aik (R[x],+,.) (jji kij Aik (R,+,.) Cul£ Ijj -8 

ifj —ajj (R[x],+,.) a —iki! (jli i jkall ^IjS (R,+,.) AikJl (Jjja. ijj -9 

(V^) ji*kl ^joIjS 

k jJj 3 (^jku f(x) kJjj 4 R[x] (>1 j 2 i£ gj f CLuk li] -10 







J ji+lj oUA+l <L Jaj (j 


(X) R[x] ^3 8 ^*ja!! i> f(x).g(x) aja^JI & ‘ 4 g(x) 

AjA_aJl ojjj£ 3 I jA^ (X (jlij <(F,+,«) (J^l\ (jx Lu E jlS IaI -11 

g(x)GE[x] JS1 h(x) = f(x).g(x) _J a aSa*. ‘E[x] ^ f(x) 


sAa.jll ja^uC jA F[x] (^5 oA^jl! jwVic. AjAic. 4^la2k (F,+,«) (j£jl -12 

(O F^i 

<xJ j3 ^ R[x] 5ilaJI jij-al] jS AjAjC. 4 <lk. (R,+,.) dul£ Ia] -13 

(X) R 

: j'V* deg(f(x).g(x)) < deg f(x) + deg g(x) J ^ (61 


f(x) = 3x 2 + 2 , g(x) = 2x + 3 


• (Z6[X],+,*) ^=d' ^ tillAj 

• lH"' 


: Vjl lii a! 


f(x) . g(x) = (3x z + 2) (2x + 3) = 6x 3 + 9x 2 + 4x + 6 
= 3x 2 + 4x 

: ^ j 

deg(f(x).g(x)) - 2 < deg f(x) + deg g(x) = 2+1=3 

—JJJjSl d(x) jdaC-Vl iiljLixll A^ji 4 (Q[x],+,.) <ilaJI jSj] (7) 

: AjAsdl 

f(x) = x 4 -x 2 + x-1 , g(x) = x 3 -x 2 + x- 1 

. g(x) j f(x) -J gJai*. ^ fj ‘ Q[x] ^3 

; iaj 4 .a,., l s]S Axx jjl jik 'iVn.iL 












*- = — Ol jj£ 4aL>- — £(l j5l J-aiU i3 jA^ Ob Ji - • ■ " ' 

f(x) = (x + 1) g(x) + (-X 2 + x) 
g(x) = (-X) (-x 2 + X) + (X - 1) 

-x 2 + x =(-x) (x - 1) + o 

: d • ( g(x) j f(x) -1 d3>iJl ^1131) d(x) = x - 1 : !ij 

X - 1 = g(x) + X (-X 2 + x) 

= g(x)+ [f(x)-(x+ l)g(x)] 

= x f(x) - (x 2 + x + 1) g(x) 

t m 

f-Ea,.x',g = £b r x J aiU (R,+,.) 

i=0 j=0 

: i_j i R[x] oA^'^' Jjia. 

• R[x] gj AjjIjujI a Sja& f.g J Cip\ 

^ Ij gjjj) J IjA j 4 AjjIJajI JJC JjAa. f.g (jl (Jas jii 4 

^_uiL P Oj —Sj i R J j I sjH (Jj33 jit R O' 0 p (jSalj JuVic- J j 

. 'i/ Ii& (jl jjoIj . R f.g dOLul*-o ^ .La3> 

^ ; >■ «> (W»Sj <j' 0^ V P jli ‘ R[x] gj O 1 ^'^' J j- 1 *- gj f o' W 

. R ^3 g dOLobuo ^uuSJ o' 0^°- ^ P tR i ^2 f dOLobt-o 

tO < S < t 4*IJ~> 4 P AAk4j3l (JiL V gjiil f dOLal*-a (Jjl j& a§ 0^ 
ill - 12 k 4 P .,1c. A « mall J 19J V — 31 g dOLalxx (Jjl jA bq o' 

l + m 

: o' ‘ f.g = X r n- x " O' Wj • 0 < q < m 

n =0 

r n= S a i- b i > r s + „ = Za.-bj ;n = 0,l,2,...,t+m 

i + j=n i + j=S+q 

Oc- 4 atj?/) 4 <—s^>3al3 Jjdk ^ J <a r> 4 bjajl ^mlSjJ 4 I s +q ■ “‘0 P o' boJj 

J 4 . 1 ■» P Ol—* ‘ R ^^s-bq 0^ <iji 4 R qji as.b q ^aJt 

Os O' O** J—*33 allx liAj 4 R qji 4 jjlc ‘bqj 3s Qjj ndtl l Aaj ^uli 













JOliU-S A»Jaj ij — 

• R[ x ] if* ojjjS f.g jit . R P (jic. 4-aUjJI (j!^J4J V bqj 

S- 'k^ I j>J . (Z 2 [x],+,») •‘UiaJI (x + 1)~ JjAaJi SjjjS v_uSI (9) 

. aILJI <jUj ^ (x + l) + (x+ 1 ) 

(x + l) 2 = (x + 1) (x + 1) = X 2 + (1 + 1). X + 1 = X 2 + 1 

(x+ l) + (x + 1) = (1 + l)x + (l + l) = 0.x + 0 = 0 

: ^ JtaiL <D 2 : Q[x]->R : JSL&I c £jl (10) 

0 2 (ao + ai x + ... + a n x n ) = ao + ai .2 + ... + a n .2 n 

. gj!Ly>U t iUj 0 2 (x + x - 6) ^j! i i_j jUauJI 


<D 2 (x 2 + x - 6 ) = 2 2 + 2 - 6 = 0 : V J 

• <$2 <3 ^1 )»'jj (/x 2 + x-6 o' 


x 2 + x - 6 = (x - 2) (x + 3) 


: 


: lijoS jj£j t 0 2 (x 2 + x — 6) — 0 < - umj j t qpMjj 


0 2 (x - 2 ) = 2 - 2 = 0 

* (R,+,.) 4—SU11 ^—Sc. —sJI OljUS 4IU. (R[x],+,.) OulS lil (ID 

(R][x],+,.) j=k. Ai la. Jckjj <Ol 4 R[x] R AaiaJI jaL 0^3 q^SSjJUj 

■ R = Ri uj^j ‘ (R[x],+,») ^ 


: J US 4 R,[x] = {(a,0,-..) ; aGR} a' 


f-g = (a-b A...)eRi 
f*g = (a.b,0,...)eRi 












S 111 1 — 5jjS-\ O'iilb- — ^jl J-Afiil 5Jjlrf OUj yi ™ — 

. R,[x] < R[x] 02§ . g = (b,0,...) J f = (a,0,...) ja 

Jiillj cp : R->Ri : (jug'll cjj»j tillj J>l y ( R = R( J jV! Omil 

. R t> a JS1 1 (p(a) = (a,0,...) : <^VI 

t 

! (jl LaJ 

(1) cp(a + b) = (a + b,0,- • ••) = (a,0,- • •) + (b,0,-.-) 

= cp(a) + <p(b) 

(2) cp(a . b) = (a.b,0, ....) = (a,0,...). (b,0,....) 

= 9(a) ■ 9(b) 

AiiaJI ^Jl R JSLiij cp o] R o* b,a J£Jj (2)j (1) 0* gj jlmj 

i Rl[x] j—« (a,0,...) Jj-ajc. JaJ . (J-Li (p ji Omil t(Ri[x],+,.) 
ji (^oju li*j 9(a) = (a,0,...) : JaaO * R 0 -° a j» *aj c 

, JoLui (p 

4 —jJIjj cp(a,0,...) = cp(b,0,...) : c) a* 3 ‘ Oi^A* 9 O' ^4^ 

• 9 0^) ‘ a = b < (a,0,...) = (b,0,...) : Oj£j 

. R = Ri . Ri[x]j R ouSLJ' jjj JSLoS cp jl <3fu. U» gVn . «i 

<jJc aL13 jjc. P 2 (x) = x 2 — 3 GQ[x] .ij-iaJI ® jiS jl oil (12) 

. (Q,+,.) 


^—i*j IjAj 4 (Q,+,.) Jc J jU'll 3L15 P2(x) o' ll?' ‘ a^*II 
4 a + b = 0 j a.b — -3 : Oj—^ Q o* b,a jp-ic O^V^ ^ 

0^ 4 o^y V I^a j 4 a = ± V3 ^ a 2 = 3 Jai p Al > M ' I jibUJl Jay 

. a = V3£Q 

. (Q,+,.) 5ilail ^Jc JjK'li 4jjli jjc — 3 Jj^aJI sjif> jj] 
: Ajj'Jj 2JUI JjOaJI Oil ji£ jx (_^l ji (13) 
f(x) = 15x 3 + 5lx 2 + 9 <=Q[x] 











JJ OUii-t Si Jai (3 Sajis , ■ — 

g(x)= 15x 3 + 6 x 2 + 10 eQ[x] 
h(x) = 5x 4 + 25x 2 + 1 Ox - 57 GQ[x] 

. AjjIjj jjo f(x) JjJaJI 0 jli i c(f) = 3 jl Uu 
. kii\±3 g(x) Jj-laJI oJ& jli 4 c(g) = 1 j£l 
. ajj! jj h(x) jli J'ilbj 4 c(h) = 1 ji L#S 

v.Jk2l t P 4 (x) = x 4 - 3x 2 + 2x + 1 EQ[x] sJS j£i 041 
J—JC. Jj-la. i— iIjjjS 4 -ljjJa Jj^aLa. JI P 4 (x) Jj-laJI aji^ (J2=2 jS-oJ j*J 

. (Q,+,.) 4*1=21 Jo J2=^B SLli 

= J* 

: V J 

P 4 (x) = x 4 - 3x 2 + 2x + 1 

= (x 2 + ax + b) (x 2 + ex + d) 

= x 4 + (a + c) x 3 + (b + d + a.c) x 2 + (be + ad) x + b.d 

; LiJ jjSLi 4 *jU=l21jj 

b.d =1 , be + ad = 2 , a + c = 0 , b + d + ac = -3 

: jl 4 *jL2I CjVjIj«-2I 4 L 0 . j=wj 


b = d = ±l , b (a + c) = 2 

4 jjj=2l o j±£, jjj . a + c — 0 jl (_>iajll (_>Sa5ljj I i&j 4 a + c — ±2 jl J 

. (Q 4 ,+,.) Jo Ji^ll *LIS Jjt P 4 [x] 
4 *1=2 1 ^—3 P 2 (x) = X 2 - 2x - 3 6 j-J& JJ |j — =w J_=>. jl (15) 

. (Z 5 [x],+,.) 

Jo P 2 (x) JjJ^JI aj&l jjj?. 3,4 eZs[x] jli 4 P 2 ( 3 ) = P 2 ( 4 ) = 0 j! Uj 

• Z 5 [x] 











— 5 — i jJ^-1 Ol— £jl jii J - Afll l iJji^ ~—~^- -..— 

f(x) = x 3 + 3x 2 + x + 2 : ajWjM f(x) i J dml (16) 

. (Zs[x],+,.) aSLJI ^Jc. JJaail aLIS jjc. 

: J Ujj « z 5 = { o\T,T ,T ,T } J ^ 

f("0) = 2 , f(T) = 2 , f("2) = 4 , f(T) = 4 , f(4J = 4 

f(x) J yr-t‘ (Z 5 [x],+,.) iiiaJl ^ ' jjii. tdLu V s jjSS ol^ 

. z 5 Jc. JJ^U *US Jit 

: j\ i.Ln.-\ i ilia, jS 2 jj ( Q [x]/< f >, +, • ) (jl Cuil (17) 
f(x) = x 2 - 71 6 Q[x] 

f(x) JijJaJI a jjjS A^.jJ ji j t X = ±^Jl\ ^ f(x) ej2& jjl*. j\ Uj 
< f > (jji 4 Q ^jlc- Jjiajil <LIS JJC. f(x) jjj 4 Ajjljll Aa.jJl t>o <^A 
c&iu Q[x] / < f > : jji ^UlLj • (Q[x],+,.) ^ (j* 

: Ajliall JjJaJI S J& Cul£ Ijj Lu 3 <jjj (18) 
P 4 (x) = x 4 - 2x 2 + 8x + 1 G Z[x] 

. (Z,+,.) «laJ Je. JjkiU 2Lb\S 

J —ilaall 5—LIS ^ 4 (Q,+,.) tiLJ Jc. JJaiU *LIS P 4 (x) 1i] aJ 

jj—ljj 4 a/1 4 *1 aGZ i‘ (Z,+,.) Aikil 

: lip! tjS.14 a = ±1 

P 4 (l) = 8 , P 4 (-l) = -8 

3 »Wi t ^ a JJ jc. 4-Jj^-b J*-=^ J] P 4 (x) o jj& V jjj 



V 1 



















• Z[x] 


: Jlilb Z[x] P 4 (x) AjAaJI S jjj£ j! 4 <jAajl 

P 4 (x) = (x 2 + ax + b) (x 2 + cx + d) ; V a,b,c,deZ 

I A 2 U P 4 (x) £-a ill 

b.d = 1 , ad + be = 8 , ac + b + d = -2 , a + c = 0 
5 JaI*H (j-aj t b = d = -1 j) b = d = 1 o' b.d = 1 <11*11 (j* 

‘ a + c = 0 uj—S <_>^—y a d (a + c) = 8 J a^ ad + be = 8 
. (JjIajU 5111 jjc- P 4 (x) AjAaJI a^y!i£ jli ^Jblbj « jjc. (Jjlall 

AjAall SjjjS alulS I 1} 3 a jL-all (jbjLuJ Vj f(x) , g(x)€EK[x] <j£5i (19) 

: (jjSj AjAaC. 4 g(x)j f(x) —! jij-oVt 1j H aB <—ic.1 > >>^1 1 c(x) 

* 

c(x).K[x] = f(x).K[x] fl g(x).K[x] 

g(x) —j ojaIj-JI jjlL-yj.jll ubbbJ] f(x).K[x]Dg(x).K[x] ^UWI 
(p(x) Jb JjAi. a JJjS A^jJ 4 ji ^ixJ IaAj 4 0 Jjb-a 5JHa jj£j 3 4 f(x)j 

^blbj 4 Cp(x).K[x] 5_JbH /_£ jLuj ^luill ^ K l i ill 

c(x) <j1 buj . (jjbJaj^>la]l AjAaJI ! jHalt s_SC.LAaH (p(x) 

. (p(x) = c(x) <jb ba^oij g(x) J f(x) -J t 1jiiull 4 -ic.bAxall 

a\£ litj 4 f(x) = X 6 + 9x 4 + 12x 2 + 6 eZ[x] AjAaJl 5jjg q£aI (20} 

. Q[x] ^ JJabll 5111 f(x) J oil p = 3 

:J* 


a n = 1 ,ao = 6,ai =9,a 2 = 12 : M 

4 ao = 9 ^asj V P 2 - 9 jl baS 4 9,12,6 ^**1 Pj a n = 1 V P — 3 (j! 
. Q[x] ^ (J-Aabll 5111 jjc. f(x) AjA^J! ajJjS /jjlUlil jb*-a 4 -buial 












: ,-jsa an 

f(x) = —x 5 + —x 4 +15x 3 + —x 2 + 6 x + — 

2 2 7 14 

3 l—aic. 4 Q[x] JjLall <LtS JJC. f(x) i) Cifii 4 (Z[x],+,.) Ail-Jl 

. P = 3 

: h(x) t .aj^sJI o jjjS li.L] 

h(x) = 14 f(x) = 35x 5 + 63x 4 + 14.15x 3 + 6 x 2 + 84x + 3 

3 La£i 4 tluiLoUjall £JAS. Pj 35 v P J AiU p = 3 (JiJ (j-o 

h(x) ojjjS jlS ( t ,.-n 4 slq = 3 »■ V P 2 — 9 

JoLaoll <L15 jjC. jj£j f(x) Jj-laJI a j2iSi ^JtjlLj 4 Q[x] JjLkjU 5Jj\5 jjc. 

• QM ^ 

: AlLLaJl o j4*ll 4 ^ .I,<r» <u!ljlt Cjl jljxll (_ya <_£l jjj (22) 

a —LIS \ —gj£l Q ^ —1c. J jkjll <L13 jjc f(x) = 2x 2 + 4 jj-iaJI »j2& -1 

. Z yfc- OjkSU 

• C ^jic-j * R < -J lc. <LIS <5 jLuo11 Jj-IaJI aj^iS -2 

3—LIS \ —$i£l 4 Q ^ —!c. JjLajll <LIS jjc. f(x) = x 2 — 2 jj.saJ Sj2& -3 

. R Jb Jjkjll 

3— Lla I—Si 4 Z 3 ^ic. <Lli jjc- f(x) = x 2 4- 1 j 8 jj& -4 

. Z 5 Je. Jjkjll 

. 4 . rO (1) JjSft ajljxll 

4— LIS j jc . 2x 2 + 4 jjAaJl 0 jjj£ : ja i.-Vij 4AlL»La. (2) ^jjlill s jb*Jt 

. C ^ 0M1 aLIS l^aSlj R Jfc Jjk^l 












. tj' "^j*> »(4)j (3) 

; jj.w'I a jjjS (jt jjjj i (jjl'n^'nl jLili.1 t_n.it (23) 

f(x) = 3x 5 + 15x 4 - 2 Ox 3 + lOx + 20 

. P = 5 jx^\ ,Q Jc. JjkiU «Jii 

: lM"' 

t 10,-20,15 ^ H 5 5 jSl * 25X20 j 5X3 J 

. Q ^^ic. (JjUjII Jjla jjc. f(x) (jjj ‘ (jjUiiil jll 

. R = Z 2 [x] / < x 3 + 1 > 5ik1! a- (24) 

: ^jjSj . t 3 +l=0,m = 3jt h(x) - x 3 + 1 : UJ 
R={a + bt + ct 2 : a,b,cGF ; t 3 + 1 = 0} 

: uMR| = 8oVl 

R={0,l,t,t 2 ,l+t,l+t 2 ,t + t 2 ,l+t +1 2 } 
j—Ajl US iR t)? At 3= ljl + l— 0 lijjl uj% Char Z 2 = 2 jl Ujj 

: R ^ UUS 

(1 +1) (1 +1 +1 2 ) = 1 + 2t + 2t 2 +1 3 = 1 + 0 + 0 + 1 = 0 
l+t 2 jl+t + t 2 <_£ I yUlt (jS-«U t AAl^iall (jjjUj 

. R 












£>1^11 aI^Ua -8 

: C&zk 

f(x) = 4x 3 + 2x 2 + x + 3 , g(x) = 3x 4 + 3x 3 + 3x 2 + x + 4 

f(x) + g(x) : i.' > ^ l 4 ujj-lkall ; (Z 5 [x],+,.) a_SLJ1 t> 

• f(x).g(x) J 
: Oil£ Ijj -2 

f(x) = x 3 + 2x + 4 ez 5 [x] , g(x) = 3x + 2 eZ 5 [x] 

. 4^ums1\ iJL £juU 4 Zs[x] 2 ikJt f(x)/g(x) A—S gjlj 3 a .J 
: jij3aJI d(x) ^iacVl lilj Tul m l i ^JUI 3 a. j'l -3 

f(x) = x 4 + x 3 + 3x-9 €Q[x] 
g(x) = 2x 3 - x 2 + 6 x - 3 € Q[x] 

: 3 j 3 aJI d(x) jdatVI ^jI4all jXJJilill (_f- JJC -4 

f(x) = x 2 - 1 , g(x) = 2 x + 1 

• QM ^ g(x) j f(x) -J (Q[x],+,) ^ 

: JfLilL 4-i 4 Oj: Q[x]->C : jSJ-5 

Oi (ao + a t x + ... + a n x n ) = ao + ai i + ... + a n i n ; Oj(x) = i 

. IjUj 4 Oj (x 2 + 1) 3a.j! 4 4_JjllsuJI 

OLJLJI ^_3 tdlij 4 <JLj]I 3j3aJI SjjjS t_ljjJaj ^ J'O * Jj-ala 3a.jl ^6 

: Ljla j l.Mi.al l 

(Z 8 [x],+,.) ^iall ^ 4 f(x) = 4x - 5 , g(x) = 2x 2 - 4x + 2 -1 

5—aiall ^_s 4 f(x) = 2x 2 + 3x + 4 , g(x) = 3x 2 + 2x + 3 -2 

(Z 6 [x],+,.) 













I-1 

a .Kl l ^ < f(x) = 2x 3 + 4x 2 + 3x + 2 , g(x) = 3x 4 + 2x + 4 -3 

(Z s [x],+,.) 

CLulSj i jjc AjAa. Cil jjjS f[(x) , , f n (x)ER[x] dul£ lit £7 

4 fl(x).f 2 (x)... f n (x) : AjAaJI CjIjjjS *lAa. g(x)GR[x] AjAaJI l jjjS 

. 1 < i < n dua. t fj(x) JJ 3*11 AaJ g(x) u\i 

. n ^y*Jflall A Axil Jc ^jCaU^ll grlVfimVI AjL^iaJ JJ (Jail jLCijI 

1 lgj3 a Ark jll i AjlaxJ 3 j1IajI ^Sla (R.i,+,«) (j£jl -8 

jj| t 1 €R <*JJ>J Ajj^a 'bia (R,+,.) <j£jlj i O _ i l&jik-alj 

AjAall CaljjiS <aia (R,+,.) A.ftlall jl LCojI t 4^o\j 4 cl-. (R ? + 5 .) 

: (ji t Lcaj! jailj i R (jjj® Ri — 1 l^l>* X (jSJj ‘ R c3J^ 

# n 

i (n > 0) n ^jl—kd x —1 3jkuiltj 4ia ja Rj (ja Ijk^a.iC. X, = =£ O 

i=0 

(m > 0) m ajajj R AjAa sj 2S f(x) = £b r x J u 15 'jjj 

j=o 

. m.n X —1 <iuulb f(Xj) <ajA J CjjjI -1 

J J* R ts^ Rt —■J Xl <jj£j ^ ^ISlIj f>sUI Jajkill (ji tj&JJ -2 

. R ^ (ja £« ll 5blS a n £> j & c}j n= 1 uj^s 
3j— uiillj R t j ua j c . (^1 «ca ja (jli i R Rj —1 IaIj* Xj I a) -3 

.X _S Ajjjjlb 4uoij jk^aj»..ll 4a jA ^jluu X] _1 

CjI jjjS cj jiCa J**ala Pj(x) = X 3 — 1 SZs[x] AjAall e jjj£ jLw £9 

: 4j11jJI CjUIail JjlaaSl 3 JjIS jjc. AjAa 

ZsM, QM, R[x], C[x] 

: 4_JLj1I a jAaJI Sjjj£ i—ic-lkCaj 4 jjj AAa -10 

f(x) = x 4 + 5x 3 + 3x 2 + 12 

. (Z 8 [x],+,.) UUS ^ 


S f(x)eK[x] <jSj5j i K < F jlS lijj ( L. iba. (F,+,.) jSJ ^11 













—^—— jS" OL^jiS —■——LJ!. " '_■ 

: La (JLuljI Vi Vir- I K (JSaJI AjAa. 

(jl_£ t IaJ Jaibj i lit f(x) AjA^Ji ojjj£ 3 1 jA=k F Cy* CL jjj£j (1) 

. g(x)GK[x] 3 ^ ‘ f(x) = (X - a) g(x) 

: F cj_ii-1! 0_o 4 q]~i-v all ‘itII Ja_)il3i (j! (2) 

: o_& J f(x) aja=JI ij±& Ijjia. ai,a 2 ,...,a n 


f(x) = (x - a,) (x - a 2 )... (x - a n ).g(x) 

. g(x)GK[x] 

^uSj Lagia !&£ o' i ( q/La^Ij a jAa. j2i£ g(x)j f(x) C£sl£ lit -12 

. f(x) = g(x) J ^3 t c5>Vl 

aGC o'— 5 ‘ f(x)GR[x] o* ^p> deg f(x) = n > 1 dwlS Ia) -13 

. IgJ IjAa. laJaj 0-J^J & (_3jlo<d' Ola t f(x) Aja=J! Sj^si iji*. 

: AjAiJI ^JacSf' (iljlii-all A^jl -14 

f(x) = x 4 - x 2 + X - 1 , g(x) = x 3 - x 2 + x - 1 

_1 gji% tJjSjjS ^jUII d(x) jiiaC-V' c£lJJ-L iaII ^jualall 0 C JJC’ t Q[x] ^ 

• QM ^ g(x)j f(x) 

O' CuSI . (Zs[x],+,.) o* P3(x) = x 3 + 3x + 2 : aja^JI sjj!S o^ -15 
. LLLv <JfL£j Z 5 [x]/< f> o' g&jJ * Z5 JSaJl ^Jc. JjlauU Jjli JJC f(x) 
f(x) J°- .all Od^Ji'*-d' AjAaJI ^>jx£l ( aia&V' liljJji-al' ^vuilall O' ‘■Luj! -16 

• aas>j <J5Laj OJ*^ g(x)j 

: tLa. « f(a) = 0 dulS !a] <. (Z,+,») aIacV' ^iia. o^ -17 

f(x) = x n + an.i x"' 1 + ...+ ao , aGQ ; ao*0 
. m|ao o ^j ‘f(m) = 0 : m o^j ^ •*>.Ji ^ ^ : 

: 

: (Z,+,.) AjLJI JjlajB <Lli g(x) AjAaJ ejiiS 0^ i ~ J f" 
g(x) = x 5 + 6x 3 - x 2 - 6 GZ[x] 











4j 4J JSJ (J 



J—JC- f(x) — X 2 — 2 E Q[x] JjiaJI a jjoS 4 <L_>5a (jx jiSj -18 

. (Q,+,.) AikJ! Jc. Jakjll *L\5 

J£—4u Z 2 [x]/ < g > J ‘ g(x) = x 3 + x 2 + 1 ez 2 [x] zl£ 

. 

A _LIS ( A _2tj3! J jA _ajl dll jjj£ (jx ^I (jL 4 (jjUJijjl jLxx lx.lijbxx -20 

: LjU. 4-JI jLixll JLJI jjJe. 

. Q Je. f(x) = x 7 + 2x 3 + 12x 2 - 2 EZ[x] (1) 

• Q ‘ u^j' u'^ n,P ^ 4 g(x) = x n - P SZ[x] (2) 

.Q^ 4 h(x) = x 5 - 2 GZ[x] (3) 

L(x) = 2x 3 + 9x- 3 GZ[x] (4) 

: 4-vjVJI duil -21 

4 131 4 1-<ig HI 1-ajS (jjjaljl g(x)j f(x) (jlajjlixll -IjOaJ tjjiiS tjjSli 

a 

: <jjfL 4 * n~> > 4 v(x)j u(x) 4 I SI -LsSj 


1 = f(x).u(x) + g(x).v(x) 

: AjILjII j jiaJI d! jjj£ <jx (J£] ct J^xJI (wic.Lx»J 4 jjj jiik -22 

f(x) = x 3 -2x 2 -4x + 3 eZgfx] ; a = 3 (1) 

f(x) = x 4 + 2x 2 + 2x + 2 ez 3 [x] ; a = -1 (2) 

f(x) = 4x 4 - 8x 3 + x 2 - 3x + 9 E Q[x] ; a-3/2 (3) 

f(x) = x 5 - 2x 4 - 2x 3 + 8x 2 - 7x +29 € Q[x] ; a = 1 (4) 

ibis lgj£! 4 Q t _ ? i& (Jjlajll aijla jjc, (jj£ Z[x] aj±i£ dkjl -23 

. Z 7 , Z 5 , Z 3 , Z 2 Jp 
: <Juli Jij.l-aJI e jasS i_ic.Ldj dkjl -24 

. (Z 5 ,+,.) <ikJI J x 5 + 4x 4 + 4x 3 - x 2 - 4x + 1 











^j ‘ g(x) = x 4 + 3x 3 + x + 1 j f(x) = x 2 + 1 j£iS ^25 

j r(x) = Oj g(x) = q(x).f(x) + r(x) : jj- 4 > r(x)j q(x) 

. degr(x)<2 = degf(x) 

i (p[f(x)] = f(x) : JldiL (p : R[x]->R pula'll ^jajiii -26 

. (JSUaj (p jl 

• Z 7 [x] AilaJl ^ (1 + x ) 7 c-uja.1 j ;Z 5 [x] 5IkJl ^ (1 + x ) 5 ^27 

^ £ z 6 AikJ! ^ f(x) = (x - 4) (x - 5) o jx£ J -28 

. Z 7 4akJl 

^ ^ Z 2 XZ 2 j Z 4 ^ x 2 — x o j2£l jjiaJl 33c. -29 

* Ze 

0 j—joSI — jua) ^Lolc x — 1 jjSj ‘ P I jj*I 3 i«ua jua. -30 

: Jj-iaJl 

f(x) = 3x 4 + 5x 3 + 2x 2 + x + 4 

• Zp[x] <51a3t ^3 lillij 

—1c (J_jiajU aLISJI jjc Ajjlill jx Jj-iaJI CjIjjjS ,la.jl -31 

. z 2 *BaJ 

—aJI ojjjS (ji dmi 4 P = 3 (mod 4) jlSj 4 bljl ij-lc P jl£ lit -32 

. Zp AilaJI ^gic (JjlajJl <SjIS jjc X 2 + 1 

4 Z 3 [x] 4—ilaJl ^3 2julj]| <a.jJI (jo <U^)j JjAa, o jjj£ P(x) jSj] -33 

4 JjI-ljI] <L!i JJC P(x) j jSj duax Z 3 [x] Jjla. dll jjj£ JJa.jl o_jjUaxll 

.Z 3 (fi jjia. M (_>^d jlS 4 til -Lajj lit 

P(x) = x 5 + 6 x 4 : JjOaJ! s jjj£ jj£ jia. 4 P jo*J! <xjS iia -34 

. iilii jx (jiaj j»J ‘ (jjUdlil jbjal 4_ioa^ 4 JjLajll <Llii jjc + 12 x +15 











j Aj Jaj j iuUiw 


: 2uM ci J&l 4>UI ^ j -35 

f(x) = x 2 + 2 , g(x) = x 3 + 4x 2 + x + 1 : F = Z 5 

f(x) = x 2 - x - 2 , g(x) = x 5 - 4x 3 - 2x 2 + 7x - 6 : F = Q 

. g(x) j f(x) Jjiaj' d(x) U&l £ 

. (Zi 2 ,+,*) 4ilaJI P 2 (x) = X 2 - 5x + 6 Sjjia. -36 

: JjiaJI 3 jjjU jA 1 AAtll (j! I'l-alfc IjJ -37 

g(x) = x 4 + 3x 2 + 2x + 4 e Z 5 [x] 

. Zs[x] g(x) 3^)21 4u jlli.nll 4 .<u»iqH A jl<i& i t—i jl)-i<tl i j 

; AjIIjII .>j .wW SjjjS ^ajjl jaJI ,-u tLi'iIl Ajiit, jLa (jlla -38 

jjA-aJI 3j_£S y-Jt Z 5 [x] f(x) = x 4 - 3x 3 + 2x 2 + 4x - 1 

. g(x) = x 2 - 2x + 3 

. ( 4x - (-3x) = 2x : Z 5 [x] tfLJI ^ JB-fl J^u, J* 

. Z 5 [x] AikJl ^ J-l jc J\ g(x) = X 4 + 4 ijjiS. jk -32 

<2lull JjLsJi (jJb f(x) = x 2 + 8x — 2 o jx i£ J4=kj ajLIS (jj ji -40 

J—lf(x) = 2x 3 + 3x 2 - 7x- 5 3 jL ^ . C , R, Q 

. Z,,[x] *31*11 

tf(x) = x 4 +2x 3 + 2x 2 - x + 1 :<2U1I jjAaJI 3 jiS dull I j] Lua jSo -41 
. jjl&a-a (jJuLjiu liBij i P = 2 JA &' • Q[x] AiiaJI ^3 J jlaall *L13 jjc 

. I = < X 2 + 1 > : (j! <■* n*> 4 R = R[x]/I 'Uu^all Aiia^ i_L-<a -42 

cp(a) = a : (J141U <—si(p : F-> R[x]/I : j^ull J <ix±i\ -43 

. La >liLa. F 4 Ajllu-a I (jl 4*Ut (J-iLoJ jA 

. R = Q[x]/< X 2 — 2 > A-a^il\ Siia. 4-A4-Q -44 
I = < h(x) > UJ-4 j vlu^J 4 F[x] h(x) Au^lj JjJa. ojil 245 













: dUij 

I = {f(x)EF[x] : ji-all yJjL-J f(x) —1 CLulill j 

£—aaJ! 4 . i "'^1 ji i R = F[x] / < h(x) > <Lujill Siia. l Li -46 

: CiVLa-!S ^ R_1 uj^Jallj 


h(x) = x 2 

, F = z 2 

(a) 

h(x) = x 3 + 1 

, f = z 2 

(b) 

h(x) = x 2 

, F = z 3 

(c) 

4—1 Jjj-i'l AjLmO < 1 muIL (Jjia. 4 _jjSI ^ i 

, 4_ia4 jj^)a 3I j^ -47 


: jjjaJI s jii£i I jia. p/qeQ <jlS I j) -48 

P(x) = a n x n + a n _i x n l + .... + a)X+ ao^Z[x] 

. q/aoj P/ao jl <—»jjS i a n ^ Oj Lu^jj jU j q , p J du 

; JjJjJI ajxSi (4jjju£] 1) <Uf^all jjAaJI Ja.jl : JyJaJ 

P(x) - 6x 4 - 25x 3 + 32x 2 + 3x - 10 
^LJ) > j>*> <^g = (2,1,1,3,0) jf =(1,2,3,1,0) -49 

h = (0,1,0,1,...,0,1,...) c^jl£ Ijj Lua ^yj ^ .f.gj f + g ±*.J\ i (Z,+,.) 

•(Z,+,.) tjJa JjJa- 

t P(x) ijia. a + i b jl£ Ijj -SO 

IjL *j . Ljajl P(x)_31 jia. jj£Lj a - i b 4 lift jli « Ajbiail 

. 

jjajU&Lo R[x] JjAaJI jjjS i t> >lia. K jl ji; -51 

• j3 4 X jj3 (JljwVi tJjUiij tlij JaSSj 4 ii) 

S a i x * - ]E b i x j <=> a s =bj ; Vi 

. Ijlii-al l$j! jlAA L*Uajl (Jjiait (Jal j* ^ja.>o (J$i 













: a ojjiiS ji Ciii ( L# Uljl 1 aac. P (jlS I j] -52 
P(x) = x p "‘ + x p ' 2 + .... + X + 1 

• (Q,+,») L^ 

. jluuo j JA A<"i>ul i y + 1 — j x Jaj : aUj) 

: AjAaJI ajj&l (x = -2) jiaJI *—icU-isj Ajjj <ji CajjI -53 

P(x) = X 4 + y X 3 + 15x 2 + 14 x + 4 

. 3 AAxJI (_£_}LuU 

6— 0 dw^j^ Qj P d£^j ‘ ^ (F,+,.) d£^ d|4 

Aj1\!Lo R.F[x] elijl£ IaIj i AjAsJ j AjAa. a j±& RGF[x] O^J ‘ F^[x] AikJI 

. P.F[x} + Q.F[x] V*Aj 

JAj . Q j P JjAaJI <^3JJ-d-al! fulfill R AjA^JI a j_uS jl uadi 

. lillj tjlc. 4 g.j.Tk i.^a (JJlfLdl 

A_jJ (R[x],+,.) AiLJ <> ^!j <M\ AjA^I ol ^ J c4\ -55 

'• Vjj \-ojS 

P(x) = x 3 - x 2 + x - 1 
Q(x) = x 2 + x - 2 
R(x) = x 2 + 1 

: U* dr£ ‘f(x) AjAaJI a jr£> g(x) AjAaJI a ji£ CLul£ IaI -56 
deg g(x) < deg f(x) 

aA_^».j J—U& ^ (R,+,*) A«^-k JJC. Jj-«aLi»i! jl lAlujI -57 

. R[x] Alki] 










I A3 j^q v P c1lsI£ jjjj 4 ^AjiJ^-a Ai_^L-^-c A <■ ** 1 rt ^ Jjj :58 

f(x) J j-la. ajjj£ AjI <JaJ (_>a 4i! duji t A — 1 5jj jaII t> |P| ^ 0 <J t^' 


: l3^ 

f(P'*.A.P) = P 1 f(A).P 

A3 jQ .w y Ajl i A Ai^L-sa-dl Ag-jLi-o B A3j)Q* dulS lil AjI dujl 

jj <> 4 f(A) _1 <gjLiwi f(B) uU (B = p-'.A.P dyau P^lj SiUS 

. f(x)eR[x] J a j±£ 








(J-aaJJ <U^Jbw 

(^l*tfjjl) A^kll ^IcL^ll 

Modules 



- (OLiU-l) aJ&±-\ olf.Uai5i - J-tfiU *5Ola jS 

^haIaJI- <J «-i^ 11 ll^ lvA -9 


: (jlS lilj i ksi n lijj 4 L> <51^. (R ? + ? .) ^jSll -1 

R n = {(a!,a 2 ,...,a n ): aj€R, i= l,...,n} 

: (JSjJJL (+) <jjUj Ajlac. R n ^Ic. j 

(ai,a 2 ,...,a n ) + (b 1 ,b 2 ,...,bn) = (ai + b,, a 2 + b 2 , ..., a n + b n ) 
(ai,a 2 ,...,a n ), (b,,b 2 ,...,b n )GR n JS 1 

: (.) aj^.jLL ajLoCj 

b.(a,,a 2 v ..,a n ) = (b.ai,b.a 2 , ... ,b.a n ) 
beK, (ai,a 2 ,...,a n )€R n 

. R (_ji C- eLjaS R n (jl Ojj! 4 k_J jllsuJI 

■-P' 

. AjII AjI e^oj (R n ,+) (jt £ya 4 AJjfrjkiU 4 ^jSL«u 

; AjSj qa (jVI 

y,x ol-S Ijjj 4 R n tj—A L> (bj,b 2 ,—,b n ) j (a,,a 2 ,...,a n ) j£J 

: dp ‘R £y> La 

1 ) x [(a h a 2 ,...,a n ) + (b h b 2 ,...,b n )] = x (a,+b, ,., a n +b n ) 

= [x (ai+b,),., x (a n +b n )] 

= (xa,+xbi ,., xa n +xb n ) 

- (xai,..., xa n ) + (xb],...,xb n ) 

= x(a l ,...,a n ) + x(b 1 ,...,b n ) 


ro\ 















g " (JoULii-t <Ujlai ^ ^ 

2) (x + y) (a,,a 2 ,...,a n ) = [(x + y) ai,.. (x + y) a n ] 

= (x aj + y a,,., x a n + y a„) 

= (x a b ..., x a n ) + (y a b .,y a„) 

= x (a b ..., a n ) + y (a b ., a n ) 

3) (x.y) (a!,a 2 ,...,a n ) = [(x.y) a, ,.. (x.y) a n ] 

= [x.(y.aO ,., x.(y.a n )] 

= x.(y.a,,.,y.a n ) 

= x.[y (a b ..., a n )] 

. R R n jjt (3^0. LaA gjjjUaU 

: 4 Jaa^L» 

. <Miij (3_>® (.\*jriA Ij-ii ^^ic. R Jj lA^jc. i n = 1 (jlS lil 

R n ^_SLaJl e-1_ ij\i t -liLa-aj (R,+,.) AllaJI dlil£ lit Ail taLajyi 

(R,+,.) A—SlaJI ^ a (J—oia .^11 IjjAJ lit ( AjV <• Li-iajl Jjla-aJ 

: ‘ 1 


l.(a b ., a n ) = (l.a b ., l.a n ) = (a,,.. a n ) 

• R" t> (aj,., a n ) 

A _jL&xIt dllijj ,,»,^i-a.il A-C. j^rya M 2 (R) t la Alii. (R,+,.) ~2 

: ji 4 Aajluii AjjjaII [3* AjO_)a]I 


M 2 (R) =< 


a ^ 

“ll “12 

V a 21 a 22 / 


j a il 9 a i 2 ’ a 21 > a 22 ^ R 


j_aill (j_ 1 c- (.) A_ia.jli, A.jUc j (+) Ajli.ta AjjUj A jl a C . M 2 (R) ^Ic- v_i" 3 *-dj 

: 

^ fa + e b + f'' 

^c + g d + h. 


a b] fe f 
+ 

c d ) h 
























— O'aUaiil — J 11 SJjlrf Otu j£ 


X. 


r a 

b^ 


^x.a 

x.b N 

v c 

d> 


v x.c 

x.d y 


M 2 (R) l> 



f 


^ a 

b l 

U 

h > 

j 

, c 

d. 


j R j-# x 


• R ^jlc- fcL Ja& M 2 (R) <j^ ‘ UJjUaxll 

= J* 

. aJIajI 0 JMJ (M 2 (R) ,+) (ji V J (j* • M 2 (R) =£ (j) (jl Vjl 


; t M 2 (R) (j-o _>j-aUC. 


r l 

m l 



r 


^a 

b N 

, n 

J y 

J 

,g 

h > 

j 

, c 

d. 


<j£I 


^a b^ 








fa b^ 



+ 



+ 



= 


+ 

, c d y 



,g h > 


, n j. 



v c d. 



vg + n h + j 


^a + (e + /) b + (f + m)^ f(a + e) + ^ (b + f) + nT 
^c + (g + n) d + (h + j) J v(c + g) + n (d h- h) + j ^ 


a + e 


b + f^ 

i 

+ 

7 

m ] 



fa b ' 

+ 

fe 

d + h, 

* 

n 

j. 



,c d, 


,g 

r a b 



n 


f 

a + e 

b+n 


+ 



~ 





, c d . 


v§ 

h V 


V c + g 

d + h j 


n 

h 


7 m 
J 1 J) 


^e + a 

f + b^ 


f e 



fa b N 






+ 


v g + c 

h + d y 


U 

h j 


L c d. 


jla i O —J (R,+,.) <siaJI 4aLa*J 4 n . iil lj Jula-dl ji<VnU ^ajj] 




a b^ fo o 
+ 


V v 


V 


V 


fa + o b + o^ fa b'' 


J 


c + o d + o 


a 

c d 


J 

M 2 (R) (ja 


: di. M 2 (R) La )_jju<ajc. 


^a b N 

v c d y 

b^ 


JS1 


V c 


■AS lit 


V 


o o 







JOliU-l Aj Jaj (j <uJju 


a b 


c d 


-a -bi ra-a b-bi (o o 


c-c d-d 


o o 


0 0 
0 0 


JjLa-dl \jb. AjIIaJ (M2(R)s~ 0 (jl (3^ Iaa 


a -b 
c -d 


_$& M 2 (R) (>> 


a b 
c d 


j».»V)C. (Ji jjjjSxxj 


a b^ f e f 


c dj Ig h 


a b 


e f 


c dj Ig h 


! 11 «.Ljadl Aaij ^j)j\ 

GM2(R) lj)j ‘ R qa Li (jjjj-aic. y,x (jSJ 


'"a + e b+f^| 

K. 

[c + g d + hj 
x(a + e) x(b + f) N 
x(c + g) x(d + h), 
xa + xe xb + xf^ 
xc + xg xd + xh, 
xa xb^i fxe xf 


xc xdi ^xg xh 


a b 
c d 


e f 


g h 


(x + y). 


a b 
c d 


(x + y)a (x + y)b^ 
(x + y)c (x + y)d, 
x.a + y.a x.b + y.b 
x.c + y.c x.d + y.d 


x.a x.b'j fy.a y.b 


x.c x.dJ iy.c y.d 


a b 
c d 


a b 
c d 











— (OLiii-l) aJLU-I J.flgH dJjJjt Ola yi 


(x.y) 


d 


= x 


"(x.y).a (x.y).b" 
,(x.y).c (x.y).d, 
^x.(y.a) x.(y.b)^ 
x.(y.c) x.(y.d) 

f a b'] 

c d 


= x. 


y.a y.b 
ly-c y.d 




v 


• (R,+,.) 4ikjt ^jic. .^ik eUaS M 2 (R) (jl t Ua «jHuU 

• (jJ_^Aj]l (Ja. (jS/U 4 (^jUJI (jJjAjl! I^ya SjliluiVl j 

a— ikll ^Jc. nxm JSJJ1 <j- olijL^iJI M nxm (R) J A 

• R EtK cUaa (JSJij M nxm (R) : ajaIc. i(R,+,.) AjkAj 

* 


t (Cjli ^aj^cJ! £Aa <jLud A i», ii i b) AjJI AjI J (JSUj (M nxm ,+) uj 

m l jii i) UJjjJall 4jkc. (ji >■- )j*v t < ^ikil (■ U<asl\ (j-o (jkjJI 

.<i j*a R(>r >au*JIj (ajj) r.aij 

. (M,+) i j-jll 5^1 j]l c^lSUall Aik (End(M),+,.) oSa] A 

• (End(M),+,.) AlkJI jUu]l (j-a (^jik pUaS (JSLia M (ji (jA jj 

: J* 

i_i—oAjljll Jaj^uJI dkj ^jic. t 4 -JIajI Sjaj (M,+) Ubjj Lb-l] 

. c-LjasIl 

: ^ U c 3kL juAic. 4 mi,m 2 ,mGM j ij,r 2 ,reEnd(M) cjSJ 


r. (mi + m 2 ) = r.mi + r.m 2 
(ij + r 2 ). m = ij.m + r 2 .m 
(r,.r 2 ). m = ij.(r 2 .m) 


1 .m = m J US 












_ £ lijj i R ^jlc. Lila. f.L^ak M <jl£ lijj t .iila-aj Aila. (R,+,.) <j&Sl ^5 

j_ a 0 {) laic. ‘ a.x = 0 <jj£j 1*^,1 ‘ s-yj jjII u lc M,R <ja x,a 

jji 4 (•) AjLmj] A.UiulU R ^2 a —J (jl£ lilj . M ^iWl l eLja&l! jSuu a 

. x = 0 

:J* 

: jli 4 a.x = 0 J W 

a' 1 , (a.x) = a '*.0 

(a* 1 .a).x = 0 3^ 

1.x = 0 

x = 0 iij 

Lj 4 R (J—lc 1 a bill-. cLi»2 M (jl£ lilj 4 5_J1 Aj} Asia. (R,+,«) (j£jl 26 

, * * 

4 R (j a Ajlla. JJC’ Ajj^)^ A^ ja >a A (jl (ja«jiilj ‘ M (ja bsla. c-LiaS 

. R ^ylc- M (ja A.L (j^ tlmil 

. (|) ^ A.L c M u! 

: (JfLill ^jlc. lag'nlV^ (j£aj 4jli 4 A.L (ja la (jJj**aic y,X <jSJ 

n m 

x = Za j .x j , b = f> ryj 

1=1 j=i 

rjli (^JUlUj 4 (jLa.ja jl">j -\>^1 jb.ic. m,n ‘ L (ja yj, Xjj A (ja bj, a; JS1 

n m 

x-y = Za i .x i -Xb J .y j 

i=l j=l 

n m 

= Z a i .x i + tb j .(-y j ) £ A.L 

i=i j=i 

y j—. tVh> 1 I a—: b£ (jSaj 4 4 _uj^^ ic Aj R (ja y,a (jSJ 

: J£Jilb 













— (OLili-!) JLaij-l olfrUisiil — J.^ill 3 JoUj j£ 



: (_jli 4 ^UlLj 4 ^j-\ . rt .lie tj 4 L Q* y k j A q* c k J£I 



= Z(c k .a).y k = £c k .(a.y k ) SA.L 

k=l k=l 


■ M (jx A.L ij\ 4 

4 F ^^k mxn (JSjjJ) (j-a <sj°-A tiuLS I jjj 4 lx ^lik (F,+,») o^i 7 

: (jj.,) W^l (jSJj 

F n j F m ji ja. 4 cp (m) = m.A : J£_^Lj tj j__>lx 1 I cp : F n - > F n 

' t 

. !>l£Lij cp <jl 4 t-yjjjll ,^k lxnj lxm Jiill tiAijLx»x 

= J* 


: liai jjSj reF j F n 6- m,mi,m2 


cp(mi + m 2 ) = (m, + m 2 ) .A = mi.A + m 2 .A 

= (p(m,) + cp(m 2 ) 

(p(r.m) = (r.m) .A = r (m.A) = r. cp(m) 

(jj-l—jkxj (jjjik (jJ^UxaS Nj M (jl£ lilj 4 <SLs. (R,+,.) (jSol ~8 

—SJIj ^jiUI Ja^xll (jl duil 4 UnWi (p ; M->N <jl dljul 4 R 

(ji j—& R (_gk N frUxasJI M c-Ljoill (jSUiij ja (p jjSj (^£J 

: (3^jj 

cp(a.x + b.y) = a cp(x) + b cp(y) (*) 

. M j-> x,yj R i> b,a JSI 

. !)ISLuU (p (jl Ixk 4 (jSa-a (*) Ja_jjxll (jl 4 Yjl (j&^jil 
















jj 4A>-tj ^JUU>-i 4j JD <UJJLo 



■ tjli i N elM frUjaall R t^c. tJSUiu ja cp (j! Laj 
cp(ax + by) = cp(ax) + cp(by) = a cp(x) + b (p(y) 


. M t> x,y j R c> b,a j&j W - 6 ^j 

. (3^-0 (*) -lajjill (jl Lalt 4 (J£Liu (p (jl (jVl (jAjjj] 

: (jl Lu 4 1 1^j 3 ii^jll 4 0 j-o jilj (R,+,.) <iLJI ^tunl 

cp(ax + by) = a cp(x) + b (p(y) 

: jls 4 R (> b,a_j M Cy> y,x <J£1 

cp(l.x+ l.y)= l.<p(x)+ l.cp(y) 
cp(ax + O.y) = a (p(x) + 0 (p(y) 

: jli 4 (^lllUj 4 R (> aj M (> y,x JS1 

<P(x + y) = <p(x) + <p(y) 
cp(a.x) = a cp(x) 

. R t> a j M (> y,x JS1 
. R 4 N (^ilaJI ^LkJaall ^3 M ^i ii a JI el(JSLI j jA (p (jil 

(jl—S tjjj 4 R LiaLk «Iu 33 M (jlS lilj 4 la aIL. (R,+,.) dulS lit -9 
J—liae. 4 N C L <j_5 —cL—;PJ M (j « (jAU j—=> (j j J»U (jjfrl Ja3 N,L 



= J* 


xJSlcp(x + L) = x + N : <J£*idL *—i _>*-all (p : M/L-> M/L 3pkill 

4jljj J 1 M/N ( jilaJ I el i ^il' l (_ s ic M/L eLiaill (J^l*^ M 

; (JSLlall Ajml>.iVI AjA^xall 4 J 4 N/L (^jA 

*%L-»W 

(_jlc. Ijtlt ela-a>3 IA.1C. (j^-aJ ^lillj 4 A . .-ill jl^cVI Z (j£jl -IQ 












— (OLdii-t) XJLLi-' OliUaiil — u UfliJL S a )££■ Otu jS 


; J£—lillj (p;Z-> Z ( j j.'W'i' l ‘-jj—‘ (Z,+,.) a«W 

. Z m JS1 (p(m) = 3m 
. 4 j jy-aj 4 4j|jj j Z ^iK 'I t'uJaiil L? lc j£L£j (p q\ C< * i 

; Uj^ jjSj i Z t> a JSlj Z t> n,m JS1 
(p(m + n) = 3 (m + n) = 3m + 3n 

= <P( m ) + <p(n) 

cp(a.m) = 3 (a.m) = (3a).m = (a.3) m = a (3m) 

= a cp(m) 

Ker cp = {3m = 0} => Ker cp = {0} 

Im cp = {3m : mGZ} = 3.Z 

<rf—^ 4 ^—^ Im cp j Ker (p u^L^I <> J t LiJ 

. z ^ (z,+,«) AiiaJi 

Ij)j . (R,+,.) 45 ^ ‘ L«J^ N,M ji -11 

4 *ij~4 ) M Cy> *Sh j?- ejlcU^ai n > 2j nGN tlua. Mi,M 2 ,...,M n 

M = M] © M 2 ® ... © M n jj£j 
j>_Sj di . „>%i N o—« <.. TiU cjlp. 1 —^ N,,N 2 ,...,N n diil£ Ijjj 

N = Nj © N 2 © ... © N n 
. M = N o' 6a ‘ 4-ijiiaJI 4 i = l,2,...,n jJ <> 4 M; = Nj 'jjj 

• tM“' 

eLoall ^gJc Mj frUJaiU 4 JiaVl 4 cpi XLj 4 M; = Nj jl L«u 
JS <j 1 j£ <ila 4 M = ©Mj J Wj. i = 1 , 2 ,...,n jJ j-Nj ^SLJ 

n 

• A'lj {JA X| X — ^ ’ X| Jo X J ‘ ^ >lf - 


pM —— B 












J j OULLi -1 <b Jai |J JUJJL* - ; 

: JSuiSU Cp : M->N (JJjlajll i_ij*j 4 (jVl 

(p(Xl + ... +X n ) = Cp^X,) + ... + (Pn(x n ) 

l _ s l& M ^iNII ^U^asll (_^Laj jA (p (jl t 'nVil j . i = l,2,...,n jXjEM; 

. N ^ikll 

: o\i <■ i = l,2,...,n dip. Mj 6 * x ; , y\ j t R <> U Ir <j£ii 

cp [(x,+...+x n ) + (yi+...+y n )] = (p [(x,+yi) +.+ (x n +y n )] 

= Cpl(Xl+yi) +.+ 9n(Xn+y n ) 

= [<pi(xi) + q>i(yO] +••••+ [q> n (x n ) + cpn(y n )] 

= [cpi(x 1 )+...+(p n (x n )] +[(pl(yi) +...+ <pn(y„)] 
= cp(xi+...+x n ) + cp(yi+...+y„) 

cp [r (x,+...+x n )] = cp(r.x, +.+ r.x n ) 

= cp,(rx 1 )+.+ cp n (r x n ) 

= r cpi(xi) +.+ r cp n (x„) 

- r [cp | (x ]) +.+ cp n (x n )] 

= r <p(xi+.+ X n ) 

: uj& i = 1 , 2 ,..,n Jl iV ‘ Mj t> Xj, y\ <j£J t jVI 
cp(x,+.. .+x n ) = cp (y,+...+ y n ) 

: UujJ j jSj jujic 

cp i (x,) +...+ cp n (x n ) = cp,(yO +...+ cp n (y n ) 

: jii 4 N = Nj © N 2 ®.© N n j' Lajj 

cpi (Xj) = cpi (yi) ; i = l,2,..,n 

J 4*1... j-v 4 Nj ^_ilaJI g.1 , t^iall Mj s.Ljaall JliLsJ jA cpj (jl IaJJ 

: jjli 4 i = 1 , 2 ,...,n 


Xj = yj ; i = l,2,..,n 



















- — J ,fte\) il^l^ ola j£ 


: J ij\ 

X, +...+ x n = y, +...+ y n 

3 = &!"(■ ... "t" SL n I (J£jillj 4 'n l ‘i S j| 5 LaJ ^LJbj iN jx La i^nViC EL J (^ajSLL 

• o\* ‘ ^blLj ‘ ( N = ©N; aJ ) Nj t> aj <iya. 

i=l 

( p( ( P^( a i) + —• + cp“‘(a n ) ) = (p, ((p, -5 (a,))+.+ 9„(q>;‘(a n )) 

= ((p. o cpr‘ )(a,) +.+ (cp n o (p^ 1 )(a„) 

= ai + .... + a n = a 

<jl N c- L j - i lI l ^ylc. M et-Jalll JjLaJ jA Cp jl (jiuj Lax gjjlmj 

. M = N 


(jj^L-iaaS IxAjLuc. 1 (jSxj) l (jjjJIJjj jjj j *j (B,+)j (A,+) tlul£ lij -12 
j—aj (JSI—kii <J_£ jl CjjjI t ( (Z,+,.) 4 »">>.-»It jI.ic.VI a»K jajala. 

A Lfc)—jSlaJI jj^L-iaill jjj jSLij ja j /twa jjLaJl jjjjxjll jjj cp:A-> B 

. (Q,+,.) AiLJI Jc Bj 

: jla i a<EZ + j A <> x,y J£l 

cp(x + y) = cp(x) + <p(y) 
cp(a x) = a (p(x) 

: jjSjxu Jajjill <j1 i 3 = -b £-Jaj Ujji i a6 Z jli Ijj « j£] 

(p(ax) = cp(-bx) = - (p(bx) = -b cp(x) - a (p(x) 
tNj —jlS I jlj i R ^jlc. Lila. pL-aaS Mj i La Alla (R,+,.) ilul£ |jl -13 

•UJ l — 1 M (j— -• * llja ^- Lila. < — i W-kxa3 i -- 1,2,3 'Ll Ja 

: v ijlkJJ i = 1,2,3 ^ XN J Lj -_} >ji3j M = N!©N 2 ©N n 

j=i 

i*j 




— —M 



■■h BB 










— J OUJLi-1 <b Jqj <j . — 

i= 1,2,3 ; N^HLj J c^\ -1 

j=* 

j*« 

i = 1,2,3 ; L i +nL j =M -2 

j=i 

j*» 

• R ^c. M jik^a jA 0 (J 4 LinL 2 nL 3 = {o} -3 

(jiaJ aSjjUI I N| = L 2 DL 3 : (jA^^ijl (1 

• N 3 = L] n L 2 j N 2 = Li fl L 3 : u' i> 

• 4 Nj L I j.-a.ic. x (j£J 

x€N| +N 3 = L 2 , x€N] + N 2 = L 3 

• x e l 2 n L 3 jj£j j 

* 

• cd® 4 4 L 2 n L 3 (j-o Lo I J i ialc y (jVl (jSj 

yEM , yEL 2 , yEL 3 

: um JSJA) y AjUS j£*j < 3 li « ^Ulbj 


y = yi + y2 + y 3 ; y. E Ni J i = 1,2,3 (1) 

y=y| + y' ; yj ENj, y' EN 3 (2) 

y=y" + y" ; y" EN] , y" EN 2 (3) 

: (jl M = Ni © N 2 © N n : <jl Ujj t (2)j (1) t> 

y 2 = o (4) 


: jl iaj M — Nj © N 2 © N 3 j (3)j (1) <>>j 

(5) 

• y = yi EN, : J (5)j (4)j (1) <> 

• N j — L 2 P| L 3 (jl jjAui 4 gjjubuij 


y3 = o 







- (OUiU-l) S«£U-I OUUaill - ^$-1 S3 ££. otu j£ 


Nj = f]L j :(1) ^L_JI u -im <_j 

H 


L, = nN J uV (2 

j=i 

j*t 

: Uj.i 1 (jjSj i = 1,2,3 


Li+SL,= S N , +Ni=XN, = M ; i = 1,2,3 

j -1 j -1 j=l 

i*j \i*j y 

4—Uj N 3 n(N 1 +N 2 ) = {0} : oM ‘ M = N, 0 N 2 0 N 3 : uV (3 


l, n (l 2 n l 3 >=(Lj n l 2 ) n l 3 - n 3 n (Ni+n 2 ) = {0} 


: OJ&i 


: SiaiiL# 


(J*S Ul'u (3 jUI a** 

<jl £ Ijlj 4 R ^— Sc. I—» IjSSt^ c- LwaJ M (jt£ lijj 4 Lo (R,+,.) tllitS lij 

: jj—S j 4 * 1 . .tv a M j—«5—jjja. SjSIx ujULjaa Nj,...,N n ; n£Nj n > 2 

. M = N, ©.©N n 

m 

: ^ ‘ i= l,2,...,n j i * j j £N, _j Lj —j U>j lijj 

j-i 

i= l,2,..,n ^‘N, = RLj (1 

i-i 

'*j 

i = 1,2,..,n ciya. 4 Lj + pLj =M (2 

j-i 

j*' 

.R Jc M ^JUL^SI ji- j* 0 J 4 lu* 4 L 1 n...flL n = { 0 } (3 

j_ a Sjjja. <jS 1^. diUL^aa C,B,A Cul£ lilj 4 La (R,+,.) (j£il -14 

: (ji tlui! 4 C C A <jj£j 4 *n^j j 4 R ^jlc M eLjaS 

An(B + C) = (AnB) + C 

: jjli 4 ja. ^-ala. $Lja3 jA (jJJJja. (j uSS*^ (jJ^LSaS ,^-A^. (JjLisla. (j! Laj 

AflBcA => (AflB) + CcA + C 













AflBcB => (AflB) + CcB + C 

'• 0_& (J&ij 

(AflB) + C c (A + C) fl (B + C) 

(Af]B) + CcAf| (B + C) (1) 

. La ji C cz A AjV 

4 xG(B + C)j i XGA oi—a 4 xGAf|(B + C) jli lij 4 ajjIj o* 

. c G C j b G B a — b + c JS-ilL a j 

: tj \—a 4 bGA Oj—SL d c£C c A J \—i b = a- c Ufi—1 

: u' 4 aG(AriB) + C : o' ^ 0 *j ‘ bGAflB 
Afl(B + C) c: (AflB) + C (2) 

, ol t)\ hiaSI ( 2)j (1) O^'j^ - *^' O'® 

: CulS liij 4 (R,+,.) aiLaaj A^la. (jic. ■aj'-a-oj Lja lv $,Ljaa M 0^ ~15 
O^j— ij 4 M = (S) 4 * . nxj M o - S = {xi,...,x n ; nGN , n > 2} 
a— c^ull o' t - i —2il . bjGR JSi x k = ^bj.Xj : ‘■ ‘Vv . i 1 ^ K < n 

i = l 
i*k 

. M _1 idj* S - {x k } 

: J* 

« a 1jIj£ j ^ 4 M f- 1 4 >*0-11 Lj 1 X (jSJ 

n 

: 4 R o- aj l5^3 4 x = X a i- x i 


x = a k -X k +X a ,-x, =a 


i*k 


Zb,x, + $> i .x i 

i=l i=l 

i*k y i*k 

= X( a k-b,)- x i +Ia j .x i 

i =1 i=l 

i*k i*k 

n 

= Z( a k-b, + a i)-Xj 


i = l 
i*k 
















(uiWUMj JwAfiLU 4J yS- u^UJ J? 



• M —3 S — {xk} (jl UI (jjUi Ioaj 

‘ R i_s —3c. iiLa^u laala. eL Jai M <jl£ Iijj 4 Jjla^/u 5ila. (R,+ ? .) jSjl -16 

M t> S = {xi,...,x n } : ajIIjII S ciulS |j]j 

: <3^jj kiiuu 1 < t < n <j\£ Iijj i M = (S) 

x k =b -y + E b i- x i ; b,bj<ER,yeM JSJ 

i=i 

i*k 

. M J 'Jjn {y} U S — {x^} jjl lLujI i (_Jjllxall 



" 

J^3 ‘ X = X a i- X i • ajjUS (jS«aj t M lo Ij^aic. x (jSjl 

i = l 


x=a t- x t +Z a i- x i 


i = l 
i*t 


b-y + J^.x, 


i = l 

v 1*1 


+ I>,-x i 


i-I 

i*t 


= (a t .b)y + J(a t .b j +a,)x j 


i*l 

i*t 


: . R (j-o aj 


*—** 0 —J Ife^>iwa3j i 1 __j (R,+,.) <&laJ3 s^jit ^<su*J -17 
R 4 = {(a,b,c,d): a,b,c,dGR} 

: JS^IU (+) U±\A\ JLjSlfill 2uUJ' 

(a,b,c,d) + (e,f,g,h) = (a+e , b+f, c+g, d+h) 

: (.) j. R(>»h,g,f,e,d,c,b,a JSi 


x.(a,b,c,d) = (x.a, x.b , x.c , x.d) 













. R t> d , c , b , a <_£i 

fj\ dl_ p l_)j_ila-all . R _ic. JjLa-aJ aldaS R^ (jl A]m,l j£lj3l (jkaj 

I AC^aa all 

s = {(1,0,0,0) , (0,1,0,0), (0,0,1,0), (0,0,0,1)} 

: jj£j duaj R ^ jj- alj c. t, z , y , x 

x (1,0,0,0) + y (0,1,0,0) + z (0,0,1,0) + t (0,0,0,1) = (0,0,0,0) 

: lip] <jj£j ‘ R n ^-S l ^> -]l fr' dall l jik-a jA (0,0,0,0) (jl 

(x,0,0,0) + (0,y,0,0) + (0,0,z,0) + (0,0,0,t) = (0,0,0,0) 

: J 

(x,y,z,t) = (0,0,0,0) 

: u'4 


x = 0,y = 0,z = 0,t = 0 

Ijjj . (R,+,.) pbap AilaJ! t^C- (jpjla-aj (j j a iR (jJc.lPaS N,M <j£jl -18 

M _S e-ic-la (JfLij {aj} j M e biaai l (j-o j j - <abc . filial {aj} dulS 

il < i < II t*lj~% i N dL-alll (j-o jj-abc a^xJ {bj} CajlS Ijlj 4 R (^k. 

A kl (j—a _ £j 4 N ^ M I Cp jlaJ d£p (jp i—i jUa-al l 

. 1 < i < n 4 cp(aj) = bj 

(JS ajIjS Ails 4 1 < i < n 4-n*> 4 R M_ 1 S.ic .13 {aj{ <jl Ip 

n 

• R X, JSi 4 X = ^a j .X j : Jlilb 4 adp>j aJJX^J 4 M t> X >-aiC. 
i = l 

: 4 (p : M->-N : cp lipkill 4 jVt 













- (CJla&U-') AjiLl OtsbaiJl - J-AAU a)jL£ Ob jS 


i- 1 

<P(x) = Zx i .b i 

i-l 

. (JSLSj (p jl i <jYI 3j 

A__jIjS <jSLaJ Ajli ( R (j-9 La I j hfl'lC . x (jlS lijj t M (j-a La jjj b,3 (jSul 

: JSJJ Jd b,a 

n 

a = S x i- a i ; x i€R 

1=1 

n 

b = Zyi- a i ; ys eR 

i=l 

: U-& <^4j 

n n n 

a + b = X(Xi+y,).a j j x.a = X x (x,-ai) = Z(xx i ).a i 

i=l i=i i*l 


cp(a + b) = X(Xi +yi).b, =I)x i .b i +S yi .b, 


i = l 


i=l 


i = l 


: u 


= <p(x) + <p(y) 


(p(x.a) = X(x-x i ).b j 

i=l 


= X. 


Zx,b, 

V*-» 


\ 

) 


= x.<p(a) 


. i = 1,2,..,n <JSi« cp (aj) = bj J i jV' ja jbl 


a; — 1. aj : (jjSL ^LilUj t 1 —j (R,+,.) AiilaJI jll j*jil 

i = l,2,..,n 

i= l,2,..,n ‘ cp (aj) = 1. b } = bj : jj£j<iaj 

* 'F(ai) = bj : <j& <> N ^ M _1 J^Liu Lj > W JS tilj 

Ur^i ‘ M t>> U i ir . a (jlS I LI : (jV t (p = jji t i = 1,2,..,n 

n 

: uj^i ‘ R c> X; 4 a = ^] x^aj Jlilb i ajjLS 












JjiJ-lj oUkl 1jk j 4-»«Uu 




( n 

^(a) = 'P £(x i 

Vi=i 

> 

•aj) 

> 

= t'P.(x 1 .a 1 ) = ix 

i=l i = l 

i-'F(a i ) = E x i *b i 

i=i 


4 kl j a jj — 4 N ^—4 M —1 -l»a._$3l JSUSili jA Cp jl (3f>-u ka Vil l i 

. i = 1,2,..,n JS1 1 (p(aO = bi 


jUL ^a3 M,L jL_£ Ujj ‘ (R,+,0 yk. Uk ;Ua4 M jSJ -19 
L ^_J jaJI -g—&kJI ^LkJaall jl j_pajSjj i LcN i M j-a jLu j&. jLSk 

. N ^4 La-ala L ^jaJt (^ikl! ftL-oall jl dkl 4 M ,^4 LaHa 

. M (gflkll frbaiaail 0 —-J j-a^)jl 
F (^^k C.kai4 .li. JJ 4jU 4 M (^4 La-ala L (^IjaJI ^ .i k ll <>Lyi»all jl LaJ 

: jli (^UlL j t M = L © F : <kl j* jj£j 4 M j* 
M = L + F , Lf|F= {0} 

: (jjlj < l*j 

N=NnM = Nf|(L + F) = L + (NnF) 

LfKNDF) = ND(LDF) = Nf| {o}= {0} 

J A N —4 La-ala L ^ j=>-ll ^' » l~a ll *kaill jl (J\ 4 N = L © (N H F) jj] 

. NflF ^>11 ^ikll ^la-ill 

j—ku (F,+,.) J—kll ^jic. (V,+,.) ^ 3 >L a 3 l ^Ljasll jl 4 f^k-ail j-a -20 

. Jjill fJ-iC. V jl j4J 4 (F,+,.) (JaaJI ^Jc, LSla. ika4 &jLacl 

= J* 


X 1-1 — Ja. a.X — 0 Ja j-a j 4 (F,+,.) Jkll j* (_£ jkd JJC I j» .«t lie - SL jSJ 

: jli 4 m j-» 

0 = a "'.0 = a’^a-m) = (a" 1 .a).m = l.m = m 

. m = 0 j 31 

-llj-a j a. ^iik f.ka4 jA (Z,+,») 4tkll Z, ^^Skll (. I litl l jl kujl -21 











- (OUttU-t) LaJli-l obUaiJl - J^fiAU 3J_^U oU >jC 


• A— {2,3} 4C.j«a^«>Hj 

= J* 

laS t Z •iljjj 3—2=1 (^jaj A ^IjaII ^jaJI abjasll jV 

3__Jaa. 5iaJJ_>a 3.2 — 2.3 =0:0V t Z aLjaill LlJ J<LSj VA j 
:oV a. i .. c -la (J ^ 1 1 11 V A 0— 4 4__il*i 4 /iQa. <c. <_$1 i lilliSj t Z ^ r _ 

CjlaLjaS Jjj {2},{3},(J) 

M 3 Clfil l R ^^Ic. l j<K aLjaS M jlS lilj 1 La <4la (R,+,.) o^ "22 
R (_$—- 1 - j] jjll ^ y^JX a ^ - t la aLjaal ajj*«a jA R <Sla.II Lulgj ,a1ja3I 

. u jsioai a^iiu 

: tM-' 

: lilj 4 M -J aO^ A = {mi,m 2 ,...,m n } ac.c£A 

B = {e, = (1,0,...,0), e 2 = (0,1,0,...,0), ... , e n = (0,0,...,0,1)} 

• R (jlc. R n aLjaall <Jjaj jjjj 
: cp : R n ->M : JSJJL (p 


<P S r i- e i =£r i .m i 

V i=i y ‘=1 

n 

o] — 9 ‘ J 4 ^ Jjaj {JAaJ R n O' 4 3 L&Jj (J^l J LaJj 

i-1 

. c-ijjajJl 0 jjA (p 

n n 

(3_i=ull o-S-J iR n u*L y = X r i- e i J X = X r /- e i L& 1 

i=l i=1 

: o' ‘ 

cp(x + y) = (p(x) + (p(y) 

(p(r.x) = r.cp(x) 

• M R n o^> <JSLij cp o^j 
• Oj—- y * J—jLojII (j—3jVI aauiLuiVI i Ker (p = k dul£ lijj 

. R n /K s M 














: l$\ (R,+,») Aal^ll ^ (j) ^ S Ac- j)«->«ll CilLikUl Ac K S <j5u] ^ 

K s = { f: S->R:^f } 

i jSLiJlj Retail ajLcc. K s Ac j-«-v c. ~i\j 

(f + g) (x) = f(x) + g(x) ; VxGS 

: K Ajijj^a ACja^a J jSLfriti tjjjlSj 

(af)(x) = af(x) ; xGS,aGR 

. (R,+,.) A- i l a Jl ^ic l :il % eliJaS (JfLuij <C.j^aa^all q\ dnil 

C,B,A J * (R,+,.) 4_ik]l ^ Uk ;l^ 9 (V,+,.) 'jj r2 

: a£MjJI A %nn (-IujI , Cc A itn^ t V ^ A-uja. aj^ 

Afl(B + C) = (AflB) + C 

Ijjj i R ^^ic. Lila. cLjoS (V,+,.) CijlS j t Lo 4_jll.Ajj Ail>. (R,+,.) tjSi] -3 
i K o—* a % j. \o Aji^^ Acj <%<« Aj t V ^3* c.Uuas L 

: Ac (jl CLujI t <_JjUa*jl j 

n 

A- L= {X a i-x’ : ajGA , XjGL} 

i=l 

. V (j-a ^aisk pLwaS (JSaiU 

A _jJl!u I O_jl£ Ijjj 4 (R,+,.) SilaJI ^^Ic. LjaLa, eL^aS (V,+,.) '->] 

: aA\j!\ (ji CjjjI i R ajjLuu 

n 

A.V = {Ea i .x i = a 1 xi +.+ a n x n : ajGA ,XiGV} 

. V (^Kll »Ljna]l qa Lu3?k Ljala> r' *ai ■** 


i = l 





















- 1 






* * * 

Ac jaaaj ya l^A Ijik «.L>JaS M (jk lijj 4 A-lll-li ^ik (R,+,.) (j£Al 2^ 

. l^..aftj ^waUxll ya Ijjc <1 (jj£j M slUasU S-iC-lS y'< (j! Cltil 4 R ^Ac. Aj$Si« 

(jl—£ I jjj 4 Ajkj ( ^1c (V,+,.) (^..frA'ball cljJaall qa LJ-ia jb^AJ t-i j*j\ ;-6 


. (F,+,.) (JSaII ^jlc. USk eki»3 V <jl Cltil 4 L 0 jtik (F,+,«) 

Cs jl£ lijj i (R,+,.) A jlxu A iklt ^jlc, ^jla-aJ U S 1 a » U>i^ M (j£jJ zl. 

I Ajllall Ac. 


S ={x 1 ,x 2 ,....,x n ; n£N , n > 2} 
a— ft j aaaI I o— 9 l-* - 1 — & k (jl—i£ Ijjj 4 M = (S) : jj j- - Sj Ci— jaj M (j—* 

4 R j—«bi J-Sl x k = ]Tb,.x, : Uj—^ * *< ‘ {l,2,....,n}- {l} 

i=l 

. M _1 6,lJjA S — {x^} AC. jnA . aI I (jl (j* JJ 4-l jU-x i H j 

»1_ (j_ a USjA 1 ik (.LZai N <jk lijj 4 jjIaaj Aik (R,+,») (jSjl -8 

A—C.j4Xt (jj_J 4 «.ljkVI J ai l A i JjUj .iAjJ AjS Cuiil 4 R ^^Ic M ^Sl-vl l 

L Ajj^aJI AjSIaJI Cilc-lCaslI AC ja>a <j;Uj M/N (j« A_l) jaII Ajikll Clle-lCalll 

.NcLcM (jSAii dip. 4 M t> 

k-cj*^ iji>. i ja Lsk ;l-s m jk tjjj 4 <ju ;uk (r,+,.) ^ -9 

. Ijglu (jj£j M pklasAl (JaiL-uI (_^l (jl Cltil 4 R ijlc At$Jta 

(jl Ci til . (R,+ 5 .) a jLx&j a—SIaJI (j—1 c 1—jSIa f.Lc»a M <jk loj -10 

. Hom(M,M) aSIaJI (> aC> Aik Hom R (M,M) 

(jSt-Jj R {S _Je Uk ;ica3 M (jl£ lijj 4 aAa-* Al k (R,+,.) jSSl Jl 

: AalUll N A£.jaaa 11 (jl Cnil . m£M 


N={r.m + n.m ; r€R,n£Z} 

(jl Cl_ jj! . M (j-6 m jnVla-11 (J JA4 M dlCaall (jx Luja Uak ^ICaS 

• N = R.m 


I jj 4 R ^—lc. U (jjjik (jj^lCal N,M j)S2j ‘ k Aik (R,+,.) jSjl -12 







j-aiu ^ ow/ 


L_I 

• ‘ M AjI^ jj N j^slaJ! cLbaaJt M f.l > >iqU ^jSLuu (p jl£ 

A 1 1 t—ilg.1 J^asl l A£> jAy ^ jjj ^ J^Li j jjljia jjtfij w j < -1 

^—jJI t A —jj jiJ! AjsLJ! CjUUbai!! J£ <£.j N c.Lbai]l j* <ujaj| 

. M t rf) .al j> . i i c-l O a t ll jx l$jx (JS (S J^> 

: jli i N j * Luji. IjSii. «-Loas L jl£ I ijj -2 
M/cp-‘(L)sM/N' , cp-‘(L)/NsL 
jjJ—jLa-cu j jjS l i (jjpLbaa N,M jl£ lilj t jjL^xj Asia. (R,+,.) j&Sl -13 
a^cla <j£2u {aj} ji duaj i M <> >-aUc- ajJ {a}} ji <>ojajj ‘ R (S^- 
d = 1,2,...,n tiy*. < N j* a_^alic. ijJ {b;} ji oo jsjj i R ^^Jc. M —3 

* ujjUkiII 

cp(aj) = bj i a —kl jx (jjSj N M —J cp Jjbaj jlaj j£xj AjI bLuii 

. i = 1,2,...,n JS1 

F,L jl£ < (R,+,*) jA^xj AilaJI jj<iLi»a N,M jSLJ -14 

" tl$ *—‘f’i ‘ j-^ 15 ^ N,M j nSKl t jjJc.Lbaall jx jAuja^ jjjiili. jj^LOaS 

MX %xF sM /LxN/F 

. JjSn Jjlxall AjAjf* jx jiiid : Jj%il ilijl 

(jjfrlbba L,N jl£ ^}j ‘ (R,+,») AilaJI Jc. lx biiii. sLi»3 M jl£ Iil -15 

: jli ‘M t> jJJJjaw jJjak. 

L/ (Lf]N)= (L + N)/N 

(_ 5 — 1c. M ^— ilaJI aLbail! jx Ajlii Ajj ji. dlUlbai Q,P,N ji (jisjiJ -16 

: 3-a j& jj t (R,+,.) AiisJI 

N + (Pfl Q) = (N + P) n (N + Q) (1 

(NflP) + (PflQ) + (QflN) = (N + P)D(P + Q)n(Q + N) (2 

ji (J^a jiaj i R J© IjaLa. iLbaS M jl£ lj]j i Lo Alia, (R,+,.) jSjl -17 












dll_oakJ tM (j —« Ajjja. AjSk ClLLjoS n > 2 J Il 6 N 4 *1J*\ Ni,N 2 ,.. .,N n 

A ..ik diU!_Ja3 Li,L 2 ,...,L n L]j ‘ N = N]©N 2 © ...©N n 

Li + L 2 + -1 L —j lilj 4 c_uijj3l d^ N 5 ,N 2 ,...,N n <> 

: (_j jlkoll i ... + L n 

. jdiko ^ j-oa-a jA L] + L 2 + ... + L n £ _^oa-o]t jl (Illlsl (1 

: jSdiSLi (p : M-> M/L (j j.'Wil l _$a (p djk 1 ij (2 

<p(x) = x + L; xGM 

: ji cl ulil < M/L ^ikli ek<aill ^c. M {.Ljaill J£Uij ja cp j! (_>i>jiij 

M/L = (p(N0©.©(p(N n ) (a) 

N,/L, = <P(N,) ;i=l,2,...,n (b) 

(jlS lilj 4 R Jc. Lila, M djk Ljj < -iik-aj ^ik (R,+,.) d£^ -18 

. M <*- bkUi M n dp ‘ nGZ + lV'R^^ ;U=i M n 

dil^Ltiaa L,F,N d ‘ (R,+,*) AjikJI d^ ^*k ^kiaS M d>^ -19 
^AXa jA L J F d)JJ*k]l ‘«*»$11 (j- 0 ^k d M d>* ^ iftk 

. F = L d <— ulii ^ijUaoll iM^iN d 1 ^ ^Sk il «. L>»ill 

La Cnil 4 R ( _ylc. Lik. ekbS M (jk L)j ‘ -ilk-al Aik (R,+,.) -20 

AjjluU Ajlka I dlua. M = R/I (jk 4 I j] JaSSj 4 1 j] 4 LjjL M ^ik-l l $ \ i^ail l 

• R d 

tlua, Nj dlik I j] j 4 (R,+,.) d)^J ‘ La Aik d^ 1 ^k «.kai M <j^ -21 

: di La (jialij 4*n-u 4 M d>“ k 4iil#L-iaa i = l,2,...,n 

fjNj = {o} (M ^ikll ekaill ji ^<3 jA o) 

i=l 

N, + (N 2 DN 3 ) = N 2 + (N,r)N 3 ) = N 3 + (N,riN 2 ) = M 













M = M 1 @M 2 ©M 3 J elm! (1 

N, = M 2 + M 3 ,N 2 = M) +M 3 ,N 3 = M, +M 2 (2 

.AjJajji-aJ! aSIaJI 4 _ s ic- g L>»il l Z n (jlS Ijjj (Z n ,+,.) <j£jl -22 
AalaJI ts Jc. IUSla. eLjaS JSLjJ V Z n (jlJ 4 JA. ,^sla. jA Z n <jl tluit 

. Z 










JLsttU 

l 

J^aJI 

Fields Extension 



Lilli <Jj=tj$dl A-1 jvl\A -I 1 

— \j J$aJI — 


. -di. jIjQJ Q Ja=Jl Q(Vp) i^loVl J did * Lljl Use P jl£ lil -1 

:J* 

Q(VP) ^ . g , %vai l » U LuiLul (J S .>, 7o A — | Ija/P | jl Lu 
• (jl 4 Q (JiaJ] dla jljldl Q(VP) (jji Jlollaj ( Q Jlail 
dim Q(VP)=[Q(VP):Q] = 2 

. Q Js=JI Jt n 4l + 3,V3,5 Uttl jIjcVI (jl did ^2 

: c_uj jail ( Jc AallaJI JjAaJI CjI jjj£L 1 ljjia». JSJS ILL* ojjSjull jAC.'ii jl Lu 

x - 5 , x 2 - 7 , (x - 3) n - 7 

. Q (JiaJI Jc- 4aji> jl^cVl oj& jli 

(jj— Sa <■ *u^ . i if(x)GQ[x] Jj-i^il o jjj£ t u = l/2 + V5 jl£ lil -3 

.1*1 Ijiaw u .3.3*11 


<jj—Sa 4-1«J 4 (u — *JS ) 3 = 2 jl-3 Jl-jlUj 4 u — V 5 = V 2 Lul-1 

: jjSa JlaiL Jt u 3 -3V5u 2 +15u-5V5=2 
u 3 -15u-2 = V5(3u 2 +5) 

: .laj ejai.Vl <£)l*JI ^ojjojj 

(u 3 - 15u - 2) 2 = 5 (3u 2 + 5) 2 

: JjAaJII e jjj£l Ijisk U jj^J Jlailaj 

f(x) = x 6 - 15x 4 - 4x 3 + 75x 2 - 60x - 121 = 0 













-.— J j&-\j Ol&U-t faJai (J ss=i —== 

. Q(i,-i) - Q(i) J od di 

d-8» Q(i) 0 s3 ‘ i Q Jc. g;.^ Q(i,-i) uV ‘ Q(i) c Q(I,-i) u! 
. Q(i,-i) Q Q(i) uAi ^4 - i c^^Wj ‘ ij Q if 

u+v,u (J ,ja j_iilji u,v£E cjS lijj 4 F J—aaJI E (jS jI ^ 

• F ifj^ V (jt lIsjj! « F 


. F(u,v) = F(u,u+v) Luil 4 F(u,v) id F J 6 * 

: JjSaJ! Jl-oLi ^jic. J^aa.il L = F(u+v) t-u&il 
F(u+v) 3 L(u) 3 L 3 F 

L(u) 3 L j 4 F JaaJI ic ^ Jia. u+v ji 4 r u .,. n 4 L 3 F JVi 
4 ^—Jjlo F(u,v) 3 F JjSj j • L if Jf> u <jl 4 

. AjAjiA 4 _ Una. 

4 (JjlaJlll jjiiLlS 4 VliLo CjIa -6 

• ^LuiSb jUajoJ^I 1 t 

J—i*. (_pi—aj W 1 ' ^ ‘ g(x) = x 2 - 2x - 1 J f(x) = x 2 - 2 : iaL 

tjic. \±4l j ± V 2 gjA g(x) J f(x) jjia. jV 4-UoJ l j 4 Q(V2 ) jlkiliVI 

. 4_iuja!l 


Q JU! ^jic. ^ jja. u = cos|^—J ai«JI <jl 4iiii -7 







— -b«U — J^aaJJ SJotu j£ 


r 2 n . . 27 t ^ 

cos — + isin -— 
l 5 5 ) 


= cos27i + i sin 27c = 1 


: <J jsu ii.Lj t y = sin j x = cos jj 

x 5 - 10 x 3 y 2 + 5y 4 x = 1 (*) 

: ^ (*) (x 2 + y 2 = 1 oV) y 2 = 1 - x 2 <£Uil ^I^L, 

x 5 - 10x 3 (1 -x 2 ) + 5(1 -x 2 ) 2 x= 1 

: f(x) JjJcJI Sjxi£ (jjSj 

f(x)= 16 x 5 -20 x 3 + 5x - 1 

' 271 

. Q (JisJI ^ u Xlal\ jjj . 41 Ijia. U = COS — OjSj 

jt jlI^I ja Q E = Q (i, — i, V5, V~ 5 ) Ji«Vl Iil Lua -8 

• *** 1 ** * 

‘ i, V5 € E, J ^ ‘ E JiiJi (jjUajj E, = Q (i + V5 ) <jl 4 Vjl o* 

: (i + V5) 2 eE, J L* 

(i + V5) 2 =-l + 2iV5+5 = 4 + 2iV5 EE, 

: Ji AaJ 

(i + V5) (4 + 2iV5) = 14i-2V5 EE, 


: OJ^iJ 

14i-2V5+2(i + V5)=16iEE, 

(i + ^|5 ) — i = V 5 E E, 7 c) Aiaj t i G Ei 4 

•E = Ej OjSjs ( E 3 Ei J Ujj ‘ E] 3 E <J <■ i,V5 E E, 04) 

. Q JLJlixu^ E = Q(i,-i,V5,V r 5) JIjS-VI 













J jj&- 1 j 5j Jaj ij IujJL* ... — 

i R AjLiail c5Jf?- t3-^j J* C ‘uSjaII jl.ac.Sn Jaa jl jjj ^9 

. Q Ajjj^ult al.ae.Sn Jial (^jaa c 3^*) J &Ai V <US1 

(jl til_4a,j -IaJ_ uLj (_£jaa jljl«l 4aV 4 R JSall UjJa ISlc-} (JSJuJ C (JiaJI (jl 

JiaJJ Ljaa ISMel j£-iu V C Jivll jSJj ‘ lj^>fa (3^* C (jl i C = R(i) 
jla«o\ «jtL» C jas 71 j e (jj^^i'mll (jl t-ua. Q (JLaJI l^ia IjIjlL#! AjV Q 

. Q JS 2 JI (^Ifr 

4 Q (JlaJI (jlc. _)Uaiiil (Jaa, Q(ll) jj^J (^1 * f JjJa oj2i£ Jajl -10 

. U = -v/2 +i Ja 

:J* 

4 (u 2 -l) 2 = -8 : (jj_S j Ai«j 4 u 2 = 1 + 2^2 i (j]i t u = V 2 + i jl Uj 
: jjSi (^WLij ‘ f(x) = x 4 — 2x 2 + 9 : JjJ=JI » jj& i jia u jj£j tjUju 

f (x) = (x - V 2 - i) (x + V 2 + i) (x - V 2 + i) (x + V 2 - i) 

= (x 2 - 2 V 2 x + 3) (x 2 + 2 V 2 ix + 3) 

-(V2 +i),-V2+ i,V2-i : ^ (ija.^1 f(x) jjj*. jl 2jja 

JjJ__a o j_nS f jj_ Sj 4iaj 4 Q (JiC (jiUr.li 5 Jj11 jjc JjJa ojaaSi f(x) jjl 

L»S 4 <sujl (^ Q(V2 + i) ol jlL«I 4 a jj jl L»£ . Q u j 

J (Jk <5 (JjiUjiS?! JJ-aljc, jl 

1, V 2 + i ,(V2 + i) 2 , (V 2 + i) 3 


: jj£j <i«j 

Q(V2 +i)= {ao + a ( u + a 2 u 2 + a 3 u 3 ; ao,aj,a 2 ,a 3 eQ} 

• Q(V2 + i) J\ ^ f(x) jjia J£ jli JMLj 4 V2 eQ(V2 + i) jl 
f(x)-1 j lLAi l (JSa ja Q(V2 +i) jil 4 Q ^jaa Q(V2+ i) jl l-*aj 

. Q JaaJI ^ 















JjJS jjiflflu <U y>* Ow S. 



t P Allu F (JiaJI o* Ajj^aJ! (JjSaJ! 5_uj YW -\\ 

• -^c. P J i — 


1 1 ,2,4,5,8, 10? 20 • 40 ja» 13 <uLta3l ^xuljali o' E»j 

Jj—*sJ £La*. 0^1 ‘ P 40 ^J 0^1 4 F o- AjjjsJI JjiaJI 

I <^A <io AjlatiH 4 jjo?-" 

P P^ P^ P^ P^ P^ 

j—ukill J ‘ uGE o^ 'j'j ‘ F J Idl Uj&J E 6 ^ '^] i!2 
J 4-1 -42k (Pu(f(x))—f(u) : <_£-ill; <JbJ-xJ! <, cp u :F[x]-»E 

. E Ja=JI F[x] AiLaJl o*i*£L£ J£4u f(x) = Xu i .x i GF[x] 

i = 0 


m n 

4 F[x] 4 _ 5 LJI ^ g(x)= EVj.x 1 j f(x) = Xuj.x 1 jSSl 


i = 0 


i = 0 


Ua-Jc. t F[x] ^ h(x) = f(x) + g(x) = Xwj.x 1 : Jj^JI SjAiS, o&ilj 


i=0 


: OJ&i 


cpu[f(x) + g(x)] = cp u [h(x)] = h(u) = f(u) + g(u) 

: q jSj 5_pl!i kx*h (>j 

(p u [f(x)] + Cpu[g(x)] = f(u) + g(ll) 

: Lp] 

cp u [f(x) + g(x)] = (Pu(f(x)) + cp u (g(x)) 


n+m 


f(x).g(x) = m(x) = X d i- X ‘ 

i = 0 


: o' l$' lP 1 











: j jSj 

[<p u .f(x)] .[(pu.g(x)] = m(u) = f(u) . g(u) 

: tjj.ll 4 (_£^>a.l j *j 

(p u [f(x)] .cp u [g(x)] = f(u) . g(u) 

•• lP] 

(Pu[f(x) . g(x)] = (pu(f(x)) . q>u(g(x)) 

. E JiLaJI F[x] <slai\ j* JSLSj (p u jl I La* g TnLj j 

: (jl (iua. 4 Q (JSail Q(u) ll-jlaVi jl j&_)l -13 

n . . n 
u = cos — + ism — 

4 4 

Q(u) jil f(x) = x 4 + 1 E Q[x] —»JI S j —y& j Ui a Vi l Ji* Q(u) (J Laj 

. Q JitOl ^alali lllaxl 

. Aj 1» [R ; Q] ilio-aVI jl£ 1^) L»js £& -14 

Q J- taJ l fj —1c. Jilaal] ALLS jjc f(x) = X° — 2 E Q[x] Jj.laJI oja& jl LaJ 

JSai! R jI.sl.VI jj^a [E : Q] = n ‘ E = Q(V2) j=4s . n > 1 ^ 

V Q (J_l2kll R jillaVI jli 4 ^llllllj i o^)il£ IajLoI <$jxLo i"ilf.l ■ >»a ^_yaa Q 

» , 

• [R-Q] LP] • uj^ u> 

* Q JJLJ y-JD Jjto. SjPS f(x) = x 4 - 8x 2 + 15EQ[x] jSSl^ 

. f(x) JjJsJI SjjiSI I jjia. jaj Laiaa Q JiiaiS lj|jj*l , 1 a jl 4 c-ijUn-oll 


x 4 - 8x 2 + 15 = (x 2 - 3) (x 2 - 5) 















J jj tf ^*oU»**J i »/?i? 11 0 >Lu^£ 

g(x) = x 2 - 3 J « Q[x] 6- h(x) = x 2 - 5 j g(x) = x 2 - 3 

Q <J —Sail jIj _lal 4a .jj ^IjIIjj < Q Jiall ( _ s ic. JjUMl 3LIS 4j4a sjjSS 

: lP 1 ‘ g(x) lj &1 

E = Q(u) = Q(V3)=Q[x]/<g> 

= {ao + aiu ; ao,ai <EQ , u 2 - 3 = 0} 

. [Q(V3):Q]=2 : ^-o-j 

Sj_ jjS h(x) ud. « h(x) = x 2 — 5 Jjiail a (JaV t UUj -uialioJl (juijjj 

: Jolajll 2JutI joe. 4j4a 

K = E(v) = E(V5)= E[x]/<h> 

= {b 0 + b,v ; b 0 ,bi eE , v 2 - 5 = 0} 

: jjSj l_i jiJalt <i& jix i [K : E] = 2 oj&j 

[K: Q] = [K : E]. [E : Q] = 2.2 = 4 

: J jJaJl O Q (JsaJI (jic- Aial jiall 44a -16 

f(x) = x 2 - 3 eQ[x] 

4 Q ts —ic R ( J—la J Jm — *J3 j -J3 jt ikOU 

. Q JiaJI ^jic- f(x) Jj4all 0 jj4a ta^jV 
(j_c. JjSj 4 E <JSall (jlc bliLaj cp (jlS lijj 4 F E (jSJ -17 

. (p(u) = U (jl£ lij 4 (p JaUoll Jjjb 4 -la* tblj <jl UGE j> *Vm ll 
j ^ jjj ^ollj 4 E ^^Ic. S dDlaLull cK j )o> < n (jl dual 

ill (J Sail jjA wuj E s -a »4tc 4J j* jj 4 E <j-» laJ ja ^4a (J^2u 4 jj1j 

• S 

••J* 

. cp;( 1) = 1 j <Pi(o) = 0 tjP* 4 i ^ I L&Ua (Pi <J 


u€E 












"" ..-.===■= == Jjii-tj hjai j IaJJh = —; 1 ~ —-- 

t u,vGE s J_j£1 oj-^ g^Wj * i£l JS1 ‘ (pi (v) = v j (pj (u) = u 

: iGl JSlj 

9 i (u ± v) = (pi (u) ± cpj (v) = u ± v 
(pi (u.v) = (Pi (ll) . (pj (v) = U.V 
<Pi (U.V' 1 ) = (pi (u) . (Pi (v 1 ) = u.v' 1 

• E Jiall (> ja Jia Es u^} 

•• j*ki 

Jiall X 2 -3eQ[x] J j-iall a jjj£ jjia <j1 (16) J1L11 (^3 L^aj 

JS_ilU vj(p : Q(V3)->Q(V3) o^^4j‘±V3 La R 

jj£j. Q(V3) Jiall Jc ^li JiU(p :(u + bV3)->(u-bV3) 

ji] . v = 0 ji u + Va/ 3 = u - v V3 jL li] < Aiia-o (p(a) = a a£sL11 

. Q JLJ1 ja cp JSLuli CajttB Jiall 

. F = E J Clih K Jiall jjjjaa jj£^1 F j E jL lil -18 

t> u JSJ (p(u) = u : J^ilb »-ij*LH j (p : K- > L J-aLJl 3 jJsJI iabl 

. (j): E-> F ^ JaVl (3.'.*^" d jlLj . <iaj i K 

^Ijdxl F ji Ldj 4 K Jiall j^jaj Ijjja 3^0 Jia (j)(E)j (|)(E) = E (jl Ljj 
‘ Fj K j£ e£iltj Q(E) (Jiail Ljia lijtLal jj^J F jli t K Jiall (^JJa 

• F J E i> b\jL3 jjSj <J> jia t 4>(E) = F J Ljj 
: Jj-iall aji&l a jia jajj E 3 Z 2 jL ljj -19 

J_Ia F = Z 2 (a) J cMil 4 Z 2 J-iall <> f(x) = X 3 + X + 1 <EZ 2 [x] 
. F[x] ^9 Aalaa iU _F J! Jla 2 f(x) J jiall lj& jUail 

•f(x) = (x + a) g(x) jia ‘2 L?jLy Z 2 Jiail jjjw j! Lu 














t< U j.mS M ^jl«r- ~l t g(x) — x 2 + 9x +(1 + a 2 ) uj 

:qj£j iiiie <, F (Jc- g(x) (J 

F= {b 0 + bi u + b 2 u 2 ; biGZ 2 } 

: (jl W < aOuSjUj 

g(x) = (x + a 2 ) + (x + b) ; bGF 

: jl Aaj X julIoII CLyLoljtAll 4jjlLoj 

b = a + a 2 , a = a 2 + b 

: f(x) jla 

f(x) = (x + a) + (x + a ) 2 (x + a + a 2 ) GF[x] 

. F (JscJI (Jiajj y 

<~ J u ^ £ i Z 2 JsaJ' aIAS jjc. f(x) = x 4 + x + 1 J\ iitil -20 

. GF(16) IjlU 

:Z 2 [x] ^ (jS-oj I a! 4 Z 2 ji?. V f(x) jj-iaJI i jjjS J\ Lu 

x 4 + x + 1 = (x 2 + ax + b) (x 2 + cx + d) GZ 2 [x] 

: J ^ JlliVl 

b + ac + d = 0 ,a+c = 0 ,bd= ; l,ad + bc=l 
b + ac + d t>»j«b = d= l,a = c: 4 SA-JI <y> 

<Lla jjc f(x) ojI . ad + be = 1 <*-> o ^ 1 - 2 ^ j 4 a = c = 0 jjSj = 0 

: Ujil tjjfuj 4 (JJaJlll 

GF(16) = GF(2 4 ) ={a + b + c t 2 + d t 3 : a,b,c,dGZ 2 : t 4 = t + 1} 

GF(125) : IjlU. Jsa. ^Jiji -21 

ijiaJl bjjjS V J a».jj5 ‘ <Ja^. eljj 1 125 = 5^ j) 













Jj <bjiaj J iu.UL« 


4 —'N (jm JjAa]! o>ii£ (jl J*jj > Z 5 (JEaH 4a>ili L>^J cjJekiill 

Sj__ jjS (jli t ^UlLij i ^ K-> JxU_a .iaj li) Z 5 Ja^ ^ (Jjlajll SJblS AiHaSI 

t 1j) t Z 5 [x] ^—a JJaail LLIS jjc. (jjSj f(x) = x 3 + ax 2 + bx + c 

Z 5 u = 0 , 1 , 2 ,3,4 dip. f(u) ^ 0 < lit -Lisj 

: oi <. Z 5 ^ JJajli 5111 jji ^j f(x) = x 3 + x + 1 ^ij-ia 
f(0) = 1 , f(l) = 3 , f(2) =11, f(3) = 31 , f(4) = 4 

: Ji] 

GF(125) = Z 5 [x]/(x 3 + x + 1) 

<ilalaJ! o jLixJI ^»Lal ( X ) j A •*■***. —.U a jLatll ;>Lot -22 

: 3_JLi]| CiljUJl ^ 

(_J>ia jljtLal jjj£j * La <>J jljJ-a) -1 

(X) jljlal jA i lx JiaJ (_£>a .iljial <J£ -2 

( X ) L>a. (ili- R AjiLiaaJl .il.ic.Sn <_jSt=«. -3 

(>X) jiixa X Ljp. C[x] ^ bjia ijl* - C >41 JjcVI JEa -4 
• , * 

( X ) t>L-a gjjM (jj£j (jl S |JL >i L>a (3l*-4l (Jiall -5 

(X) V tjJb u Jiu E (j-ic. ^li JjLu Lib .lajj U,VGE oij^c. J£3 -6 
Lajb .lajj lu.lic t [jjialji#J F ijiall jjlc (jb>a (jl>Majc V,U tjl£ bj -7 
(/) F(v) Jc F(u) <> JiLu 

(/) Q Jiall Jc. f U 7T *>*11 -8 

(V) R jEal) lal^ iJlal jA C -9 

(>/) <j1c. jjSL F Ja^ >® JS -10 

(/) Q jSail iJi-l jA R AjLfcJI JocVl Ja* -11 

(X) Z 2 (Jaall jliLo! jA Q A\u ail) jijcVt cJa^ -12 

La ll-SLal ^ j*a l$J (j j£j F[x] Allait ^3 4 juIj jjc Jj.ia SjjjS <j£ -13 
(X) F JEall 














: Ajltill Q (JiaJt <_S__>fa k U6C ^aa*Ji (j\ <jA_)j ^1 

(a) u= V2+V3+V5 (b) 11 = 1 + -v/1 + \fl 

(c) u = yj~^3 -2i (d) u = 1 + i 

ij —jj£ £ i Q JSaJl (jlc. igj**. uEC (jt CuZit -2 

: 4j31j3I 4 u 11 

(a) u = 4l + V3 (b) u = y/l + s/s 

(c) u = V2 + i (d) u = -sfT+Y 

jl—uLdl F (_jic W^° lS^J i«..ll qa i_g\ qu -3 

: Aullall CjV^II (j-» ij£ i Lul^. aJJ 
(a) u = -yjn , F = Q(7i) (b) u = n 2 , F = Q 

IJA 4 R (Ji^JI (jlc U i ! (J 6 jl & (ji £lu\ -4 

: 

x + 4-/3x 2 -2 

: ^Jj Lm JS tillij t Q (JaaJ! (jlc. E j1j!a<C/U (s.iclS) LuiUJ .iskji ^5 
(a) E = Q (V2 ) (b) E = Q(V3,V3) 

(c) E = Q(1 - i) (d) E = Q(V2,V3) 

: yUD oVUfl 6- J£ ^ [E : F] ^ 

(a) E = Q(V3 + V5) , F = Q(V3) 

(b) E = Q(V3 + i) , F = Q(i) 













JoUU-1 hjoi <j <u.tio 


F L>® ijl J^a-ic V,U (jkj F ijkil blHal E (jk lij £7 

. [F(u,v) : F] < m.n J n^i « 4_njili n,m 

* * 2 

^jja, U <jl (jAjJ 4 F (JkJI ^k bjaa. U 6E jo-ai*Jl jjlS bl -8 

•F^ 

fj Q JkJl (jlc f(x) = X 3 — 2 G Q[x] JjiaJi S jjj£ jUauiui Jk ^9 

A ajJ J a.jl ^ Q (JkJ! ,^k JjAail Hi jjj£1 E jUsuiuVl Jk Aa.jl -10 

: HYkJI <J^ ^ Q ^^k E jIHoVI 


(a) f(x) = x 3 + 1 (b) f(x) = x 4 - 6x 2 - 7 

(c) f(x) = x 4 + 1 (d) f(x) = x 6 + 2x 3 - 3 


(e) f(x) = x 4 - 2x 3 - 7x 2 + lOx + 10 

t F (J kll <_jk u (jl£ lijj 4 F (JkJl blHol E (jk lil -11 

H ja. 4 (<_gj i=k (3^—cj) F ^ 3 F(u) J—kll cp JSLij 4 juke 


.F jx. v Aisl j* JS* u j*-akll Jsjj aGF JSl cp(a) = a 
4jLa» 1 4-U.ajlU o_)a j (JSjjU E (Jkll 4jjliil HibLajJ! (JS Ac. _jAa^a (jl H. u l -12 

. HlkualiSI 4_JjSjj (Jj^aLsk. 

Jc. kO H^iUSl J£ ji Hail 4 F Jkll lit Hoi E l!3 

E (^gk AjjI ill HiMjLojII J£ oj*j (j-a kjja. a ja j Jkiu 4 AjjIj F j^iil j E 

. (G (E/F) —j l$l SjIc- y&jjj 

(^kall <JkJI F (jkil qa talkl UjilnJ (p;F -> L (jSal -14 

Hoj jj! (jS-oj (p (j jAll l (jl Hull 4 F Jki! btHol E — F(u) (jli» bjj *L 
jjkii Hxl AjjLaa jIHoVI Aaw jl (jjSjj 4 <|>:E- >L (^JkVt (j-uLuil 

. U (j jo > .-ill sjjj£] Ailk-all 

. Q k^l jljeVl Jk (> Q(V2,V3) Jkll ^ki -15 












- " ■ djjJL^ j£> Otu j£ ■ 

uli f(x) = x 2 + x + 1 ez 2 [x] Js J&\j±*u I jj J cii -16 

* ^2 f(x) JjAaJt o jjjS] jUaJijt (Jaa, jA Z 2 [ll] 

‘Q lM Jc- f(x) = x 3 - 2GQ[x] js J& jlkisl Ja*. -17 

. ^> 2 . 1 c-'u^i o jlijcU Q jjlc. -uLij sjIjIo! j 

i R (JiaJi ( _ s Jc IgJ <Jaa. R(u) (jj£j <,^1 j f o j2i£ ^jl -18 

• U = V3 + i (jl dusk 

(jl —£1 (V_j Q <_£—lc. x 3 — 5 -ijj—ail s jj!£] E jUaAiVI Jsa. ixjl -19 

. [E : Q] = 6 

f(x) = x 6 + x 4 + X + 1 ez 2 [x] Jj^il * J& jli^VI JS^ ^jl ^20 

•Z 2 <Ja=>JI Je. 

. ^Il (Ja^. jA Alio Ja^k. (JS (jl klull -21 

j - t5>—=» JjJa. SjjIS m(x) = x 2 - 3GQ[x] J ^1 ^22 

. Q Ja^JI (S 1& y/3 GR (^ jf?JI 

t f(x) = x 2 + x + 1 GZ 2 [x] : f(x) j ji-=dl ij±& Iu (j 15 'jj -23 
(j—0 jjfuj E jlHoVI (j* Z 2 (u) ^jaJI JaaJI (jl jJJ 4 Z 2 (JaaJi E jlHol ^3 

. AjijjI 

■ Q [x]/< X 2 — 2 > jQ (jdaaJI (jJJ Jaa. Aa.jj V All (jA jj -24 
(_£jia. Jljl.1 (J£ (jjSj (jl (_^jjjj-ia3l (j-o (jiul All Aj3 ^uJojJ 4 VIj-« <—iLa -25 

. (-^lio .il-lial jA 

. Q E = Q(V2, V3,....,Tip >—•) ■il-^VI Al*)! 

|j| c Loll jjSj F (Jii^l (jl diiil < 0 ^ P ajj-a-o 4 La !>lSa. (F,+,.) (jSJ -26 

. F = F^ ia^>il3l (ji^l lj] 4 Jo5aj 

J 6Jil ^ 4 [E:Q] : wjlkJlj * E = Q(V2,V5) ^^27 

U — V2 + V5 J— naitll (jjk^aW JjJuJl a jjj£ ii.jl ^aJ 4 E = Q (V2 + V5 ) 







•Q JteJ 


E j* Ajjja. a&K jSjlj ‘ F jSaJl IjIjUaI E (jl^ lil -28 
• F jaJ E <j-» bjja. !5laa. (J^As K. (jji <F Aj jfaJI jj-eaU*il 

• F <1 tjji*. (J$tj ji F tlA^j ‘ <J^ cjl *—*$ -29 

: Lu (JSl assIjjaII mil j^,jl -30 

(a) V2+V3;F = Q (b) V3+i;F = R 

. GF(4) JLJ1 Ol 
: ji Cuii i d = (m,n) j* m,n j£Vi ^jA^AI <jl£ lil -32 

GF(P n ) fl GF(P m ) = GF(P d ) 

GF(P n ), GF(P m ) cE: j^V 
. Alia (JLk F jli 4 Ajjjli (F ,•) jit ulijl£ I i] Ail tlml -33 

dujl F JbJI ^jic. F[x] ^ aJj15 jit jjA^ $jjjS f(x) <Sx>\Sk lil -34 

, 3oftA.» yjSj f(x) ijiaJl oJjis jjii. £»<*> (jl 

A_Jbli f(x) = x 4 + X 3 + X 2 + X + 1 €Q[x] ijA—J iJ& J c4 -35 

, Q (JiaJI <J ic- jj x-idl 

j. *~sc. u tL- ja > 4 E = F(u)j F = Z P jl£ b]j 4 Llji i*c P 0*4 :36 

J—ta. f(x) = X P - U€E[x] ijiaJI * JJjS o£Sj 4 F <J*=4' ^ ^LAa 
, K (J — ibJI f(x) JjiaJl sI jis* V (jl£ lil J 4 E K jA Ia j Ua > a' il 

• v p = U (J £iu\ 

JLJ1 eUill SbtS W.SL.I jjSj E j ^ ‘ F JtoJ] U*d E jis lil 07 
. F JiLAI (jic. (J*-aall 5bla UGE jj^iio jjl£ lij Jaisj t lil 4 F 

jUaJuVI (Js^ J yjl ‘ F cjiail J.^dl aLIs ijA^. ijx f(x) G F[x] (jlS lilj 

. F JSsJl cUall JjU jIjU jA f(x) JjJaJ sj££] E 














JsaJ! (> Lnkk links cp;F- >L ‘ k ^ (F,+,.) Ijj ^8 


■ F Jkil Lj^ bl-SJ E = F(a) uSJj . L Lj**. JkJ! JkJ! Jl F 

^_P L)J&J 4 'F'E-> L QjliLall /j jtk' l koJ (jl (jL(U Cp ( jj.'kltt 

. a J ^iun (J a jjjS] iakkji jjkJt JiJ AjjL-u, i^kVI 







:^Uf J*aaD 3J^Jbw 4jjJbcc 


&44 ^>J3l 


Artinian and 
Noetherian Rings 



— iijSyi\j 3-ijyjil oldJi-l — J-aiU 5J j otu j£ 


&L*li sj^a^dl aI^Iva -13 

- ^l*L_4l - 


M lln l 'sl t SjU*ll jiLol (X) A-a^ltj A ■sj-’t»<-»tl ejUaJt ^L#l (Z j ^Lo^Lc ^, >. (1) 
('X) Ajjjjjj All*. jA Jsa». J£ -1 

(X) n > 3 a,j^ Aik (Z n ,0,<g>) -2 

(X) REmax -< <=> AjiujlAikR -3 

(x) REmin -O <=> ajjjj^j Aik R -4 

(Z) Aj$ka CjUjx kill! R ^3 A-Jlla JS O Ajjiijj Aik R -5 

(O ^j£jj ^=> X® R, iP uiik R],...,R n CulS III -6 

i=i 

( X ) AjJJJjj Aik R (jli t Ajjjjjj Aik R[x] CjjlS lil -7 

< -■»> ‘ R ^3 (_5 jUI Axj^a-a Aalto* jjSI jA rad (R) Aikll I jkJI -8 
(*0 *ik R 

AjILu Ajjjjjj Aila* AjI ^3 AxjAjl-o 4_u* Aj]l!La JS -9 

(/) c5ji» 

JJkjU aLIS jjc. ajIHo I = < 4 > jli i R = (2Z,+,.) CulS III -10 
(X) R^ 

oJ—Ij* L_£J9 «kc Ajllk JS CLul£ lijj i .llk-aJ 21k (R,+,.) <j£jl (^) 

• ‘SuAja R u' *^5 ( VaER : a 2 = a ^1) Jiku jmhu 

’■J* 

• R ^ - ah c . Ajllic M jjSj] 















- - oUik-l \Joi (J <U.ko " 

J Uuj . I ci M (jU t ^^xlac <ClulJ t$j£l R Ajj13jj1 ajIIjx I ^jSilj 
L*jj ‘ 3(1 — a) — 0 G: I : (jli i JjUi* jj-ojc 0 ^ a ^ 1 <k)-\ M = < a> 
<k—J 2 u 4 n <j£j—lj cj— ajx ^><-> .nc. 3 a jj ^Ulljj 4 a£Ij ajIIjx I <jt 
1GM (jt 4 (1 — s)gM j jSjs 4 a2jI ajIIjx M <jl Iajj . (1 — a) n Gl 

4 Jl^Lj 4 R Aikll A_LajaC.i AjIIjx I (jil , (jS-ax JJC. lift j R — M Ajxj 
S3 Ijx R AjIj! AjIux (j£ (j j] 4 AjxiaC.1 AjIIjx R ^3 Ajljl AjIIjx (J£ (j]i 

. Ajjjjjj Aik R jjl ^j*j liAj . 3alj 

. Aj jii jj Aik R/I (jli Aj^jjj jj Aik. R tlul£ lj] Ajl i-in l (] ) © 

• 1-Cajl Aj^yjjj Aik Ajjjjjj Aik! AjKI S jjx<all jji LaS (2) 


U^J-lj ‘ 4- < -aia. R UJ-ja 4 I <] R jj (jiaj-ail (1) 

Ai_Jk fjelje.... Ci_jklj]j4 ri:R->R/I = R 

. R (^3 Cjljlljxil (jx AjJC-l >/ii 

(j—X Aj^cl kXJJ aJ lxLx 11 C I 2 C . .. ^Jljlljj 4 Aj — n ( A j ) {_ya jaiij 

n 4-Ja^x yaxa 33c. 3aji3 4 Ajjjjjj Aik R j;l Lajj 4 R ^3 Cjtdtjxll 

tjL-i ^LkSljj 4 m > n I m = I n jj] m > n kua I m = I n j^Sj Jkaj 

• Aik R/I = R 

: ojSj ^IxJUj . blxLi Lik jkku cp : R->K j&J (2) 

J Ixjj . (JjLojII AaxkVt 4 . 4 R/S = Kj S = Ker (p O R 

. Ajjjj jj Aik K (jj] ‘(l) 4..,U4 *s Ajjjj J* Aik R/S 
(jj—V J—ai 4 Ajjiijj Aik (R,+,.) Cljli lj] Ajl 4 Vila CjU (§) 

A—jjIjujVI CjI— jlljxll (jx ^glix 33C. (JjjalaS Ajlxi AjIIjx (JS (jc. jjjxjII 

. 3Ja j J^u 

. I = < x 2 ,xy > <1 R AxlliaJl jalilj aj jj Aik R ,jjj 4 R = F[x,y] kUl 













: uSl 

I = < x > fl < x 2 ,y > = < x > fl < x^xy.y 2 > 

. R Aakll ^ 4 j1 ij <x 2 ,xy,y 2 >j <x 2 ,y >j<x> o- JSj 

. ijk R <jl jl <iLio (R,+,.) jjSjI (^) 

:J* 

< x > 2 < x 2 > 3 < x 3 > 3 ... (jjli t 0 t^xGR (jlS 13] 

AA—.C- Ajjjj 4_ik R jjl Laj j i R <SlaJl dlLjUi-alt qa 4-j.«a5ljjui UJL, 

Aa.jJ < X 11 > — < X n+1 > — ... jjSu ) n jlJj 4 

. x 11 = rx n+1 (jj^j t *) Rj.r juaiic. 

J—AS X j—uaixll jjl—9 —jILjj ( r.X = 1 (jySji 4 4 jLbI£j 4 aIr»'io R q\ Uuj 

. (Jik R (jjl 4 R ^3 (JjISju^U 

(j-a dj-ui 4 R (j-a <c. j^-^ ^a Sj 4 4aiujl (R,+,«) (jSal 

. 4ajjj jl <ila. S (JjSj y AS 4_jl 4 Jli* 

LaHijl 4_ik & R (ji 4 s = (Z,+,.)j R = (Q,+,.) ^kJI kUi 

. <J4JJ jl djjuu] S (jfal 4 S S~ Rj 













£*ujt J-A4U iJjU j* OUj jS 


J^tll aJ^Ua -14 


(»'-«J (X) A —ijlc-j t ajUxJI ^Lol (v^) 2-die. ■'-' (^ 

; AjJaLkSt 

( ) (J**' ^jjjj! 21k JS -1 

( ) V“AJ <&*■ (Z,+,.) -2 

() R€min-<3 <=> Ajj^jiAikR -3 

( ) jl *^1^. R/I jli ; I <] R dulSj i Aj\u jl 2.£k R CiilS 111 -4 
2Jjl 2 jjUj JS o 21k R jli i2J1aj! 21k (R,+ 5 .) CjjIS 111 -5 

( ) 2- i ^- Vi^ (jjl j R ^ 

( ) VAj ^k. R (jli ( I <] R dya> 2jjdy 21k I j R/I jSJ -6 
( ) ^LWJJH *lk R[x,y,zj jli t Ajjdjj 25k R Ojis lit -7 
Aik R <r> Ajiujl <ik R ( .yk-aj 21k (R,+,.) jSJ -8 
( ) 4jjl,lul Ajllk lyj3 A J»* 4_i]ko JS dulSJ 

R uj^ ‘ (R,+,0 <&aj ^ 2jJic! dllJlk Mi,...,M n dul£ lj] -9 

( ) ^jyjjl ^ik R <z> 2 j jy jj 21k 

( ) ijl 21k ^ 2jg. Vu 21k JS -10 

: <ik ^1 J^l j* 2i3lSi« aJ'uJI j! ciiul (^) 

. 2jj 2)jj R 21kll (1) 

. jJjJi 2*2i* R 2Jlk J* (2) 
nGZ + ?.JJ ikje i I <J R dul£ lijj t Ajjjjj 3 21k (R,+,.) jSJ (D 

. (rad (I)) n c I : JjSj diay 


£ 












^ J(j <Uuiu ^ 

I , K d^_il£ Iij j t R !jill 4 SMI a £\ s ±>I 4Jlia J Cwl£ I a) ® 
uj—*— 1 —n£Z + a .-. > jj J\ I c J k»ii ‘ I.K cz J <. * n*> j R ^ £ )£$• 

. (Vk)"cJ 

4 I _ QJS jjijjjljajl jjiljllla I , J lIuISj 4 4jjj Jjj 4iLi. (R,+,.) cllil£ Ijl CD 

oj_& 2_LbjJ VI_la j»A3 I—ij.Ik.nH . R 4jjIaujI AjIILo (jjfLi V A3 Ip|J jji 

• 4 1 1 4_i&i3^JI 
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